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RECORDS OF PROCEEDINGS AT MEETINGS 


SESSION NOVEMBER, 1913-JUNT, 1914. 


Thursday, November 18th, 1918. 


ANNUAL GENERAL MEETING. 


Prof. A. E. H. LOVE, President, in the Chair. 


" 


Present twenty-three members and a visitor. 

The minutes of the last meeting were read and confirmed. 

Messrs. A. Korn and R. E. Powers were elected members. 

Profs. A. Hurwitz, M. Noether, P. Painlevé, C. Segre, W. Voigt were 
elected honorary members. 

The Treasurer, Sir Joseph Larmor, presented his Report, and on the 
motion of Lt.-Col. Cunningham, seconded by Mr. A. B. Grieve, it was 
received. 

Dr. J. G. Leathem was reappointed Auditor. 

On the motion of the President, seconded by Sir Joseph Larmor, it was 
agreed that a letter of eondolence be sent to the relations of the late Mr. S. 
Roberts, a former President of the Society. 

The President moved, and Dr. Hobson seconded, the following resolu- 
tion, which was carried unanimously :— 


That the London Mathematical Society hereby places on record its sense of the deep 
debt of gratitude which it owes to Sir Joseph Larmor for his management of its financial 
affairs during the twenty-one years of his tenure of the office of Treasurer, and tenders to 
him its hearty thanks for the work that he has done in that capacity. 


The members of Council and Officers for the new Session were elected 
as follows :—President, Prof. A. E. H. Love; Vice-Presidents, Dr. H. F. 
Baker and Prof. W. Burnside; Treasurer, Dr. A. li. Western; Secretaries, 
Mr. J. H. Grace and Dr. T. J. TA. Bromwich; other members of the 
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Council, Mr. S. Chapman, Mr. E. Cunningham, Mr. A. L. Dixon, Prof. 
L. N. G. Filon, Prof. E. W. Hobson, Mr. J. H. Jeans, Mr. J. E. Littlewood, 
Prof. H. M. Macdonald, Major P. A. MacMahon, Mr. H. W. Richmond. 


The following papers were communicated :— 


*The Skew Isogram Mechanism: Mr. G. T. Bennett. 

*Tauberian Theorems concerning Power Series and Dirichlet’s 
Series whose Coefficients are Positive: Messrs. G. H. Hardy and 
J. E. Littlewood. 

Note on Lambert’s Series: Mr. G. H. Hardy. 

*(1) The Connexion between Surfaces whose Lines of Curvature are 
Spherical and Surfaces whose Inflectional Tangents belong to 
Linear Complexes, (ii) Surfaces whose Systems of Inflectional 
Tangents belong to Systems of Linear Complexes: Mr. J. E. 
Campbell. 

*On Integration with respect to a Function of Bounded Variation : 
Prof. W. H. Young. 

The Computation of Cotes's Numbers, and their Values up to 
n = 20: Prof. W. W. Johnson. 

*Some Ruler Constructions for the Covariants of a Binary Quantic : 
Mr. 8. G. Soal. 

* Analogues of Orthocentrie Tetrahedra in Higher Space: Mr. T. C. 
Lewis. 

*Closed Linkages and Poristie Polygons: Col. R. L. Hippisley. 


ABSTRACTS. 


Tauberian Theorems concerning Power Series and Dirichlet’s Series 
whose Coeffieients are Positive: Messrs. G. H. Hardy and J. E. Littlewood. 


It was proved by Lasker and Pringsheim that, if 


fi) = Zaye", 
and Sn = lotat... tan ~ An*L (n), 
where L (n) = (log n)“ (log log n)® ..., 


* Printed in this volume. 
f Printed in Proceedings, Ser. 2, Vol. 12 
b 2 
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the indices «a, a, a, ... being such that n*L (n) — æ, then 


fin „del, (1) 


(1—.)**! 1—ır 


as c— 1. The principal object of the paper is to show that the converse 
also is true when the coeficients a, are positive. Various generalisations 
are made, and analogous theorems proved for ordinary Dirichlet’s series. 


Note on Lambert's Series: Mr. G. H. Hardy. 


Generalisation of theorems proved by the author (Math. Annalen, 
Vol. 64) and Knopp (Crelle's Journal, Vol. 142) coneerning the behaviour 


of a ‘‘ Lambert’s series ” M 


1—.r" ’ 


225 


convergent for | | « 1, as z tends to a rational point e" on the circle 
of convergence. 


(0 The Connexion between Surfaces whose Lines of Curvature are 
Spherical and Surfaces whose Infleetional Tangents belong to Linear 
Complexes, (ii) Surfaces whose Systems of Intleetional Tangents beloug to 
Systems of Linear Complexes: Mr. J. E. Campbell. 


Much study has been devoted to the system of surfaces characterized 
by the property that their lines of curvature are plane or spherical, and 
references will be made in Forsyth's Differential Geometry, Chapter IX. 
My own knowledge of the subject is almost entirely derived from Darboux's 
Theorie Generale des Surfaces, Livre IV, Ch. IX and NI, and I have 
been guided in my investigations by the results there presented. It is 
well known that Lie's contact transformation, by which spheres are trans- 
formed into straight lines, connects the geometry of lines of curvature on 
the surface with the geometry of asymptotic lines on another surface. I 
do not know, however, that any attempt has been made to apply this 
theory to the investigation of the properties of surfaces, whose lines of 
curvature are spherical, by investigating the properties of surfaces, whose 
inflectional tangents belong to systems of linear congruences. The first 
of the two papers here presented treats of Lie's contact transformation, 
and shows how the knowledge of either class of surface involves that of 
the other. The second investigates the properties of surfaces whose in- 
flectional tangents belong to systems of linear complexes. The two papers 

eare connected, but either can be read independently of the other. I have 
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tried to write them that they may be intelligible to one who has very 
little knowledge of the theory of surfaees, and therefore there is much in 
them, and especially in the first, that lays no claim to originality, except 
possibly in method. 


The Computation of Cotes’s Numbers and their Values up to n = 20: 
Prof. W. W. Johnson. 


This paper contains the computed values of Cotes’s numbers for values 
of n from 11 to 20, in continuation of the values up to n = 10 given by 
Cotes, and published in the Harmonia Mensurarum. 

Attention is called to some curious cases, occurring in the computation 
of the divisibility of certain sums, whereby the denominators of the frac- 
tional values are rendered considerably smaller than might have been 
expected. 


Some Ruler Constructions for the Covariants of a Binary Quantic: 
Mr. 8. G. Soal. 


In this paper a binary quantic and its covariants are represented by 
points which are taken to lie on a conie S. 

It is first shown how to determine by ruler the polars of any point P 
of 5 with respect to the system of conics which pass through the marking 
points of the C, , of a sextie. 

One conic of the system has for a pole and polar pair any point P of 
S, and the line which denotes the C.» of the polar 5-points of P with 
respect to the sextic. 

The polar reciprocal with respect to S of this conie intersects S in the 
marking points of the covariant C, ,-4- Z5 C», 4. : 

The next step is to construct a certain joint quartic covariant of a 
quadratic and a sextie linear in the coefficients of each. | 

If for the quadratic is taken the unique Cs» of the sextie, this joint 
covariant becomes the C, ,-- 73 C; 4 determined above. 

The reversal of this process leads to a ruler construction for the unique 
Cs, 2 of the sextic. 

The remaining quadratic and quartic covariants are then readily eon- 
structed. 

In connection with the sextic the following result is of interest :—If 
the connector of the polar 2-points of each of the marking points of a 
sextic with respect to the remaining five points be constructed, then the 
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six lines so obtained touch a conic which is harmonically circumscribed to 
a system of covariant conics associated with the Hessian of the sextic. 

Next, using the septimie and octavie as illustrations, there is indicated 
a chain of ruler constructions for the C, » of a (2n+1)-ic based upon the 
two following results :— 


(i) If P be one of the marking points of a 2r-ie, and p be the line 
which represents the Cz » of the polar (25 —3)-points of P with respect to 
the remaining (2n — 1). points, then [P, p] is a pole and polar pair with 
respect to a member of the system of conics through the unique C», of 
the 2n-ic. 


(ii) If P be one of the marking points of a (2n+1)-ic, and Q be the 
conjugate of P with respect to the four-point system through the unique 
C»,, of the remaining 27 points, then Q is a point of the line which repre- 
sents the Cz, x of the (22 4- 1) -1c. 


Prof. Morley's elegant construction for the C» , of a quintie may be 
exhibited as a special case of this result. 


Analogues of Orthocentric Tetrahedra in Higher Space: Mr. T. C. 
Lewis. 


The results obtained geometrically in the author's paper published in the 
September and October numbers of the Proceedings of the Society, Vol. 12, 
pp. 474-483, are now proved analytically by the use of penta-spherieal 
coordinates, or corresponding coordinates when the space considered is of 
more than three dimensions. These coordinates are explained by 
M. Gaston Darboux in La Théorie Générale des Surfaces, Livre II, 
Ch. VI, p. 213; see also the same writers Systèmes Orthogonuu.c et 
les Coordonnées Curvilignes, Livre I, Ch. VI, p. 121. 

An independent investigation of this system of coordinates is given, 
based on its connexion with an orthocentrie tetrahedron or higher 
analogue, à connexion not noted by M. Gaston Darboux, but one which 
makes the system naturally suitable for application to the study of the 
geometry of such orthocentric figures in space of any dimensions. ‘The 
applieation of the method for this purpose is believed to be new. 

While the homogeneous equation of the first degree represents an n- 
sphere or n-plane, the homogeneous equation of the second degree will in 
general represent a (hyper)-cyclide which reduces to a (hyper)-quadrie on 
the fulfilment of certain conditions. This opens out a further field of 
investigation, which is being pursued. . 
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Closed Linkages and Poristic Polygons: Col. R. L. Hippisley. 


This is an article pointing out certain consequences arising out of the 
connection between closed linkages and poristic polygons which was briefly 
alluded to by the author in a previous paper (Proc. London Math. Soc., 
Ser. 2, Vol. 11, p. 29). The results arrived at have a special bearing on 
the “Theory of the Transformation of Elliptic Functions.” It is shown 
that the subsidiary polygons formed by joining the vertices of the original 
polygon in every possible way are connected together by an endless chain 
of linkages and also by a double system of inversions. 


Thursday, December 11th, 1913. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present twenty members and a visitor. 

The minutes of the last meeting were read and confirmed. 

Mr. S. B. Maclaren was elected a member. 

The President presented the Auditor’s Report. On the motion of 
Lt.-Col. Cunningham, seconded by Prof. Nicholson, the Treasurer’s 
Report was adopted and the thanks of the Society were voted to the 
Treasurer and to the Auditor. 

The President alluded to the deaths of Sir R. S. Ball, Prince Camille 
de Polignac, and Mr. Morgan Jenkins, the last of whom was for nearly 
thirty years Secretary to the Society. It was unanimously agreed that a 
' letter of condolence should be sent to the widow of Mr. Jenkins. 


The following papers were communicated :— 


*On the Linear Integral Equation: Prof. E. W. Hobson. 

*Generalized Hermite Functions and their Connexion with the 
Bessel Functions: Mr. H. E. J. Curzon. 

*Limiting Forms of Long Period Tides: Mr. J. Proudman. 

*On the Number of Primes of the same Residuacity: Lt.-Col. 
Cunningham. 

*Some Results on the Form near Infinity of Real Continuous Solu- 
tions of a certain Type of Second Order Differential Equation :' 
Mr. R. H. Fowler. 


* Printed in this volume. 
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The Potential of a Uniform Convex Solid possessing a Plane of 
Symmetry with Application to the Direct Integration of the 
Potential of a Uniform Elipsoid: Dr. S. Brodetsky. 

The Dynamical Theory of the Tides in a Polar Basin: Mr. G. R. 
Goldsbrough. i 

Proof of the Complementary Theorem: Prof. J. C. Fields. 


ABSTRACTS. 


On the Linear Integral Equation: Prof. E. W. Hobson. 


In this paper the integral equation 
h 
f(s) = goa | K (s, t) $ (0 dt 


is treated of with a view to removing as far as possible the restrictions on 
the nature of the nucleus K(s, £ and the given function f(s). Through- 
out, the definition of a definite integral due to Lebesgue is employed. 
When A(s, ¢) is summable and limited in the square for which it is 
defined, it is shewn that Fredholm's solution is the only summable solu- 
tion of the integral equation. The case in which A(s, /) and a finite 
number of the repeated nuclei are unlimited is investigated by a method 
in which Lalesco’s theory of the canonical sub-groups of the resolvant of 
a limited nucleus is employed; a more general result than that obtained 
by Poincaré is thus established. Certain cases are considered in which 
Fredholm’s solution is applicable when the nucleus and all the repeated 
nuclei are unlimited. 


Generalized Hermite Functions and their connexion with the Bessel 
Funetions: Mr. H. E. J. Curzon. 


This forms the sequel to a preceding paper in which a connexion was 
found between the Hermite functions and the Legendre functions. In a 
memoir, read before the Royal Society in 1908, Mr. Cunningham dis- 
cusses the properties of certain w-functions occurring as the result of 
searching for all solutions of 


that have the form f(t) 9$ (07/0 O, where O depends only on angular co- 
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ordinates. Or, slightly transforming the fundamental differential equation 
for these w-functions, an equation that arises is 


mx dp ig ie = 0, (1) 
an equation that deforms into Hermite’s equation on making a zero. In 
the present paper this equation (i) is solved by means of two definite 
integrals which I call H,,(£) and K,,(£) a function W, „ (€) being 
related to these functions when they are not independent solutions of (i) 
in the same way that the function Y, (x) is related to the ordinary Bessel 
functions when » is integral. Connexions are established between the 
generalised Hermite functions and the Bessel functions of the type 


erie DT (tatı) 
H ee eet 


—] 
T4 3 


f, 67173, Cet) d, 


* 


the path of integration avoiding the origin by means of a small semicircle 
above the real axis. The relation is worked out between the H and K 
functions and Mr. Cunningham’s w-function, and various other properties 
of these generalised Hermite functions are discussed, apart from their 
eonnexions with the Dessel functions. 


Limiting Forms of Long Period Tides: Mr. J. Proudman. 


This paper contains a general discussion of the limiting forms of 
forced tides on a rotating globe, as the period of the disturbing foree tends 
to become infinite, and of the use of such as approximations to tides of 
long period. 

The method adopted for the former purpose is to use the limiting 
forms of the general equations of forced motion, and to add as conditions 
any properties of the general motion which are independent of the period, 
so long as it is finite, but do not follow as consequences of the limiting 
forms of the equations themselves. These properties are obtained and 
used in a form which involves “ relative circulations.” 

The area of the surface of the water is divided into regions of three 
different types, according to the properties of h sec@ (h being the depth 
and 0 the co-latitude). These regions are first discussed separately, and 
then the solutions are combined. 

In all cases but one the limiting forms are found to exist uniquely. 

A few examples are given in which the limiting forms are calculated 
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for such disturbing forces as occur in terrestrial tides. The chief of these 
refers to a polar sea bounded by any parallel of latitude. 

In the discussion of the possibility of applying limiting forms as 
approximations, an attempt is made to apply to tidal theory results which 
have been established only for systems with a finite number of degrees of 
freedom. 

Using the tide-tables for the Indian ports it is concluded that free 
oscillations of long period may exist, as the theory is found not to apply. 

A suggestion 1s made to use the Lake Victoria Nyanza to determine 
the amount of the earth’s yielding to tidal forces. 

An appendix is added on the general equations of tidal motion for seas 
on a yielding nucleus. 


On the Number of Primes of the same Residuacity: Lt.-Col. 
Cunningham. 


This paper presents the results of a count of the numbers (u, m) of 
odd primes (p), which satisfy the congruences 


yre-D= 4+),  yh^O07-9 =+1 (mod p), 


for certain bases (y), through certain ranges (k) of the natural numbers, 
where 


v = the maximum factor of (p— 1) possible to y, n = any factor of v ; 
a is the number with v, m is the number with n. 
The counts of u were made for all values of v for the eight bases 


y = 2, 3, 5, 6, 7, 10, 11, 12, 


for the range R = 1 to 10°; and also for y = 2 and 10 for each successive 
range of 10000 up to 10°. The counts of m were made for all values of 
n = 1 to 40 for the same bases and ranges as for u. 

Comparing a, m with the number (M) of primes (p) of form 


p owl. 


(nw+1) in the same range, the chief results were the following as 
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approciunate rules (in large ranges of numbers) 


1 1 


y = 1 (y a primitive root), u = 3.5 to 3.8 M. 
; 1 1 
y = 2 (y a quadratic root), u = —— to 3.6 M. 


3.2 


m = t y, nearly (but usually « - M) [except as below]. 


m = i 2M, nearly (but usually < aw), with » = 8i, for base 2. 


m= = 2M, nearly; in some cases, with » = Ay, when y > 2. 


Some Results on the Form near Infinity of Real Continuous Solutions 
of a certain Type of Second Order Differential Equations: Mr. R. H. 
Fowler. 


This paper is the outcome of an attempt to obtain for the differential 
equation PGyy' y") = 0, 
where P is a polynomial with real coefficients, results analogous to those 
obtained by Mr. Hardy (Proc. London Math. Soc., Ser. 2, Vol. 10, 
pp. 451-468) for the equation 


P (ryy!) = 0. 


The following theorem is proved:—Zf y = y(x) is any real continuous 
solution (with real continuous differential coefficients of the first two 
orders) of the equation 


y" = P(x, y), 

where P is a polynomial in x and y, then either there exists a K such that 
y(c) = O (x5, 

or else there exists real numbers A and p, of which p is rational, such that 


y(x) = e 0*9. (e— 0). 


The latter type cannot exist unless the degree of P in y is unity. 

Various generalizations of this theorem are considered ; in partieular 
it is shown that the theorem remains true when a rational function of x 
and y is substituted for P (x, y). 
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The Potential of a Uniform Convex Solid possessing a Plane of 
Symmetry, with Application to the Direct Integration of the Potential of 
a Uniform Ellipsoid: Dr. S. Brodetsky. 


The difficulty of finding the potential of a uniform solid at an external 
point consists in the fact that the integral representing the potential 
involves limits which are complicated functions of position. This renders 
the direct integration impossible, except in very few special cases. Thus 
the potential at an external point of a uniform ellipsoid has hitherto been 
ealeulated only by means of special methods and devices. The nearest 
approach to a direct method is the discontinuous factor used by Dirichlet, 
Kronecker, and Hobson (see Proc. London Math. Soc., Old Series, 
Vol. xxvi). The object of this paper is to devise a method of integra- 
tion that shall overcome this diffieulty and give us a general direct 
integrating process. 

The potential of a uniform straight rod of line density m. is 


m log (1+e)/(1—e), 


where e is the excentricity of the ellipse having the ends of the rod as foci 
and passing through the point at which the potential is calculated. We 
split up the solid into elementary rods perpendicular to the plane of 
symmetry, and we find its potential at any point in the form 


V=r || r dr dplog (14-0/ (00 — 06), 


the double integral being taken for all the rods in the body, and r, p being 
measured in the plane of symmetry. The body under consideration being 
convex, it follows easily that there is only one maximum value for e 
eorresponding to any given point at which the potential is to be found; 
further, that the rods giving any partieular value of e less than the maxi- 
mum lie on a convex cylinder surrounding the rod giving the maximum 
value of e. Still measuring in the plane of symmetry with the projection 
of the rod giving maximum e as a new origin for »', ¢', we get 


E (2n 
v=-o| | i di dd! loga +e) /(1—2), 


E being the maximum value of e. We now take e as an independent 
variable instead of r’, and integrate partially with respect to e. We ob- 
tain, after dropping a vanishing term, 


E (2n y'2 
Va | | 3 dedo". 


Ü Ü 1—e 
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For an internal point (Ê, n, O, E = 1, and the equation for 7»? in terms 
of e and ¢’ is 


af cos $' +€, "sind +n) = QC -HT7/0—e5, 


the equation to the surface of the solid being 
a= fry). 


For an external point, we first have to find the coordinates (&, 7) of the 
rod giving maximum Z, from the equations 


= fle, y = E+ uey |e), 


1 22 1 
= cfler = 2(zc—&8/0—0, ar ofloy = 2(y—n)/(1—e”). 
These equations give us Æ, Å», 7, and we get for 7”? the equation 


+ f(r’ eos f' +é, 7’ sin 9' +n) 
= £*4- 4 0 cos p 4$ E? +00" sind tm 7)"; [0 e). 


The method does not simplify the process in the case of an internal 
point. But for an external point the method of this paper introduces 
appreciable simplification. Having solved the equations giving E, € and 
no and having found x” in terms of e and ¢’, the integration is quite 
straightforward, and the limits are simple and well defined. It is worth 
notieing that E is really a solution of 


f rdg = 0. 
0 

The uniform ellipsoid can be treated very simply indeed by this 
method, as it is found that in this special case we do not need the actual 


Zr 
values of £,, 7, and E is found by equating | r"dj' expressed in terms 
of e to zero. s 
Incidentally, the analysis used in this paper leads to some interesting 
properties of confocal surfaces, including confocal conicoids. In the case 
of confocal conicoids these properties can be obtained by elementary 
methods, but I do not think they have been noticed before. 


Proof of the Complementary Theorem: Prof. J. C. Fields. 


In a recent paper (Proc. London Math. Soc., Ser. 2, Vol. 12, pp. 218- 
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285) the writer deduced, with reference to an arbitrary fundamental equa- 
tion f(z, u) = 0, the expression 


ni,4- È I} Y («914 35) A 
s= 3= s 

for the number of the conditions imposed by a set of orders of coincidence 
7, ..., T1? on the general rational function of (z, «), which can be repre- 
sented in the form (z—a,) ^ ((z—a,, u)), the integer i, being taken sufti- 
ciently large. Representing any pair of complementary bases by (7) and 
(7), we know that O is the value of the principal residue relative to the 
value z = œ in the products of the general rational function built on the 
basis (+) by the general rational functions conditioned by the partial bases 
(7) and (7) respectively. This fact, combined with the result cited 
above, enables us to derive the inequality 


N; E N,-n+2 X 00-328 (uf? 14 a5). 


K s=l xS=] yer 


where N, and N; represent the numbers of arbitrary constants involved in 
the general rational functions built on the bases (7) and (7) respectively. 
Interchange of (7) and (7) in this inequality gives us a second inequality. 
Addition of the corresponding sides of the two inequalities shews us the 
inadmissibility of the unequal sign in either of the inequalities. The two 
inequalities then both become equalities from whose combination we 
immediately derive the complementary theorem 


r r 
N,+ EN OO = NAT 8 POW, 


x S=] x sx] 


Thursday, January 22nd, 1914. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present ten members and a visitor. 
The minutes of the last meeting were read and confirmed. 
Mr. T. L. Wren was eleeted and admitted à member of the Society. 


The following papers were communicated :— 


Gi) A Generalisation of the Euler-Maclaurin Sum Formule, (ii) The 
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Deduction of the Formulæ of Mechanical Quadrature from the 
Generalised Euler-Maclaurin Sum Formule, (iii) A Generalisa- 
tion of certain Sum Formulæ in the Calculus of Finite Differ- 


. ences: Mr. S. T. Shovelton. 
e *On Binary Forms: Dr. A. Young. 


On Darboux's Method of Solution of Partial Differential Equations 


of the Second Order: Mr. J. R. Wilton. 


The President made an informal communication “ On the Potential due 


to the Distribution on an Electrified Cireular Disc.” 


ABSTRACTS. 


A Generalisation of the Kuler-Maclaurin Sum Formule: Mr. S. T. 


Shovelton. 


The formula is obtained by using the operator œ (A), where 


M AM 


= A 


and it is shown that 


" Or. „(0) 
2, Uy = | v+ pi (0) a — e) + fa (0) — v.) fee Be nyt) TEF 


a 


where p., (0) = f(A) 0". 
A more general formula of summation is then proved in the form 


h (n, 4 at Vuthtxhbh eee + Uns eh—h) 


b 2 
7 j vde+hp (0 —)-- E oH 


a 
where the remainder after 2(n+1) terms is 
| ana 


l1—x r=(b-u)h i 
—— eet, + (3n 
(2n)! | pnto) 2X vei. dz 


0 r-1 


l r=(b-u)h 
» 
+| Pon (z + K 1) > n —:h à; |, 
—Kx 


r= 


$«(&) is p(A)x", and ¢, (x) —¢, (0) is shown to be the Bernoullian function 


* Printed in this volume. 
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of degree n. By putting v, = e' it follows that ¢,(«) is the coeffieient of 
Qo he 
h” in ae and that 
$2, (0) = (—1»-7! B.. 


Defining a new function ¢7 (x) by the equation 


EA“, ` 


it is shown that 


2,r 
WD ters = Sust hk) Mut lt... 
from which we get 


(r) (r-1) 
EU = | wdd +h gio | u, (diy ^ pe. 


The function $;(x) possesses properties analogous to those of the 


Bernoullian funetion—amongst others 47, (5) = 0 if m is odd, 
p ()-—(—D"o,ir—x), 
and (—1)" ¢; (+) is positive. Thus taking x = — 


Im 2 
ar fF 
wg (S) 


2! 


in the series for 


D' tricky we have 


WD urn = Mur Au ..., 


and it is shown that 


ud T TATE 
2^9; (5) 291 (5) 
= ae a 


at r = es 
x” cosecr’ gz = 1 "T 1! 


If u, is put equal to e: we find 


Y „cl 
hve 


. I 
GIFT 14-49; (K)+ 31 BR)... 


and it follows that 


£'eos(dk—r)z — pl) 9, Fl) , 
sin" x = 91 7 + qp 
Aat! G3 ESSE é 3 r 
and Zen ne = 24x) PENCIL M ‘ 
sin’ z 3! 
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The function $5, (+) satisfies the reduction formula 


(—00—8 bu (5) 
= (r— 2m —1)(r—2m—2) pza” (5 id -1) ten me -1). 
from which a table of its values ean be formed. Also 

r$, (k) = (r—m) pal) Hm (x — 7) pnl), 


from which a table of the values of 47, (0) can be formed. 
The expansions of tan x and secz are found, and from the latter it 
appears that 


__1\n- gi +t? bona (4) 
En = — ( 1) s (2n 4- 1) 


— 1-1 
= CDT yn tte EB "C IB, s]. 


~ (Qn+1) 


Other expansions are 


pe" 
z eot r = 14+2(—1)" — 


gni 12 5,0) rd"? 295," (0) 


T-'03.9?-*(2n)? 977 (0) E ...;, 
and also can be expressed in terms of 92" (m), 92^ (n—1), ..., when r is 


of the form 2m or 29m-- 1, 


Ar | Oy(97-+-8) Art? 
tanz = | A'—9r 2 To a T 


_ 2r(2r+4)(2r+5) AUT ! (—1)4" cos (4z .0) 
3! E | (Er Vi sin (4x. 0) 
according as 7 is even or odd, the A's operating on the powers of zero, 


ces A rr-3)A — os 
sec z = | 1—7 + a, p «iei + z+.. ] 


X cos (4x . 0). 


The Deduction of the Formule of Mechanical Quadrature from the 
Generalised Euler-Maclaurin Sum Formule: Mr. S. T. Shovelton. 


Several of the well-known formule, such as Weddle’s and G. F. 
SER. 2. VOL. 13. l C 
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Hardy’s, are very easily obtained by the use of the sum formula, and new 
ones are given, one of which is 


10 
| v,dz = 135 [8(v94- vi) $35 (0, 4-03 H- og tv) +15 (09 4- o, 4- ryt 02 + 36r; |, 


0 


which has an error of less than (1—7)-th of Weddle when applied to the 
same range. 

The generalised sum formula can be used to give approximate values 
of definite integrals in almost endless variation, but few of the results are 
of much practical value. A formula which is useful when fourth differ- 
enees are small is 


10 
| v, dxe = $ [18 (vat v; + vet v) — 20 (v+ v,)]. 


0 


A Generalisation of certain Sum Formule in the Caleulus of Finite 
Differences: Mr. S. T. Shovelton. 


In this paper an investigation is given for the expression of 
2a" p(x-+«h) in terms of the differential coefficients of (x). The result 
can be best expressed in the form 


(a^ — 1y a* 9 (z 4- xA) 
= A'a*d(z)4- A0t (x) Aap (x) +... + - 0" (x) Ata’ (2) HR, 


where A refers to intervals of À in x, and 0; (x) is defined by the equation 


69 = [ale = [1 5 a+ (a0) ar... e 


a^—1 


in which the differences refer to intervals of unity in x. The remainder 
assumes a somewhat untractable form for general values of 7, but when r 
is unity 18 equal to 


hs! 


[| alee) at g(a heh) de 
0 
+| Oute age PG — d: |, 
1 


—K 


n! 


When a — —1 and A is an odd integer, 0;(x«) possesses properties 
analogous to those of ¢/ (x) defined in my paper on the Euler-Maclaurin 
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formula. With these values we obtain 
2 [9 (a4- «4) — 9 (a - hM kh) $(a4- 2h kh) 4... 
T 7107? (a4 - p—14-« h)] 


= {p0 — 1 path} +... + a 


Lp(a) —(— 1) pa +ph)] +R, 
and E, may be made to. vanish by suitably choosing » when ¢(z) is a 
polynomial in z. 

From the general result given above it follows that 


(a—1)" e" _ Kar 
ae_ıy ^ ETTORE. -0 20) ..., 
where a is written for a^. When a = — 1, the most useful value of x is 


C for 03,44 (=) = 0 and 6;, (>) can be expressed in terms of the 


corresponding functions of 2» and (2n+2) of order (r—1). Oz, (=) can 
also be calculated directly from i 


; M rv+1) db " 
65, (%) = 35 mi- r 3 oY 4 .. o. 


where Ó = z 
We readily deduce that 
32 ‘ M 

sec x = | 1— - S LEID T N cos (2.0), 

and that 
fs ea "m lee e T -..][ 52 OQ" 9? pr+?Or+? 
EE: [1 2 472. bar e] 
4 È o : 
= (—D n } io e. mc -..] n=l 

and D, = 3272D l9 I Fo 0? 


Tables of the values of 0°" 0°" and 6o?"*! O+! ean be readily constructed 


from the equation " 
ro =È yr pp-)i or 
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On Binary Forms: Dr. A. Young. 


In a paper on perpetuants, Grace applied the symbolical method to 
discover the irreducible types ; his result was tliat all perpetuants can be 
expressed in terms of the forms 

(a4a3)^ («,a3g)^ ... (a aas, 
where >27 (m9. 9, ous: 0). 
The attempt is made to solve the same problem here for irreducible co- 


variant types of quantities of finite order, by multiplying all such co- 
variants by the symbolical expression a;~", where w is the weight of the 


covariant ya} is one of the quanties. We can thus express all our co- 


variants as linear functions of the forms 
(a, a9)” (a, a3)^ ... (3). 


By means of this expression we find & certain set of covariant types of 
degree ó, which we write 
8 Qu, Ag, «229 Ay) 


completely defined by the arguments, which are linearly independent, and 
in terms of which all can be linearly expressed. 

The method used by Grace is not suitable here. So a suitable method 
of dealing with the covariants is developed. For the sake of the analysis 
the case of perpetuants is first discussed, and Grace’s results are obtained. 
Also the complete system of syzygies of the first kind is obtained for 
perpetuants. 


On Darboux's Method of Solution of Partial Differential Equations of 
the Second Order: Mr. J. R. Wilton. 


By a slight modification of Darboux's method of obtaining intermediate 
integrals of any given order in the case of the equation 
r+f (z, y, z, p,q, S$, t) = 0, 
we may assume, as the form of an integral of the n-th order (n > 2), 
Qi, n-1 tMpo, atv = 0, 


O'tk z 
where Prk = Ox oy ; 


m is either root of the characteristic equation, and v is a function of 
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£, Y, Z, Ps qs +» Pl, n-2s Po, n-1- If, however, n = 2, the form of the 


integral is eo Ce cass) 


where Cu E cu =m 
a ap COPS 


It is found that the number of independent equations which must be 
satisfied by v is two if x is greater than two, but when n = 2 the number 
depends on the nature of the given equation. 

The assumption of this form of the intermediate integral leads direetly 
to the determination of special integrals, such as Serret's integral of 


rt—s3- a^ -- p?-4- 9? = 0. 


It will also be found to involve rather less labour than is usual in the 
determination of general intermediate integrals when such exist. 
If, in the two equations which v must satisfy, when » > 2, we put 


Oo. du fou 

oé — olov’ 
where £ is any one of the independent variables, they become homogeneous 
and may be denoted by 4 «u — 0, „u=0. If Apu = A, A,u—A,A, u, 
it is found that, if n > 3, ) 


Ayo tt = A, Mu—A, Ayu = 0, 


where A,u=0 is that one of the two equations which involves no 

differential coeffücients of u other than i ES — ' -. This fact 
[^ Cpo, n CPi, n—1 

eonsiderably diminishes the number of independent conditions which must 

be satisfied in order that the equations for v should possess a common 

integral. 


Thursday, February 12th, 1914. 
Prof. H. F. BAKER, Vice-President, in the Chair. 


Present seventeen members and a visitor. 

The minutes of the last meeting were read and confirmed. 

Messrs. W. E. H. Berwick and A. G. Veitch were elected members. 
Professor S. B. McLaren was admitted into the Society. 
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The Secretaries reported that during the last Session the Society had 
lost seven members and that eight new members had been elected; thus 
the total number of members was 306 at the end of that Session as against 
805 at the beginning. 


The following papers were communicated :— 


Exhibition and Explanation of some Models illustrating Kine- 
matics: Mr. G. T. Bennett. 
*Formule for the Spherical Harmonie P;"(u), when 1—4 is a 
Small Quantity: Prof. H. M. Macdonald. 
The Representation of the Symmetrical Nucleus of a Linear 
Integral Equation: Prof. E. W. Hobson. 
*Fitting of Polynomial by the Method of Least Squares (Second 
Paper): Dr. W. F. Sheppard. 
The Differential Geometry of Point-Transformations between Two 
Planes: Mr. H. Bateman. 


ABSTRACTS. 


On the Representation of the Symmetrical Nucleus of a Linear Integral 
Equation: Prof. E. W. Hobson. 


This paper is concerned with the relation between the symmetrical 
nucleus of the integral equation 


f(s) = $6)— | ke, t p(t) dt, 


and the series >> en, 
n -1 n 


where A, denotes a characteristic number, and ¢,(s) the corresponding 
normal characteristic function. Cases are considered in which f(s, f) 
has discontinuities. 


It is shewn that a nucleus K (s, t), such that [ LK (s, 0; * dt is a limited 
funetion of s, exists, such as to have e characteristic functions 
and numbers j¢,(s)}, {A.j ; provided the series I i P converges 
for each value of s to a value whieh is a limited function of s, in (a, b). 


* Printed in this volume. 
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It is also shewn that the function K(s, t), determined in accordance with 
the prescribed conditions is unique, except for equivalent functions not 
differing essentially from it. Several theorems are deduced from this re- 
sult, and a simple proof of Mercer's theorem is obtained, that when K (s, t) 
is continuous, and all the numbers {A,} are positive, the series 
5 don (5) b, (0) 

Ici Au 

By means of an extension of a well known theorem due to Hilbert, to 
the case of a discontinuous nucleus, an extension of Mercer’s theorem is 
obtained, which applies to all nuclei that are not infinitely discontinuous 
on the line s = t. 

It is shewn that, in the case in which the repeated function of K(s, i) 
is continuous, the nucleus A(s, t) may be expressed as the sum of two 
functions A? (s, f, K® (s, t) that are orthogonal to one another, and are 
"such that KC? (s, £ has for its sole characteristic numbers those character- 
istic numbers of K (s, t) that are positive, whereas KC? (s, t) has for its sole 
characteristic numbers those belonging to K (s, ¢) that are negative. The 
characteristic function corresponding to a characteristic number of 
Ks, t), or of K®(s, t), is the same as that of K(s, t£) corresponding to 
the same characteristic number. 


coyverges uniformly to K (s, £). 


Fitting of Polynomials by Method of Least Squares: Dr. W. F. 
Sheppard. 


If ôi, og, ..., On are quantities containing errors, and e; is the improved 
value of ö,, obtained by adding to it a linear compound of the ó's after 
ój and choosing the coefficients so as to make the mean square of error 
of the total expression a minimum, then (1) the mean product of errors of 
er and à; (>) is zero, and (ii) the improved value of any linear com- 
pound of the ó's is the corresponding linear compound of the e's. "These 
two propositions give, by general reasoning, certain relations between the 
e's for different values of 7 and f, and also a simple formula for the mean 
product of errors of e; and e, as the sum of ; —f-F1 or j—g--1 terms. 
Also, if t4, t, ..., Un are connected with the ó's by linear relations, there 
are linear relations connecting the coefficients in the expression for e, in 
terms of the ws with the mean products of error of e; and the e's. 

These results are applied to the case (Proceedings, Ser. 2, Vol. 12, 
p. xliv) in which the w’s satisfy the condition that their errors are inde- 
pendent and have all the same mean square, and the ó's are the advancing 
or central differences of the w's. Some questions in reference to the more 
general case are also investigated. 
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The Differential Geometry of Point-Transformations between Two 
Planes: Mr. H. Bateman. 


In the neighbourhood of a given place any such transformation is 
equivalent to a projective one, in general, 2.e., unless the Jacobian vanishes 
or is infinite. The directions through a point are, in fact, altered in a 
projective manner. In this paper the approximation is carried a step 
further. 

The pencil of lines through a point P in the original plane II are 
mapped into a system of curves through the corresponding point p in the 
new plane 7, and for three of the lines through P the curve arising has 
an inflexion at p. These are called intlexional lines, and from them 
spring inflexional curves every where tangent to an inflexional line. The 
properties of these are discussed and transformations are found for which 
the inflexional curves have assigned properties, e.g., are such that at every . 
point two of them coincide. Transformations which leave areas unaltered 
are discussed, and the results compared with the theory of the motion of 
an incompressible fluid in two dimensions. 


Thursday, March 12th, 1914. 


Prof. A. E. H. LOVE, President, in the Chair. 


Present sixteen members and a visitor. 
The minutes of the last meeting were read and confirmed. 


The following papers were communicated :— 


On the Rational Solutions of the Equation \°+ Y?4- 7? = 0 in 
Quadratie Fields: Prof. W. Durnside. 

On Orthoptie and Isoptie Loci of Plane Curves: Prof. H. Hilton 
and Miss R. E. Colomb. 

Normal Coordinates in Dynamical Systems: Dr. T. J. TA. Bromwich. 

On the Zeroes of Riemann's Zeta-Function: Mr. G. H. Hardy. 


ABSTRACTS. 


On the Rational Solutions of the Equation X?4- Y?-- Z? = 0 in Quad- 
ratie Fields: Prof. W. Burnside. 


In this note attention was drawn to the fact that every solution of the 
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equation X? y? = 0, 
in which X, Y, Z belong to the same quadratic field, while no one of them 
is zero, is obtained from the identity 


(65) [8 + / —8 1 3- 44) ]*4- [8 —4/—8 (1 +449]? = 0, 


on multiplying each term by [a+8 V —8(1 2-45) ?, and then taking for 
a, 8, k any rational numbers, the value —1 for k being omitted. 
If two solutions for whieh the relation | 


X Y Z 


x y ZF 


do not hold, in whatever order X', Y', Z' are taken, be called distinet, the 
equation either admits no solution in an assigned quadratie field, or it 
admits an infinite number of distinct solutions. | 


On Orthoptic and Isoptie Loci of Plane Curves: Prof. Harold Hilton 
and Miss R. E. Colomb. 


Little appears to have been written on this subject except that the 
degree of the orthoptic locus of a given curve has been found both in 
the general case and when the curve has two- or three-point contact with 
the line at infinity. In this paper are found all Plucker’s numbers for the 
orthoptie locus in these cases. The nature of the intersections of the 
orthoptie locus with the given eurve, and of the multiple points of the 
orthoptie locus are also investigated. For instance, if the given curve 
is the general curve of degree n and class m, with ı inflexions, the orthoptie 
locus is of degree m (i — 1) and class m(m-+n—3) with mi cusps. 

It is obvious that in general the orthoptic locus of a given curve is 
complicated, but, if the curve is specialized, the orthoptic locus may 
be fairly simple. This is especially the case if the curve has the line at 
infinity as a multiple tangent, so that pairs of points of contact form a 
harmonic range with the circular points. There are respectively 2, 3, 3, 
8, 14, 88 types of curve with orthoptic locus, a straight line, a circle, a 
parabola, a conie, a cubic, a quartic. 

A brief account is given of similar properties of isoptie loci in the 
simplest cases which ean oceur. 

It is readily seen that we can deduce the properties of the locus of the 
intersection of two tangents, one drawn to each of two given curves and 
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inclined at a given angle, and of the locus of the intersection of two 
normals to a given curve inclined at a given angle. 
The results of the investigation are illustrated by several examples. 


Normal Coordinates in Dynamical Systems: Dr. T. J. PA. Bromwich. 


Let the motion of a dynamical system performing small oscillations be 
given by the differential equations 
CL Heyy tat ... Te. Ly = 0 
Cay ly Flag taf... F ern Ln = 0 (1) 


Cac F entot o.o bea Ly = I 

The notation is that used by Lord Rayleigh (Theory of Sound, Vol. 1, 
$ 82), namely, e,, denotes the differential operator 
Cr = aD b. DH en; 


but the symmetrical relation en = es is not required, so that gyrostatic 
terms may be present, and the forces acting need not be conservative. 
Then the solution of (1) is given by contour integrals 


^ 
| 


== | e" £d, (2) 


"t 


where £, &, ..., £, are functions of A derived by solving the equations 


Au £d use NE, = pp sss (3) 
where Ass = As A FH bp AF Cn, 
and Pi, Po ..., p, are linear combinations of the initial displacements and 
velocities, sueh that 

Pr = (MAF) H hai c P ia AHH en, re. 
T0394 15r. (D 

In the formule (4), £i, £2, ... denote the initial displacements, àz,, 6.4 .. 
the initial velocities ; and in the integrals (2), the path of integration in 
the A-plane surrounds all the poles of the functions £, which are, of 
course, the roots of the determinant |A,,| = 0. 


If the system is subjeet to additional impressed forees of the type 
Pie’, Pye’, ..., Pre“, so that equations (1) become 


Cn Pipe tat... Fenti = Prem’, ... (5) 
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(where u may be real, imaginary, or complex), the solution corresponding 
to zero initial displacements and velocities is given by writing 


Pi = P,/A—»), ... (6) 


the path of integration now enclosing A = u in addition to all the roots 
of |s| = 0. | 

The solutions (2) ean be shewn to reduce to the known solutions in 
terms of normal eoordinates, when the equations (1) are specialised by the 
omission of one of the sets of letters (a), (D), (c); and thus (2) gives the 
extension to the general problem of the method of normal coordinates, 
which (as ordinarily presented) can only be used in special cases. 

The extension to a continuous system (in which » tends to infinity) is 
also considered: the functions €, then appear as integrals, instead of 
sums, and the resulting contour-integral reduces when £ — 0 to the 
integral used by Prof. A. C. Dixon (Proc. London Math. Soc., Ser. 2, 
Vol. 8, 1905; Phil. Trans., 1911). 


On the Zeroes of Riemann's Zeta-Function: Mr. G. H. Hardy. 


It has been shown recently by Bohr and Landau (Comptes Rendus, 
January 12th, 1914) that, however small be the positive number 6, the 
majority of the zeroes of ¢(s) = €(c4- ti) lie in the region 4—6 «oc « 34-6. 
The object of this paper is to show that an infinity of the zeroes lie on the 
line c = 3, and so to advance one step further towards the proof of the 
“ Riemann hypothesis " that all the zeroes, except the real negative zeroes 
—9, — 4, — 6, ..., lie on this line. 

It may be observed that there is a numerical method, due to Lindelof 
and Gram, and developed by Backlund (Ofversigt af Finska Vetenskaps- 
Societetens Förhandlingar, Vol. 54), by which it has been shown that 
there are exactly twenty-nine zeroes on the line s = 3 between t = 0 
aud t = 100; and that Backlund has also shown that there are no other 
complex zeroes whose imaginary part is positive and less than 100. 
These results are of great interest as evidence of the probable truth of 
Riemann’s hypothesis; but they do not prove even that there are an 
infinity of zeroes on the critical line. Such a proof is supplied in the 
present paper. 

The method adopted depends on Mellin’s formula 

1 kic 
e ! = | I(u)y "du, 


It x-in 


where R(y)>0 and «>0. This formula is applied to the evaluation 


XXX RECORDS OF PROCEEDINGS AT MEETINGS. 


of a definite integral containing a function = (t) introduced by Riemann 
and closely connected with ¢(s). If ¢(s) has not infinitely many roots for 
which c = 3, = (D, which is real for real values of ¢, is ultimately of 
constant sign ; and it is shown that this hypothesis leads to a contra- 
diction. 


Thursday, April 23rd, 1914. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present seven members. 

Messrs. C. Jordan and J. Proudman were elected members. 

The President referred to the death of Mr. G. M. Minehin, who had 
been & member of the Society since 1875. 


The following paper was communicated :— 


On a Modified Form of Pure Reciprocants possessing the Property 
that the Algebraical Sum of the Coefticients is Zero: Major P. A. 
MaeMahon. 


And Major MacMahon made an informal communication on “ Lattice 
and Prime Lattice Permutations." 


ABSTRACTS. 


On a Modified Form of Pure Reciprocants possessing the Property 
that the Algebraieal Sum of the Coefficients is Zero: Major P. A. Mac- 
Mahon. 


46 zz. uL d'y 

Instead of writing = GE dz 
EP 

the author writes b, = GTD dy 


— (253-2)! dr’ 
and represents a pure reciprocant as a homogeneous and isobaric function 
of 

bo; b,, ba; esee 


The algebraic sum of the coefficients in every pure reciprocant now 
vanishes, and the actual coefficients have much smaller numerical ex- 
pressions. 
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Lattice and Prime Lattice Permutations: Major P. A. MacMahon. 
We consider any assemblage of letters 
a" By" ..., 
where p, q, r, ... are in descending order of magnitude. 
Certain permutations possess the property that if a line be drawn be- 


tween any two letters, the letters to the left of the line are in some per- 
mutation of the assemblage a" Bly” ..., 


where p', q', 7’, ... are in descending order of magnitude. These have been 
termed “lattice permutations " for a reason that has been given by the 
author in previous papers. 

Consider in particular the assemblage 


a’ B, 


It has been shewn that there are 


(p+q)! 
orp gi eth 


lattice permutations. This number in the coefficients of z"y' is the ex- 


pansion of 
y 
1— 4 
x 
VD el 
1—r—y 
a crude generating function because it involves many terms which are not 


required. The exact generating function is obtained from the notion of 
prime lattice permutations. If we write down the lattice permutations 


of the assemblage 0283, 
we find them to be aaßß, 
aß.aß, 


and it is noticed that the second of these is divisible into two lattice per- 
mutations of smaller assemblages (as shewn by the dot), whereas the first 
auß3 is not so divisible. aaßß is a prime lattice permutation, and aß.aß 
a composite lattice permutation. 

Similarly of the assemblage a9? we find five lattice permutations, two 
of which are prime and three composite, viz., 


aaaßß, 
aaßaßß, 
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are prime, and aa 96 .af8, 
af. aaB, 
aß.aß.aß, 
composite. 


If N. denote the generating function of the lattice permutations, and 
P, that of the prime permutations, slight reflection shews that 


1 


Mc ap 


Consider first the case p — q, it is seen that every lattice permutation of 


the assemblage äp 
a 


produces a prime permutation of the assemblage 
q?*1 art E 


by prefixing a and affixing 8. Thus 


Lattice Permutations. Prime Permutations. 
1 aß 
a auBB 
aaßß auaBBB 
uBaß außußß 
aaa BB aaaaß BBE 
aaßaßß aaaBaBBB 
aaBBaB aaa Baß 8 
aßaaßß aaßaaß Bg 
aßaßaß aaßaßaßß 


if therefore for the ease p = q, wz, be the generating function for the 
lattice permutations, ryu,, is the generating function of the prime per- 
mutations. 


ET 1 
Henee Uy = [ner 
leading to ta — ea A/ (1 — 4x y). 
| "7^ Dry Bey 


If pÆ q, there is only one additional prime permutation, viz., a, so that 


i LY ey, 


RECORDS OF PROCEEDINGS AT MEETINGS. xxxlil 


enumerates the prime permutations, and if v,, be the function which 
enumerates the lattice permutations 


Es 1 
"  l1—z-—zyu 
1 
where Ury = 1EY . 
J Sry 


Eliminating u. or substituting the found expression for u,,, we find 


1 vA-te)+2xr—1 
2x 1—ı—y 


Vey = 


In the case of the assemblage a" Dt», 


the erude enumerating generating funetion is 


ake? oni? La 


1—2:—9)]—2z 


The attempt to form the exact generating function through the medium of 
the prime permutations has not yet proved suecessful. The theory of the 
prime permutations requires investigation. 


Thursday, May 14th, 1914. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present seventeen menibers and two visitors. 


The following papers were communicated :— 


Diffraction by a Straight Edge: Prof. H. M. Macdonald. 

Quadratic Forms and Factorization of Numbers: Hon. H. F. 
Moulton. 

On the Reduction of Sets of Intervals: Prof. W. H. Young and 
Mrs. Young. 

Diffraetion of Tidal Waves on Flat Rotating Sheets of Water: 
Mr. J. Proudman. 

The Algebraie Theory of Modular Systems: Dr. F. S. Macaulay. 
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ABSTRACTS. 


Quadratic Forms and Factorization of Numbers: Hon. H. F. Moulton. 


This paper describes a method for greatly diminishing the labour of 
finding whether a number M, which has one known representation 
X?+ DY, has any other X?+ DY”, and of so finding the factors of M. 

Take first the case where X?+4Y?= M. The ordinary methods of 
elimination show that if M = p? mod k, where k is a prime, then X and 
also X’= +n mod k, where n has one of a limited number of values, 
k+1 

4 
into two groups, and that if it is known that k is a residue of each factor 
of M, the value of X' mod k must lie in the same group as that of 
X mod A. 

It is also shown that the same method may apply to representations 
M = X?+DY? if D/k — 1, but in this case the various possible ex- 
pressions of the factors m, m’ of M by forms of determinant — D must be 
considered, e.g., m = au +2bry+cy’, m’ = a'z? 4r 2b'z'y' --c'y), and the 
eriterion for whether the X's lie in the same or different groups, is 
whether am and a'm/ are both residues or both non-residues of k. It is 
shown that the grouping is the same for all values of D such that 
D/k = 1 if k is an odd prime, but if k is composite and = 4,/,, these are 
different groupings according as D/k, = D/k, = +1. The method can 
also be applied with certain modifications to representations of the form 
M = AX?+BY?’, where ABjk = 1. The grouping need only be tabu- 
lated for cases where M = 1 mod ~, as that for other cases can be derived 
by multiplication. 

The fundamental theorem on which the method is based is that if a 
number M has two factors m, m’ expressible as ac?+2bry+cy’, ..., 
where ac—b? = a'c'—b" = D, then aa' M has two representations 


X'-DY? X"4DY?^, 


at most +1. This paper shows that these values can be divided 


c 1 712 — Yrs 
and am = Tag poy? [((X+X")+D(Y—Y”)] 


= in [X— x^) - D(Y +Y], 


a'm' has two similar values. If then 
D|k 1 aud am/k —a'm'|k = X1, 
then [(X t X'54- D(Y + Y?]/k = +1, 
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according as am/k = +1. 
The grouping for odd primes up to 25 is as follows, a semicolon show- 
ing the division of the groups. 


Number ... 3 5 7 11 13 17 19 93 


Grouping... 1;0 1;0 1,0;2 1,5;0,3 1,6;0,2 0,1,3; 4,6 1,2,7;0,3,40,1,8,11;4,9,10 


Diffraction of Tidal Waves on Flat Rotating Sheets of Water: Mr. J. 
Proudman, 


The methods of this paper are very similar to those already well 
known for two-dimensional problems in the diffraction of sound and 
electric waves. 

Only free tidal motion of sheets of uniform depth is considered. 

A complete solution is obtained for the case of the diffraction of a 
plane wave by a circular island, but the remaining solutions are all 
approximations. They are based on Lord Rayleigh’s approximate theory | 
of diffraction, and the method of conjugate functions is introduced so that 
Schwarz’s method for conformal transformations becomes available. The 
problems considered are those of the diffraction of a plane wave by an 
elliptic island, by a semi-elliptie cape, by a rectangular bay, and by a 
passage between one sea and another. 


On the Reduction of Sets of Intervals: Prof. W. H. Young and 
Mrs. Young. 


It has been already pointed out that before sets of intervals were 
studied for their own sake, various writers had had occasion to make use 
of them, and had in this way virtually obtained the Heine-Borel theorem. 
Without entering again into these matters, a new moment is introduced, 
and it is shown how the careful study of the early documents leads to a 
new theorem, including the Heine-Borel theorem as a special case. The 
proof of this theorem is obtained by retaining all that is essential in 
Heine’s proof of the property of uniform continuity, and rejecting that 
which is accessory. 

The new theorem is not only more general than the Heine-Borel 
theorem, it leads to results unobtainable by application of the latter 
theorem alone.. From it we deduce as easy corollaries, beside that already 
mentioned, Lusin's kindred theorem, used in the proof of his result that 
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a continuous function cannot have an infinite differential coefficient at a 
set of points of positive content; Young's first lemma, used in our proof 
that a function with bounded derivates is the integral of any one of them ; 
the tile theorem, used in various theorems on integration, as well as the 
earliest theorem on the reduction of a perfectly general set of overlapping 
integrals, given in 1902 in the Proceedings of this Society. These various 
and scattered theorems, and perhaps others also, are in this way classified 
systematically together, and proved without any use being made of the 
idea of transfinite ordinal types, or Cantor's numbers. 

In the course of the work it was found that there was a flaw in the 
deduetion of Lebesgue's lemma from Young's first lemma, given in & 
former number of the Society's Proceedings.  Lebesgue's lemma remains 
therefore dependent on Cantor's numbers. The same error occurred in 
that one of the two proofs of Young's second lemma which was indeper- 
dent of Contor's numbers; a new proof is accordingly here supplied of a 
simpler nature. Thus the proof of all Lebesgue's results on derivates and 
their integrals and the extensions of these results already given without 
Cantor's numbers remain valid. 


On the Algebraic Theory of Modular Systems: Dr. F. S. Macaulay. 


The principal object of this paper is to supplement the account of the 
theory of modular systems given in the Encyclopüdie der Mathematischen 
Wissenschaften. It also includes some properties which have not been 
published previously. 


Thursday, June 11th, 1914. 


Prof. A. E. H. LOVE, President, in the Chair. 


Present thirteen members. 
The President announced that the Council had awarded the De Morgan 


medal to Prof. Sir J. Larmor. 
The following papers were communicated :— 


A Problem of Diophantine Approximation: Mr. R. H. Fowler. 
Some Theorems by Mr. S. Ramanujan: Mr. G. H. Hardy. 
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Proof of the general Borel-Tauber Theorem: Messrs. G. H. Hardy 
and J. E. Littlewood. 

Theorems relating to Functions defined implicitly, with Applica- 
tions to the Calculus of Variations: Prof. E. W. Hobson. 

On the Differentiation of a Surface Integral at a Point of Infinity: 
Dr. J. G. Leathem. 

On Mersenne's Numbers: Mr. R. E. Powers. 

Free and Forced Longitudinal Tidal Motion in a Lake: Mr. J. 
Proudman. 


ABSTRACTS. 


A Problem of Diophantine Approximation: Mr. R. H. Fowler. 


In a recent paper,* Messrs. G. H. Hardy and J. E. Littlewood have 
investigated the distribution of the points 


(a^0) (v—1,2, ..., n), 


where (a"0) is the fractional part of a"Ó, and a is an integer, over the 
interval (0, 1) for large values of n. This is almost the same problem as 
the investigation of the distribution of the first n digits in the decimal 
expression for 0 in the scale of a, and it is from this point of view, which 
is in that case the more interesting, that they solve the problem. 

In this paper, I extend some of their results to the set of points (À, 0), 
. resulting from any sequence of positive numbers A,Ag... An... which 
satisfy the inequalities 


An/An-1 > 8" ^ ($20, 82 1) 


for all values of n > n, Roughly speaking, it may be said that my re- 
sults hold for any sequence for which the increase of the n-th term is 
sufficiently regular, and faster than that of 


exp (nf), 
for some positive value of £. 
The following is the principal theorem of the paper :— 
THEOREM.—Jf {àn} be any sequence of positive numbers satisfying 
A A129 8" — (£2 0, B> 1), 
uf ô be the length of any interval included in the interval (0, 1), and if A, 


* '' Some Problems of Diophantine Approximation," Acta Math., Vol. 37, pp. 155-190. 
d 2 
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be the number of the first n numbers (4,0) that fall inside ô, then 
An ~ ôn, 
for all @’s between O and 1 which do not belong to a set of measure zero. 


I conclude the paper by considering the extension of this theorem to 
the m-dimensional set of points 


(An 0) , (An 05, °...) (An On) . 


Theorems relating to Functions defined implicitly, with Applications 
to the Caleulus of Variations: Prof. E. W. Hobson. 

This paper contains extensions of the known theorems relating to the 
determination of values of a set of real variables u4, Uz, ..., Un, defined 
explicitly by means of a set of equations connecting them with » real 
variables v, Vg, .. , Un; when one system of corresponding values of the 
two sets of variables is known. 

The cases are treated in which the equations involve a set of para- 
meters as well as the variables, and in which a set of systems of corre- 
sponding values of the two sets of variables is known, instead of only one 
such system. The results obtained are applied to proofs of theorems 
concerning the existence of Weierstrassian fields in the problems of the 
calculus of variations. 


On the Differentiation of a Surface Integral at a Point of Infinity : 
Dr. J. G. Leathem. 


The subject is the differentiation of a surface integral on a curved 
surface with respect to a displacement dA of a point O at which the sub- 
ject of integration f has an infinity. Use is made of a lemma which con- 
stitutes a somewhat general relation between a surface integral and a line 
integral round the boundary curve T. Subject to certain restrictions on 
the form of f a differentiation formula is obtained in the shape 


T T 
x fas = un ! | Las- | feos, y) ds | ; 
where n is a vanishing cavity round O, and v is the direction of the normal 
to n.. If the original integral is absolutely convergent, the form of yis 
arbitrary ; otherwise it 18 subject to restriction. 

By way of illustration the theorem is employed to determine the tan- 
gential force at a point (i) in a sheet of gravitating matter of given surface 
density, (ii) in a double sheet. Incidentally a method of discussing the 
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convergence and discontinuities of the potential due to a double sheet is 
explained. 


On Mersenne's Numbers : Mr. R. E. Powers. 


The purpose of Mr. Powers's paper is to show that the Mersenne 
number 2°7—1 is prime, four mistakes having now been found in 
Mersenne's classification, viz., 2?—1 proved composite for p = 67, and 
prime for v = 61, 89 and 107, contrary to his assertion. That 21?—] is 
& prime number is shown by means of the following theorem, which wds 
proved by Lucas in 1878 :— 


If N = 9"3—] (49 4-8 prime, 8q-4- composite), and we calculate the 
residues (modulo N) of the series 


9, 7, 47, 2207, ..., 


each term of which is equal to the square of the preceding, diminished by 
two units: the number N is prime if the residue O occurs between the 
(2g 4- 1)-th and the (4q+2)-th term; N is composite if none of the first 
(4q +2) residues is 0. 


The 106th term of the above series is congruent to 0 (modulo 217 — 1), 
consequently the latter is a prime number. 


Free and Forced Longitudinal Tidal Motion in a Lake: Mr. J. 
Proudman. 
Following Prof. Chrystal, the solution of this problem is made to de- 
pend on that of the differential equation 
WV, A X. 
rr perm ee (1) 


between z = 0 and z = a, when V vanishes at these limits. Here X is 
a constant, and p(x), F(x) are functions of x subject to certain very 
general conditions. 


Take | 
I(£,»)— a) f = | N (4 — Sn) ($,— $43) ... (S2— s) (81 — £) 
Bm a sa m8 Is, 4176 - s=¢ Js= p(sy p (sg) Sp P(Sn-1) P (Sn) 
X ds, dsq... ds, 1ds,, (2) 
for n 2 0, with I,(& n) = (7—)/a, where O< EXn<a. 
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Take also R(E n, A) = x (—A)"Iy(é, n). (8) 


Sufficient conditions will be given in the paper for the existence of (2) and 
the convergence of (3). | 
The free modes are then giveu by 


V = KOO, z, ^n), (4) 
where A, is such as to satisfy 


R (0, a, A,) = 0, (5) 


and the forced motion is given by 
a f I 
yV = — RO, a, A) | R(x, a, yf Ro, $, A) F(s)ds 


+R(0, z, | R(s, a, X) Fe) ds | . (0) 

In the paper these statements will be proved, and the solution shown 
to arise naturally wben the equation (1) is regarded as the limiting form 
of a certain difference equation. The connection of the solution with that 
of a particular Fredholm's equation will be indicated and various other 
relations proved. 

It appears probable that, with a reasonable amount of labour, the 
solution can be applied, by means of approximate methods, to such forms 
of p(x) as are provided by a bathymetric survey of a lake. This is at 
present being investigated. 
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GEORGE MINCHIN MINCHIN. 


By the death of George Minchin Minchin on March 16th, 1914, there 
was lost to science a man of many-sided ability, which had borne fruit in 
original investigation and model exposition, and of charming personality, 
which had endeared him to a large circle of friends. . 

He was born in Valentia Island, Co. Kerry, Ireland, on May 25th, 
1845. After the death of his mother, and from the time when he was 
about nine years of age, he was brought up in Dublin by his materna 
uncle by marriage, Mr. David Bell, a distinguished Shakespearean scholar. 
Mr. Bell kept a school; and among the scholars contemporary with 
Minchin, and also living in Mr. Bell’s house, was another nephew, 
Alexander Graham Bell, afterwards of telephone fame. Minchin’s mathe- 
matical bent was soon discovered, and special tuition in the subject was 
procured for him; but he never regretted the time spent on literary 
studies, and there can be no doubt that the admirable simplicity and 
lucidity of his writings are to be attributed largely to his classical 
and linguistic training. He entered Trinity College, Dublin, in 1862, - 
and during the next few years gained many scholarships and prizes for 
mathematies. In 1875 he was appointed to the chair of mathematies in 
the Royal Indian Engineering College, Cooper's Hill, where he remained 
until the College was closed (1907), when he took up his residence in 
Oxford. He joined this Society in 1875, and was elected a Fellow of the 
Royal Society in 1895. 

His most original scientific work was that on photo-electricity. His 
interest in experimental physics dated from his student days, and was 
revived after his appointment to the Cooper's Hill College. The funda- 
mental observation from which his work grew was the fact that electrie 
currents are produced by the action of light on plates of certain metals 
coated with various substances when the plates are immersed in suitable 
liquids. After many years of work he exhibited cells of this construc- 
tion to the Physical Society in 1891. The paper describing the apparatus 
and experiments then shown will be found in the Phil. Mag., Ser. 5, 
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Vol. 81 (1891). One form embodied the principle of the coherer, and 
another has since been adapted to tele-photography. But with a deter- 
mination which surprised even those who knew him best, Minchin shrank 
from the steps that must be taken to turn a scientific discovery into & 
commercial success. It was of much greater interest to him to utilise his 
. cells for measuring the light emitted by the stars. Observations for this 
purpose were made for him first by W. H. S. Monck, and later by W. E. 
Wilson, and the results recorded in a paper on “ The Electrical Measure- 
ment of Starlight," Proc. Roy. Soc., Vol. 58 (1895). The “ Seleno- 
aluminium bridges " described by him in a later paper published in Proc. 
Roy. Soc., Ser. A, Voi. 81 (1908), were meant to be substituted for the 
previously devised cells, as they achieve the same ends by simpler means. 
One need not be an experimental physicist to admire the patience and 
ingenuity displayed iu these researches, but it is much to be hoped that & 
complete account of them will be given by someone who is more familiar 
with such work than the present writer. 

Minchin was a natural philosopher: he wished to understand. Hence 
his interest in theoretical physics and applied mathematics was no less 
genuine than his interest in experimental work, and if in these depart- 
ments his discoveries are less conspicuous, yet a deep debt of gratitude is 
owed to him for his books. It appears from letters written by G. F. 
Fitzgerald, with whom he maintained a regular correspondence for many 
years, that he at one time contemplated & general treatise on theoretical 
physies. Several of these letters are occupied with discussions of the best 

mode of treating thermodynamics. It seems that Minchin always rebelled 
~ against the doctrine of the degradation of energy. His thought on this 
matter is expressed in a little volume of prose and verse entitled Naturae 
Veritas, published in 1887. The plan for a general treatise never came 
to maturity, but the well known T'reatise on Statics was published in 1877 
—a comparatively small single volume. This treatise passed through 
several editions, each containing more numerous applieations to physies 
than its predecessor. Other treatises from his pen are Uniplanar Kine- 
matics of Solids and Fiuids (1882), Hydrostatics and Elementary Hydro- 
kinetics (1892), which developed into a two-volume Treatise on Hydro- 
statics (1919) ; Geometry for Beginners (1898), which has been described 
as an early and very favourable specimen of the methods of those who 
sought after the improvement of geometrical teaching, The Student’s 
Dynamics (1900), and Mathematical Drawing (1906), the last named 
having been written in conjunction with J. B. Dale. Apart from books 
his most important mathematical writings are a paper on “ Astatic 
Equilibrium ” in these Proceedings, Ser. 1, Vol. ix (1878), and three 
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papers on the magnetic field in the neighbourhood of a wire carrying 
an electric current and the calculation of coefficients of self-induction 
in the Phil. Mag., Ser. 5, Vols. 86 and 87 (1893-4). The impression 
produced by his writings is one of remarkable geometrical elegance 
combined with distinct analytical power and profound thinking on 
physical subjects, while for clearness and apt expression they might 
well serve as models of what mathematical writings ought to be. 
Those who knew him know that the range of his knowledge was much 
wider than the range of his writings, wide as this was; there were few 
matters coming within the domain of mathematics and physics on which 
he had not something interesting to say. In Oxford especially, where 
he was a constant worker in the Electrical Laboratory, and frequently 
read papers before the Mathematical and Physical Society, expending 
much trouble and thought upon their preparation, his loss is felt deeply. 


A. E. H. L. 
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MORGAN JENKINS. 


Dy the death of Mr. Morgan Jenkins, the Society has lost its oldest 
officer. Appointed Secretary within a year of its foundation, he served 
the Society long and well, holding this office for twenty-nine years. 

Mr. Jenkins was the fifth son of Mr. James Jenkins, of Coventry, and 
was born there on November 10th, 1841. He was educated at the 
Coventry Grammar School, Mr. Sheepshanks, the father of the late 
Bishop of Norwich, being the Head Master at the time. He thence pro- 
ceeded to Christ's College, Cambridge, where he obtained & scholarship 
and graduated as bracketed 84th Wrangler in 1864. After leaving 
Cambridge he was a student at Lincoln’s Inn, and passed the examina- 
tions, but was not called to the Bar. From 1867 to 1870, he was a mathe- 
matical tutor at Wren’s establishment in Powis Square, W. (preparation 
for the Government Examinations, &e.). From 1870 or 1871 to 1885, he 
took pupils for the Army or Cooper’s Hill, at his house, 50 Cornwall 
Road, W. He then lectured at Queen's College, London, for a year. In 
1886, he was appointed lecturer at King’s College, London, a post which 
he held till he left London in 1894 to reside at Tunbridge Wells. He 
was also for some years Assistant Examiner at South Kensington. On 
July 14th, 1880, he married Jane, daughter of Mr. William Potter, of 
Kirby Moorside, Yorkshire, who survives him. There were no children. 
He died at Tunbridge Wells, on October 21st, 1913. For the last three 
years of his life he suffered from severe heart trouble, but he was always 
bright and cheerful and enjoyed working in his garden. 

The first meeting of the London Mathematical Society was held on 
January 16th, 1865, when Augustus De Morgan gave an address. Mr. 
Benjamin Kisch acted as Secretary, but at that meeting Mr. H. M. Bompas 
and Mr. Cozens Hardy were elected Secretaries, the latter being also 
Treasurer. Mr. Cozens Hardy held oflice for only a month, and was 
succeeded by Mr. W. Jardine. Both Secretaries retired on November 10th, 
1865, and Mr. Jenkins (who had been elected a member of the Society 
on May 15th) was appointed deputy Secretary and Treasurer until the 
Annual Meeting, on January 15th, 1866, when he and Mr. G. C. De 
Morgan (son of Augustus De Morgan) were elected Secretaries. Mr. 
Jenkins held his office until November, 1894, but Mr. De Morgan died in 
October, 1867, and was succeeded by Mr. Tucker, who was elected Secre- 
tary in the following month, and held this office for thirty-five years. 
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Mr. Tucker had been elected a member of the Society on October 16th, 
1865, five months after Mr. Jenkins, and he became Secretary fourteen 
. months after Mr. Jenkins. Thus, following so many changes in the 
Secretaryship dnring the first two years of the life of the Society, there was 
aperiod of twenty-eight years (1867-1895) without a change; and (except 
for the first fourteen months) Mr. Jenkins had Mr. Tucker as his colleague 
during the whole of his tenure of office. 

Mr. Tucker, as is well known to many of us, was a most indefatigable 
Secretary, and the Society was the one great interest of his life; but in & 
quiet way Mr. Jenkins was no less devoted. In the division of the work 
Mr. Tucker’s department included everything relating to the papers read 
before the Society : he procured the papers for the meetings, often extract- 
ing them from apathetie or reluctant authors (as otherwise, in early days, 
there would have been some meetings without a paper), he sent them to 
the referees and was persistent in his efforts to obtain their reports before 
the next meeting; he transmitted extracts from  referees' reports to 
authors, and superintended the publication of the Proceedings ; he also 
kept the minutes. All this formed much the larger and more difficult 
part of the secretarial duties ; and Mr. Jenkins's share was not only smaller 
in amount but less exacting. All matters relating to the election of mem- 
bers belonged to his province, and he kept the list of members up to date 
with conscientious care, sparing no pains to obtain suitable details to be 
added to the mere list of names and addresses. The ballot box also was 
in his department both in regard to the election of members and the 
Council's decision on the printing of a paper. The Society possessed no 
servant or paid officer, and the whole of the work, down to the smallest 
details, was done by the Secretaries themselves. For many years the 
Proceedings were sent out personally to the members by the Secretaries, 
each Secretary taking one half of the alphabet. The present writer's 
copy fell in Mr. Jenkins's half, and it always eame to him addressed in 
his eareful and accurate handwriting, for, unlike Mr. Tucker, whose hand- 
writing was rapid and sometimes hard to decipher, Mr. Jenkins always 
wrote slowly, forming every letter with care, and correcting errors by an 
erasure with a penknife. 

It is difficult for anyone who knew the Society in the seventies and 
eighties to think of it without picturing Mr. Jenkins, the senior Secretary, 
on the President’s left, and Mr. Tucker on his right. It is said that Mr. 
Tucker only missed three meetings of the Society while he was Secretary, 
and Mr. Jenkins seemed quite as regular; at all events the writer cannot 
remember an occasion on which he was absent. In all the years that he 
was Secretary he seemed to change very little in appearance, having to 
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the last a somewhat youthful look. He was unassuming in his manner, 
almost self-effacing, and rarely spoke at the Council meetings, except on 
matters concerning his own secretarial business; and he scarcely ever 
took part in the discussions on papers at the meetings. Mr. Tucker was 
so zealous for the Society that, as has been mentioned, he took upon him- 
self the whole of the business relating to the papers—which, of course, 
were the life's blood of the Society—and Mr. Jenkins was content to 
oceupy himself with all that was left for him, but he would have willingly 
taken a larger share of work had his colleague been less omnivorous. 
The debt the Society owes to its two early Secretaries, who held office for 
so long, is very great. They placed it on a secure foundation. The rapid 
progress of the Society was no doubt mainly due to Mr. Tucker, but 
Mr. Jenkins rendered useful and continuous aid in matters that were 
essential to its efficiency. Mr. Jenkins only retired from the Secretaryship 
in 1895, after he had left London. He was then elected Vice-President, 
and held this office for the usual term of two years, but his attendance 
was irregular, and after a time the journey to London became too much 
for him. 

Neither Mr. Jenkins nor Mr. Tucker were famous mathematicians, nor 
had they obtained high honours at Cambridge, or won fellowships, but 
they yielded to no one in their interest in mathematical science or their 
desire for its advancement. The Mathematical Society was not one which 
could confer public distinction on its office-holders, and both Secretaries 
gave their services simply for love of the subject. One of the earliest 
papers read to the Society (in 1865) was by Mr. Jenkins on “ The Regular 
Hypocyeloidal Trieusp," which, however, does not appear among the few 
papers printed in that year. His contributions to mathematics were not 
numerous or lengthy, but all were the result of careful study. 

The subject that interested him most was Theory of Numbers, and a 
paper of his relating to Legendre’s Law of Reciprocity was published 
in Vol. 1 of the Proceedings. He also wrote several papers on Spherical 
Trigonometry, which also had a special interest for him. Other subjects 
on which he published occasional papers in the Quarterly Journal and 
Messenger were the Geometry of the Triangle, Combinations, &c. 

He retained his interest in the Theory of Numbers to the end, and in 
a letter written to the present writer in June, 1910, he mentioned that he 
was afraid he was too old to do any useful mathematics, but that there 
was a theorem concerning the resolution of a number into the sum of 
three squares which he was still most anxious to prove. This letter was 
written in the same careful handwriting as of old. 


J. W. L.G. 
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SíAMUEL hoBEnTS was the second son of the Rev. Griffith Roberts, 
Presbyterian Minister, and Anna his wife, who was the eldest daughter 
of Mr. Samuel Churchill of Exeter, merchant. He was born on December 
15th, 1827, and was educated at Queen Elizabeth's Grammar School, 
Horncastle, Lincolnshire, his father being then minister of the Presby- 
terian Chapel at Kirkstead, near Horncastle, and resident at Horncastle. 

He entered Manchester New College in June, 1844. He matriculated 
at the University of London in 1845, with Honours in Classics and 
Mathematics, and took the degree of B.A. in 1847, with Honours in 
Mathematics, and the degree of M.A. in 1849, when he was first in 
Mathematics and Natural Philosophy, and obtained the gold medal. 

He was admitted a solicitor in January, 1858, having served his 
articles of clerkship with Mr. Richard Mason, Town Clerk of Lincoln. 

After some years he gave up practice and removed to Longen, where 
he devoted himself to mathematical studies. 

He was twice married: in 1858 to Mary Ann Astley, only child of the 
Rev. Richard Astley, formerly of Shrewsbury, who died in 1895 ; and, in 
1896, to Lucy Elizabeth Holland, second daughter of Philip Henry 
Holland, surgeon, who survives him. By his first wife he had three 
children, the eldest of whom, Samuel Oliver Roberts, was born in 1859, 
and died in 1899. He was a scholar of St. John's College, Cambridge, 
and "th Wrangler in 1882; he was afterwards Mathematical Master 
at Merchant Taylors School. His third son died in infancy. His second 
son, Mr. H. A. Roberts, a solicitor, survives him. 

Mr. Roberts was one of the oldest members of the Society, having 
been elected on June 19th, 1865, five months after the foundation of the 
Society. It cannot be said of him as it was said of Mr. Thomas Cotterill, 
that the Society “discovered " him, for he had published a paper in the 
Philosophical Magazine as early as 1848, and had contributed more than 
a dozen papers to the Quarterly Journal before the Society was founded: 
still it is certainly true that the Society was from the first a powerful in- 
centive to him, and that it always afforded him great encouragement. It 
brought him into contact with other mathematicians whom he otherwise 
might not have known personally, for, not having been at Oxford or 
Cambridge, he was a somewhat solitary worker until the Society came 
into existence. Within six months of his becoming a member he’ was 
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placed on the Council, on which he served from 1866 to 1892, except for 
a break of one year (1870-71). He was also Treasurer for eight years 
(1872-80), was twice Vice-President, each time for two years (1871-78, 
1882-84), and President (1880-82). He thus rendered valuable and con- 
stant service to the Society, and for a number of years was almost as 
much identified with it as the Secretaries, and even more so in one respect, 
as he was a frequent contributor of papers. | 

Mr. Roberts was the second Treasurer of the Society after the separa- 
tion of the Treasurership from the Secretaryship. As was mentioned in 
the obituary notice of Mr. Jenkins, one of the Secretaries acted also as 
Treasurer during the first year of the Society’s life, Mr. Jenkins holding 
the double office from November, 1865, till January, 1866. The Treasurer 
then became an independent officer, and Dr. Hirst held the position from 
1866 to 1872, when he was succeeded by Mr. Roberts, who in 1880 was 
succeeded by Mr. Merrifield. 

Mr. Roberts received the De Morgan Medal in 1896. He was elected 
a Fellow of the Royal Society in 1878. 

Mr. Roberts’s contributions to mathematics were numerous and 
valuable, and they covered a somewhat wide range. Among the subjects 
to which his principal papers related were plane and solid Geometry, 
Theory of Numbers, and link motion. He also wrote on the Calculus 
of operations, interpolation, &c. His writings on Geometry included 
several important papers on Parallel Curves and Surfaces. In Theory 
of Numbers he was interested in the Pellian equation and similar 
problems. A noticeable paper of his related to the proof that the 
theorems which express the product of 2" squares by 2" squares as the 
sum of 2" squares do not admit of extension beyond m = 3. The greater 
number of his papers were published in our Proceedings, but he con- 
tributed about thirty papers to the Quarterly Journal and several to 
the Messenger. Cayley once said to the writer that he regretted that 
joint papers were so rare in mathematies, and that he should have liked 
to co-operate with Mr. Roberts in several pieces of work. This remark, 
which was made towards the close of Cayley's life, had special reference to 
Mr. Roberts’s paper “ On the Motion of a Plane under given Conditions," 
published in the third volume of our Proceedings, of which Cayley makes 
use in a paper “On the Kinematics of a Plane," &c., published in 1894 
(Vol. xu, p. 505, of his Collected Papers). 

Although mathematics was the main occupation of Mr. Roberts’s life, 
he had various other interests, such as geology, microscopy, and working 
with the lathe. In the last ten years of his life his eyesight almost 
completely failed him. | 
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Mr. Roberts is an interesting type of mathematician, for he was strictly 
an amateur—that is to say, he never held any office, directly or indirectly, 
connected with mathematics or other branch of science or any application 
of science. He was simply a private gentleman who pursued researches 
from pure love of investigation and desire to extend the boundaries of 
subjects that were attractive to him. And he never sought any 
recognition of his work; for him it was entirely its own reward. 
Owing mainly to the course of instruction at Cambridge, there 
are numerous cases in which ecclesiastical dignitaries, barristers, and 
judges have contributed to our science : indeed, all Cayley’s early work 
was done while he was at the bar, and it was only the foundation of 
the Sadlerian Professorship at Cambridge that tempted him to forgo his 
legal career. But instances are rare of men who, not having been Fellows 
of a College or having had any official connection with mathematics, have 
yet worked assiduously and with adequate knowledge for its advancement. 

In the seventies and eighties the members who attended the Society's ` 
meetings with some regularity formed almost a family party, and among 
them Mr. Roberts occupied a conspicuous position. He was always 
present at the Council meetings and those of the Society, and was most 
wiling to do any work which he was asked to undertake, but he was 
somewhat reserved and reticent, and did not take a leading part in the 
business of the Council. The value and amount of his work prove his 
devotion to mathematics, but he never gave way to any manifestation 
of enthusiasm, nor did his undemonstrative manner seem to indicate any 
very keen interest, but the meetings of the Society were evidently very 
congenial to him. 

It is perhaps, at this distance of time, of some interest to recall the 
diversity of manner in which some of the regular frequenters of the Society 
communicated their papers to the audience. All were no doubt greatly 
interested in their subject, but they differed fundamentally in the way they 
they gave an account of their work to the Society, and in the importance 
which they attached to the oral explanation of their results. Cayley re- 
garded the reading of a paper as a disagreeable formality that had to be 
gone through before it could be printed. Nevertheless he endeavoured to 
give a clear account of the contents of his paper, and was never lengthy. 
Still, unless one knew the subject beforehand, his method of running over 
the leading formule was not instructive. Henry J. S. Smith once said to 
the writer that he thought that the account given of a paper ought to end 
where the paper began. He carried out this principle and the reading of 
@ paper by him was an admirable exposition, gracefully delivered, of the 
nature of the subject to which the paper belonged. He started ab initio, 
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and when the point of departure of the paper was reached, he brietly in- 
dicated the kind of problem he was dealing with, which had then become 
comprehensible to all. It was always possible for anyone to learn some- 
thing of a new subject from Henry Smith’s reading of a paper; and if the 
subject was already familiar, his clearness of mind and charm of ex- 
pression gave it new interest. Clifford’s expositions or discourses were 
perhaps even more attractive than Henry Smith's, but he allowed himself 
more latitude and they were even less closely connected with the subject 
of the paper, or perhaps they related to work he had merely proposed to 
himself or ideas that were not yet worked out. So much, however, de- 
pended upon Clifford’s manner, his versatility, and his imagery, that after 
an address from him it was difficult to recall what really were the essential 
features of a discourse which had been so fascinating at the time. Mr. 
Roberts followed Cayley’s method, only he gave details of working as well 
as results. With his paper in his hand he would go steadily through it, 
writing down the principal formule on the blackboard. Thus unless the 
subject was elementary, whie was only occasionally the ease, not much 
could be gained by an auditor who had no previous acquaintance with the 
state of the subject. Mr. J. J. Walker was careful and slow in his explana- 
tions, but the subjects he dealt with were usually more or less known to 
the audience. Sylvester very rarely attended a meeting of the Society, 
but when he did his excited enthusiasm was apparent in every word and 
action. Whatever interested him at the moment seemed to him of con- 
summate importance to the science. Looking back on the twenty years 
(1870-90) no other very distinct personalities seem to stand out, except 
perhaps Hirst, whose papers related to subjects which at that time had 
not been much studied in this country. There was no attempt among the 
younger members to imitate Henry Smith or Clifford : as a rule we were 
content to do our best to describe our papers as well as we could without 
being too technical or tiring the audience. 

It may be here remarked that very different opinions were held as to 
the actual utility of reading mathematical papers at the meetings. The 
views expressed depended very much upon the advantages the speaker 
himself was able to derive. Sylvester and Cayley were at opposite 
extremes. The former always set great store on verbal communications 
and personal intercourse, but Cayley said he rarely gained anything 
appreciable except from the printed page. It is unquestionable that 
Mr. Roberts received benefit from the reading of papers. He was an 
attentive listener, and probably more than any other member always kept 
his mind on the paper being read. For him the reading of a paper was 
very far from a formality. 
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For a number of years the Council met at 7.80, the Society's meeting 
being at 8 and lasting about two hours, sometimes more, but generally 
less. At length the time came when the half-hour allowed for the Couneil 
was found to be insufficient, and it then met at 7. When the Society 
moved to Albemarle Street in 1870, and for a number of years afterwards, 
the Couneil met in the small room at the back of the building on the first 
floor, and sat at the round table which, though it occupied most of the 
space in the room, afforded barely sufficient accommodation for a full 
Council, the meeting of the Society taking place in the large front room, 
in which the Council met in later years. All the associations of the 
early Council meetings in Albemarle Street are connected with this small 
room at the back. 

It has always seemed to the writer very surprising that so young a 
Society should have been so precise with respect to reporting upon papers. 
Two independent referees were always appointed, their separate reports 
obtained and read, and the question of the publication of the paper 
was decided by ballot. In no case in the writer’s experience was there 
any bias; nor was any distinction made in favour of distinguished 
mathematicians or on personal grounds. All papers were adjudicated 
upon by exactly the same procedure and with the same impartiality. In 
this respect the new Society was a pattern to many older and more 
dignified institutions, and perhaps no Society has ever been more strict or 
thorough in its attempt to maintain a definite standard and be equally 
fair to all. It is also probable that no Society has ever done so much for 
its subject with so small an income. Except for the rent of rooms and a 
trifling expenditure on the Library, all the income was spent on the 
Proceedings, and, until Lord Rayleigh made his gift of £1,000 to the 
Society, the means of the Society were very narrow. 

In connection with the system of appointing referees, the writer may 
mention that his first introduction to Mr. Roberts was when he attended 
a meeting of the Society as a visitor in 1868. The meeting was held in 
the rooms of the Chemical Society at Burlington House, which had not 
then been rebuilt; and, while waiting in the meeting room, Mr. Roberts 
entered from the Council room and explained that he had temporarily left 
the Council while referees were being appointed for a paper of his. 

Mathematicians are usually long lived and happily several of our 
earliest members are still with us. Prof. Clifton was an original member, 
and Prof. Crofton and Lord Justice Stirling served on the Council in 
1867-68 ; but with the death of Mr. Jenkins and Mr. Roberts, all who 
were regular attendants at the Society’s meetings during the first ten 
years of its existence have passed away. J. W. L. G. 
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A THEOREM CONCERNING POWER SERIES 
By Hanarp Boar. 
Communicated by G. H. Harpy.* 
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1. The theory of Diophantine approximation has, as I have shown in & 
series of previous papers,t important applications to the theory of 
Dirichlet’s series. It becomes clear in the course of these investigations 
that the theory of the absolute convergence of Dirichlet’s series of the 
type Zann is very closely connected with-the theory of power-series in 
an infinite number of variables. As an illustration of this I may men- 
tion the following theorem :— 


Let 2a,n~* be a Dirichlets series absolutely convergent for 
o = RW (s) = a, and let 


P dia, 3.) = Cote Catat 2 Ca, g Za tpt... 


be the power-series which may be obtained formally from the Dirichlet's 


series by writing " _ 
y p = Ty pP’ = To, ..oy 


where p, denotes the r-th prime number. Let 0 denote the set of points 


* Extracted from letters of the author. 
T See, for example, Acta Mathematica, Vol. 36, pp. 197-240. 


SER. 2. voL. 13. No. 1190. 


2 Dr. H. Boun [Feb. 18, 


in the plane of the complex variable corresponding to the values taken by 
the Dirichlet’s series when the variable s = o+ it describes the line 
v — as, and O the set of points corresponding to the values taken by the 
power-series when the variables z, £z, ... describe independently the circles 


Iz | 2 | za] =p”, 


Then the set 0, which is obviously part of O, is everywhere dense in O. 


In particular the solution of what is called the “absolute convergence 
problem " for Dirichlet's series of the type 2a,n~’ must be based upon a 
study of the relations between the absolute value of a power-series in an 
infinite number of variables on the one hand, and the sum of the absolute 
values of the individual terms of this series on the other. It was in the 
course of this investigation that I was led to consider & problem concern- 
ing power-series in one variable only, which we discussed last year, and 
which seems to be of some interest in itself. 


2. The question which we discussed was as follows. Let x, be a posi- 
tive number between 0 and 1. Is 4t always possible to find a power- 
series Lanz" such that 


(1) f(z) = Za,z" is regular for |z| « 1 and continuous for |x| « 1, 
(2) |f (x) | « 1 for |z| « 1, 
(8) Z|a,|z1 2 1? 

It is obvious that the question is to be answered in the affirmative 


when z, is sufficiently near to 1: in fact, the hypotheses (1) and (2) are 
perfectly consistent with 


È |ar| 2? > c, 


as zı > 1. I can, however, now prove that the general question must be 
answered negatively. This is shown by the following theorem. 


THeorem.—If the conditions (1) and (2) are satisfied, then 
Z ja.z"| « 1, 
for |z| & à; tie, E |a.| 67" « 1. 


It is plain that we may, without loss of generality, suppose a, real and 
itive. Th 
positive. Then a, = f(0) <1. 
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Let g(x) = f(t) — a = È ant", 
1 
ke max R 1g (2) ], 
rizl 
m = max !g(x)]. 
lrl=a 


We use the inequality of Carathéodory* 


+ 2p 
Ft. 
max | G) | «& |y|-- 18] —£ PES Je —5 max R (FG, 


in which F(z) is supposed regular for | z | < r,t and 0< p <r, and 


F(0) = 8+ iy. 
Taking F(x) = g(x), so that 8 = y= 0, and r=1, p = 3, we obtain 
« 2R. 


Now R > 0, and so 
atk = “+ max R igr)! < max ax |aotg(2)| = = ax [f| <l; 


4.€., R< l— ap 
and m = m | g(x) | < 2(1—a,). 
—— 9 g(x) | 
But d. = Fz | PU dx (nl) 
DIL 
and so | a, | < 2"m < 2"**!(1—ay. 


Accordingly, for |x| <4, we have 
E|a,z"| = aj4-Xla,z"| < a44-2(0—a9) E |r|” 
0 1 1 


4 (1—ag |z | 


= at 1—2|z | 


<at(i—a)= 1. 


Thus the theorem is proved. 


8.1 If k is any positive number less than unity, it either is or is not 


* See, for example, Landau, Handbuch, p. 299. 
T The inequality obviously still holds if F (x) is regular for | z| < r, and continuous for 
Iz| <r. 
+ This section is extracted from a later letter dated June 19th, 1913. 
B 2 


4 Dr. H. Bonn [Feb. 18; 


true that the hypotheses (1) and (2) involve 
È | an2"| <1 


for |x| <A. It follows from my theorem that the numbers k for which 
the implication holds have a positive upper limit X, and that K > Ł.' 

The problem remains of the exact determination of the value of K. 
I have learnt recently that Messrs. M. Riesz, Schur, and Wiener, whose 
attention had been drawn to the subject by my theorem, have succeeded 
independently in solving this problem completely. Their solutions show 
that K = à. Mr. Wiener has very kindly given me permission to re- 
produce here his very simple and elegant proof of this result. —— 

Wiener proves first that if the hypotheses (1) and (2) are satisfied, and 
if, as above, we assume that 0 < a, « 1, then the inequality 


| An | < 9"tl (1—a) 
established above may be replaced by 


(1) | An | < l— a. 
For n = 1 this is a known result, which follows at once from the fact 
that the function Jasi 

TETN 


Si 


is regular for |z| < 1, continuous for |z|< 1, numerically less than 1 
for |z| = 1, and takes for x = 0 the value a,/(1—a})). Now let n be any 
integer greater than 1, and let p be a primitive »-th root of 1. Then 


F(z) = f(x) +f(pc) +... Mf ("7o = x na, z"" 


is regular for |z|< 1 and continuous and numerically less than n for 
|z|z 1. Hence it follows that the function 


$ (x) = ag4-a,.c4- as, x? +... 


satisfies the conditions originally imposed upon f(c); and thus (1) is 
proved. 
A fortiori, for n z 1, 


(2) [an| < (0 4-ap (1—«9 < 2 0 — ao, 

&nd so D 87" la, | < ag +2(1—ay) $ 3- = A+t+1—a, = 1. 
1 

Thus K >}. 


That, on the other hand, K < 4, follows immediately from the con- 
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sideration of the special function 


yY (£) = z = l1+r(la—1) +r (@—a)+... = Xa,z" 
where 0< a< 1. Here 
2 
man Ol = ys 
and S Ana” | = 1+ (l1—a|z . 
l—« z | 

Hence Ela," max |] = 

r'=1 | lar 

—a)|« 

for m EY 
t.e., for |x| > ——— DIAS 


As a— 1, the last expression tenda to the limit 3. Thus K < 4%, and so 
K =}, 
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ON SOME PROPERTIES OF GROUPS WHOSE ORDERS ARE 
POWERS OF PRIMES 


(SEconD PAPER.) 


By W. BunNsipkE. 


[Received April 29th, 1913.—Read May 8th, 1913.] 


I. The Independent Generating Operations of a Group of Prime 
Power Order. 


1. If G is a group of prime power order and G, its derived group, G/G, 
is an Abelian group of type (Mi, Ma ..., m,), say. It is immediately 
obvious that G cannot be generated by fewer than » operations. In 
fact, G/G, arises from G by supposing that the generating operations 
of G are permutable with each other, and this supposition cannot increase 
their number. 

Let Si, S}, ..., S; of orders p", p", ..., p be a set of independent 
generating operations of G/G,, and, in the multiple isomorphism between 


nen SG, SGo SC 
be the sets of operations of G which correspond to the operations 


Si, So, ...9 S; 
of G/G,. 


Finally, let Die. Dar. qe On 


be n operations of G chosen one from each of the above n sets of 
operations in any way. Then it will be shewn that these n operations 
form a set of independent generating operations of G. 

Assuming the contrary, let T be one of the further operations which it 
is necessary to take in addition to S,, Sa ..., Sn, in order to generate G. 
It may be assumed that T belongs to G,; for, if it does not, it must belong 
to one of the sets 


a 2 a 
Ss eee Sn' Gys 
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and then sus“, ST 


belongs to G. 

Denote į 8, Sa ..., Sn, T; by H. Let K be the self-conjugate sub-group 
of H generated by T and its conjugates, so that K belongs to the derived 
group of H. If K and (S,, S,, ..., S„! have a common sub-group it is 
self-conjugate in H, and it does not contain T. Denote this self-conjugate 
sub-group by A, and let 

Si Si ac Bay 2 


be the operations of H/h which correspond to the operations 
S, So, °...) i T 


of H. Then H/h is not generated by Si, So, ..., S; ; and the self-conjugate 
sub-group L of H/h which is generated by 7T" and its conjugates has no 
operation in common with (Si; S5, ..., Si}. The sub-group L must 
contain a sub-group L' of index p, self-conjugate in H/h, in which T" 
does not enter; and 1S1, S2, ..., S,, L’} is a sub-group of index p in H/h 
in which 7" does not enter. Such a sub-group, however, must contain the 
derived group of H/h to which T" belongs. 

Henee the supposition that such an operation as 7' enters among the 
independent generating operations of G leads to a contradiction. 


THEeorREM.—If G is a group of prime power order, G, the derived group 
of G, Si, Ss, ..., Sn any set of independent generating operations of G/G,, 
and S,G,, S,G,, ..., S, G, the corresponding sets of operations of G, then 
any n operations chosen one from each of these sets is a set of independent 
generating operations of G, and in this way all possible sets of in- 
dependent generating operations of G arise. 


2. If H is any self-conjugate sub-group of G, and if G/H be called G’ 
and its derived group Gi, the number of independent generators of G/H is 
equal to the number of independent generators of G'/Gj. If H is contained 
in G, then G/G, and G'/G; are simply isomorphic; and if H is not 
contained in G, the number of independent generators of G’/Gı is equal 
to or less than the number for G/G,. Hence, in any case, the number 
of independent generators in G/H is equal to or less than the number 
of independent generators of G. 


II. The Series of Derived Groups of a Group of Prime Power Order. 


8. Denote by G a group of prime power order, and by G4, Ga, ..., its 
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series of derived groups. Let P be an operation of G, which in G, 
is one of p"(» > 0) conjugate operations. Denote by Gp the greatest 
sub-group of G within which P is self-conjugate and by G' any sub-group 
of G of index p which contains Gr. If the index of Gp in G is p", then in 
G' the operation P is one of a conjugate set of p^! operations. Now G’ 
necessarily contains G,, and in G, the operation P is one of a conjugate 
set of p" operations. Hence 
pi? > p”, 


bes, u > m+. 


From this it follows that, if P is one of p”(m > 0) conjugate operations in 
Gi, it is one of at least p"*! conjugate operations in G. 


4. If C; is the central of a non-Abelian group Gi, the :-th derived group 
of G, then G; must contain a sub-group (P, C;}, which is self-conjugate in 
G, while P? belongs to Cj. Now P is one of at least p conjugate operations 
in G;, and therefore, by the preceding paragraph, is one of at least p'*! 
conjugate operations in G. But, since both /P, Ci; and C: are self- 
conjugate in G, all the operations of G which are conjugate to P belong to 
the set PC;. It follows that the order of C; must be p't! at least. Since 
G: is not Abelian G;,; is not E. Let H be a sub-group of index p in 
Gi+1, Which is self-conjugate in G, and denote G/H by G'. If Gi, Ga ..., 
are the sub-groups of G' which correspond to the sub-groups Gi, Gs, ..., 


of G, then Gi, Gà =s Gi Gin, E 


is the derived series of G', and the order of G;,; is p. . 

The order of the central of G; is p'*! at least, and therefore, since G; is 
not Abelian, the order of G; is p'*? at least. It follows that the order of 
Gi[ Gi, 1, and therefore the order of G;/G;,1, is pit? at least. Hence 


THEonEM.—lf the non-Abelian group G; is the :-th derived group of a 
prime power group G, then the order of the central of G; is at least p'*!, 
and the order of G;/G;,, is at least p'**. 


It is an immediate consequence of this theorem that p30*D0*2 jg a 
lower limit for the order of a prime power group whose n-th derived group 
is not identity. It will, however, be shewn in the next section that this 
lower limit is not attained except when 7 is 1 or 2. 


5. Let C, be the central of G, C, the sub-group of G which corre- 
sponds to the central of G/C,, C, the sub-group of G that corresponds to 
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the central of G/C,, and so on, while G/C,, is Abelian. Using the previous 
notation for the series of derived groups of G, we consider the relations 
between the two sets of sub-groups 


Cs (^ cms LEE day Ci 


' ^ 
**9 (1,4, E. 


Since G/C,, is Abelian, C, must contain Gi. Similarly, since C, 
contains the derived group of Cm, while Ga is the derived group of G,, 
C,-; contains Gy. In this way it is shown * that C,,-:41 contains Gi. 

On the other hand, if P, is any operation of C, and S, T are any 
operations of G, then 


S "puse PP. T- PT = P,P, 


where P,, P; belong to C,. It follows that S^! T^! ST is permutable with 
P, t.e., every operation of G, is permutable with every operation of C;. 
Similarly, if P, is any operation of C4 and S', T' any operations of G), 


S'-1P,8'=P,P,, T' PT = P,P, 


where P, P$ are operations of C4 and are, therefore, permutable with S’ 
and T’. Hence S'^!T'"-'S'T' is permutable with P}, i.e., every operation 
of G, is permutable with every operation of C, In the same way it is 
shewn that every operation of G; is permutable with every operation 
of Cis. 

Combining these results, it follows that if 


i+1 > m—i+1 


every operation of G; is contained in and is self-conjugate in Ci,;. Now 
G„_ı is not Abelian, and, therefore, the above inequality is not true when 
n—1 is written for ?. It follows that 


m > 9n—9. 


III. On the Maximum Abelian Self-conjugate Sub-groups.+ 


6. Let A, be a “maximum " sub-group of G, 4,-ı a “ maximum” 
sub-group of G/A,, and A,- the corresponding sub-group of G; A, a 
“ maximum ” sub-group of G/A,-ı, and A,_2 the corresponding sub-group 

* Theory of Groups, 2nd edition, p. 121. 


t This phrase is too long for constant repetition. In the present section, since there is 
no risk of confusion, such a group will be called a ‘‘ maximum "' sub-group. 
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of G, and so on, G/A, being Abelian. Such a series as 
Ans. ge base us 
cau, in general, be formed in more than one way. If 
Gis. Se wee “Gig E 


is the series of derived groups of G (it will be said to consist of » terms), 
G, is a self-conjugate Abelian sub-group of G, and G will have at least one 
“maximum ” sub-group which contains G,. Suppose A, chosen so as to 
contain G,. It does not contain G,_, because the latter is not Abelian. 
Hence the series of derived groups of G/A, consists of n —1 terms. 

Suppose 4,.; chosen so as to contain the last derived group of G/A,. 
It cannot contain the last but one, and A,_, therefore contains G„-ı and 
does not contain G,_». This reasoning can obviously be repeated, so that 
A, contains G,_,,; and does not contain G,- Now, G/A, being Abelian, 
A, must contain G,, and therefore, when the series of groups 


4, As ung 4, 


is ehosen in the way indicated, v must be ». If A, does not contain 
G, the series of derived groups of G/A, consists of n terms, and v must 
be equal to or greater than n+1. Hence, if the n-th derived group of G 
is Abelian, and not identity, the series of groups 


EP Ag, "n Á, 


consists of n terms at least, and one such series can certainly be chosen 
to consist of just n terms. 


7. In my preceding paper with the same title* I have shewn that groups exist for which 
G, is not Abelian, while the orders of G/G, and G,'G, are p? and pè respectively. It is a re- 
sult of § 4 that if G, is not Abelian the order of G,/G, cannot be less than p*. It will now be 
shewn that a prime power group in which G, is not Abelian, while the orders of G/G,, G,/G;, 
and G,/G, are p°, p? and p respectively is non-existent. 

Assuming the contrary, let H be a sub-group of index p in G4, which is self-conjugate in 
G, and consider G/H. Its order is p°, the orders of its first, second, and third derived groups 
are p, p* and p; and it has two independent generators. 

The order of a ‘‘ maximum ” sub-group must be equal to or greater than p*. If it were 
greater than p, the series of groups 

A, Ag, 


would consist of two terms only, whereas by §6 it must consist of three at least. The order 
of the ** maximum ” sub-group is therefore p*. Denoting this by A and the group itself by B, 
B/A of order p° is simply isomorphic with a group of isomorphisms of an Abelian group of 


———————— ———ÀÀ —— — — — —— ———— —— —— —————————————— ——— 


* Proc. London Math. Soc., Ser. 2, Vo!. 11, p. 949. 


rn 


= 
uem 


u AS— Ma HE Ot 
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order p'. This group must therefore* be of type (1, 1, 1, 1) or (2, 1, 1). I haveshewn in my 
previous paper that the group of p-isomorphisms of a group of order p* and type (1, 1, 1, 1) 
has three independent generators. The same is truet of the group of p-isomorphisms of a 
group of order p* and type (2, 1, 1). 

Now it has been shewn, $2, that the number of independent generators of B/A cannot 
exceed the number for B. 

The assumption that the group G/H exists thus leads to & contradiction ; and there is 
therefore no group of prime power order for which the orders of G/G,, G1/@s, Ga/G and G, are 


p’, 2, p’, p’ (i > 1). This justifies the statement at the end of $ 3 that, except when n is 1 or 
2, the order of a group of prime power order, whose n-th derived group is not identity, is 
greater than pi "*U*?, 


8. If A is a“ maximum ” sub-group of G, order p^, it is not necessarily 
a self-conjugate sub-group of any group H, order p®(8 > a) which 
contains G self-conjugately. Assume that for groups G’, order p* (a' < a), 
it is always possible to choose a “ maximum ” sub-group, which is self- 
conjugate in any assigned group of prime power order within which G” is 
itself self-conjugate. Then if G' is a sub-group, of order p*~’, of G, which 
is self-conjugate in H (there is always such a sub-group), we may assume 
that G' has a “ maximum " sub-group A’ which is self-conjugate in H. 
No operation of G’ not contained in A’ is permutable with every operation 
of A’. If there is no operation of G which is permutable with every 
operation of A’, then A’ is a “ maximum ” sub-group of G. 

If P, belonging to G and not to G’, is permutable with every operation 
of A’, then {P, A’! is Abelian, and so also is 1S^! PS, A'], where S is 
any operation of H. Now 

S-'PS = Pg’, 


where g' belongs to G' ; and if both P and Pg' are permutable with every 
operation of A’, so also is g. It follows that g', belonging to G' and 
being permutable with every operation of 4', must belong to 4'. Hence 
IP, A’!, or A, is self-conjugate in H. Moreover, A must be a “ maxi- 
mum ” sub-group of G ; for, if it were not, A’ would not be such a sub- 
group of G. | 

Hence, if the assumption made is true for groups of order less than p^, 
it is true for groups of order p“. 


THEOREM.—If G is a group of prime power order and H a greater 
group of prime power order containing G self-conjugately, then G has 


AM — ——— M ——— — ——À — 


* Miller, '' Isomorphisms of a Group whose Order is a Power of a Prime,” Transactions 
of the American Mathematical Society, Vol. 12, p. 396. 
T See note at end of paper. 
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at least one maximum Abelian self-conjugate sub-group which is self- 
conjugate in H. 


It follows directly that if H is a group of prime power order and 
G any self-conjugate sub-group of H, then H must contain at least one 
" maximum ” sub-group B, such that the common sub-group of B and G 
i8 & ' maximum ” sub-group of G. 


Note to p. 11. 


Let P, of order p? and P, P, ..., P, of orders p be independent 
generators of an Abelian group of order p"*! and type (2, 1, 1, ..., 1). 
Denote the isomorphisms (in which the unwritten operations are not 


altered). 
DA OL pa EG 
P,P” P,P,” ' Papy PP’ 


by I; 3, Ls 4; ec y ES n I; n+l ; 


and the isomorphisms 


(ae) e) o (ep) 
A P,P,/’ , P,P,’ 


by I, Í, ...9 FL 


The group of p-isomorphisms of the Abelian group is generated by 
these, and it is easily verified that no one of the isomorphisms 


Ls Io 3, T3, 45 ...9 Tisi 


belongs to the derived group. The group, therefore, has » independent 
generators. For the case considered on the preceding page n is 8, and 
this justifies the statement there made. 
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ON THE USUAL CONVERGENCE OF A CLASS OF 
TRIGONOMETRICAL SERIES 


By W. H. Young. 
[Received April 29th, 1913. — Read May 8th, 1913.) 


1. In & recent communication to the Royal Society I have briefly 
indicated how, by the use of the generalised concept of integration with 
respect to a function of bounded variation, it is possible to show that many 
of the properties of the Fourier series of summable functions are possessed 
by the derived series of Fourier series of functions of bounded variation. 
In the present paper I propose to occupy myself with two of the more 
striking of these properties, which have only quite recently been stated 
in their most general form. That they should be true not only of Fourier 
series, but also of the derived series of the Fourier series of functions of 
bounded variation, seems to me of considerable interest in view of the fact 
that the class of trigonometrical series constituted by such derived series 
is a much larger one than that of the Fourier series themselves. 

Lebesgue was the first to show that, when summed (C1), 2.e., in the 
Cesaro manner, index unity, a Fourier series converges almost everywhere 
to the function with which it is associated. Since the publication of his 
papers more than one equivalent method of defining what may be called 
fractional Cesaro summability (Có) has been given, and it has been shown 
that in various theorems the more precise statement obtained by substituting 
for integral summability a fractional summability greater than the next lower 
integer is true. The latest of these extensions is due to G. H. Hardy, who 
has shown that this is the case with the theorem of Lebesgue above 
referred to.* 

I propose here to show that we may in this extension substitute the 


* For a similar instance reference may be made to Lebesgue’s theorem that a Fourier 
series converges (C2) to its associated function at every point where f (x) is the differential co- 
efficient of its integral. I have shown that the integer 2 may be replaced by any quantity 
greater than unity. See ''On the Convergence of a Fourier Series and its Allied Series," 
1911, Proc. London Math. Soc., Ser. 2, Vol. 1, Op. 268. A still more general form of the 
statement is given below, infra, § 9. 
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trigonometrical series I am here considering for Fourier series. We thus 
obtain the striking result that the derived series of the Fourier series of 
a function of bounded variation converges (Cô) almost everywhere to a 
function which is equal to the differential coefficient of the function of 
bounded variation, wherever this exists. 

The convergence almost everywhere of a Fourier series when summed 
in the ordinary manner has been considered by various writers. Recently 
I showed in particular that the use of the convergence factor 


l/(logn)!^ (0< k) 


transformed every Fourier series and its allied series into Fourier series 
which converge almost everywhere. This result, in so far as it relates to 
Fourier series themselves, has been completed by G. H. Hardy, who has 
pointed out that we may in the above statement then make Kk zero. I 
propose here to show that these results are equally true when for the 
Fourier series and its allied series we substitute the derived series of the 
Fourier series of a function of bounded variation and its allied series. 

As regards the method employed, little more has been needed than 
to make the necessary modifications in certain results due to Lebesgue 
and to myself so as to render them applicable to integration with respect 
to a function of bounded variation. When this has been done nothing 
remains but to follow somewhat closely G. H. Hardy in his further 
arrangement of the reasoning. It seems scarcely possible to improve 
on his treatment. We can. however, deduce from the known results 
certain others almost as general as those stated, by remarking, what I have 
already pointed out, that the derived series of the Fourier series of a 
function of bounded variation, and its allied series, are both changed into 
Fourier series when in the one case the typical coefficients of the Fourier 
series of an even function and in the other case those of an odd function 
are employed as convergence factors. The carrying out of this process 
may be left as an exercise for the reader. 

One remark may be made in conclusion. ‘The convergence everywhere 
of a Fourier series, as distinguished from its usual convergence, equally 
whether it be considered per se or as regards the effect produced on it 
by convergence factors, depends on the class of summable functions to 
which its associated function belongs, while that of the usual convergence 
does not, so far as our knowledge goes, depend on this at all. This 
difference seems to be further illustrated by the results here presented. 


* For Hardy's result see a forthcoming paper by him in the Proc. London Math. Soc. 


= aa 
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2. We begin by proving a theorem in the integration of bounded 
Sequences. As we prove it ad hoc I shall not attempt to give to it all 
the generality which is possible. Even in the simple form here given, it 
constitutes, it will be noticed, a considerable advance on the corresponding 
theorem in ordinary integration, of which I have given the statement and 
proof in a paper on “ The Application of Expansions to Definite Integrals.” 
It should also be remarked that both that proof and that of Lebesgue’s 
in a kindred matter, on which it had been modelled, are abridged 
to a proof of a few lines only when the new concept (§ 1) is employed. 
Lebesgue has had occasion to introduce the new concept. As, however, 
his method involves precisely the same considerations as those he employs 
in the proof here referred to, there is no gain in simplicity, or at most 
only a gain in simplicity of arrangement. When, however, the method 
of monotone sequences, to which I have repeatedly called attention, is 
employed, we virtually prove the theorems of the more general theory 
simultaneously with those of the ordinary theory. A word or two of 
explanation alone is necessary to render the reasoning in the simpler case 
applicable generally. 


THEeorEM.—If S,(x) converges boundedly to F (x), and g (x) is a function 
of bounded variation in the finite or infinite interval of integration, 


b b 
Lt | $4 (z) dg (z) — | F(x) dg (2). 


It is evidently only necessary to prove the theorem when g(x) is 
monotone increasing. 

Since we may always integrate bounded sequences term-by-term with 
respect to a monotone increasing function, the result is at once seen to be 
true, provided the interval of integration is finite. Assuming this, let 
b—o. Then, by the definition of the integral from a to ©, we get 


| F()dg&)-— Lt Lt | S, (x) dg (2) 


= Lt Lt [| Sap |, Sst) dg) | 
brn nu a b 

since the integrals which here appear certainly exist, being numerically 
less than FG, where F is any number greater than S, (2) for all values of 
n and z, and G is the increment of g(x) over the infinite interval. 

Now, as the lower limit 5 in the last integral moves off to infinity, the 
corresponding increment of g (x) approaches zero, since the total increment 
of g(x) in the infinite interval (a, ©) is finite. Hence, using the First 


16 Prof. W. H. Youne [May 8, 


Theorem of the Mean, the repeated limit of the second of the two terms in 
the bracket on the right in the above equality is zero. That equality 
therefore becomes the equality to be proved, since the first term in 
the bracket is independent of b. Thus the theorem is true. 


8. The function £^'^^C,,,(0, where Ci,,(0 is the generalisation of 
the sine and cosine functions which I have elsewhere defined* is a fune- 
tion of bounded variation in the whole infinite interval, k being any posi- 
tive quantity. Hence, if f(t) is a function of bounded variation, or any 
other summable function whose Fourier series converges boundedly, say 


F(t) ~ 2(— by cos mé-+a,, sin mt) /m, 
so that à[f(x4-0—f(x—0] ~ Zsin mt(an cos mx + bn sin me)/m 
~ LA,, sin mt/m, | 
we may integrate term-by-term with respect to 
ne Cip (nt) = g(nt), say. 


Now, f(x) being a function of bounded variation, we may integrate the 
left-hand side by parts, and get 


| 3 [f(z--0—f (c—10] dg (nt) 
= i E (nt) L/e*6—f«—0)] -| g (nt)d [f(z4- 5 —f(r—t)] 


where the quantity in square brackets is zero, since g (é) vanishes at in- 
finity, while [ f(z4-£ —f(r—1] is bounded at infinity, and zero at the 
ongin. Similarly, 


| sin mt dg (nt) = =| g (nt) m cos mt dt. 
0 


0 


Hence, using a known property of the function g(t), we get, changing the. 
variable ¢ to ¢/n, 


DUIS n f g( di [fic th) fa tn]: = Eo As (1 —m[n)^. 


* '' On Infinite Integrals Involving a Generalisation of the Sine and Cosine Functions," 
1912, Quarterly Journal of Pure and Applied Mathematics, pp. 161-177. 


C, (x) = FM UR (4 EN NC * — S 
we" T(p*l) (p*l(pe2 u(p*l(pez(pe3(p*4) OF 
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Hence 


rath , f g(t) di} [f Gc t/m —f( — t] — tf win} 


m= 


= E Aq (1—m[n)* —f' (z). 
1 


m= 


T 0 


4. We now pass to the generalisation of the important theorem due 
to Lebesgue, on which he bases the proof of his original theorem and 
which has been employed by G. H. Hardy in his interesting extension. 

As I believe no account exists in English of this theorem, I propose 
to prove the generalised form of it necessary for my purpose directly, 
instead of attempting to deduce it from Lebesgue's result. It will be seen 
that I follow Lebesgue's own reasoning very closely, merely making the 
changes which correspond to the substitution of the more general for the 
more special kind of integration. We have first, however, to prove a 
property of the differential coefficient of the total variation of & function of 
bounded variation. | 


5. Tororem.—If f(x) is a function of bounded variation, and V (x) is 
the function representing its total variation, then, except at a set of 
content zero, 

df 


dz 


LA Mom 


dr 


Also, if P(x) and —N (x) denote the positive and negative variations 
of f(z), dP|dx = dflax, dN [dx — 0 at a point where dfldx > 0, and 
adP/dx = 0, dN/de = — df/dx, at a point where df/dz < 0, excepting in 
both cases a set of content zero. 


Since a monotone increasing function is the sum of the integral of its 
derivates plus a monotone increasing function, having zero for differential 
coefficient except at a set of content zero,* we may write 


F(x) = P(x) —N (a) = Po (zt) — N +) — Jo (2), 


where P, and N, are the integrals of the positive functions P’(x) and 
N'(z), and I, and Jo have zero for differential coefficient, except at a set 
of content zero. 

Hel g (zx) = Py (x) — No (a) ; 


then I assert that P (æ) is the positive variation of g(x), and — N, (x) is the 


* See my paper on ‘‘ Functions of Bounded Variation,’’ 1910, Quarterly Journal of Pure 
and Applied Mathematics, Vol. XLII, pp. 54-85. 


SER. 2. vou. 18. wo. 1191. [e 
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corresponding negative variation. For N,(x) is a positive monotone in- 
creasing function, and, when added to g(x) it changes g(x) into a positive 
monotone increasing function, while the absolute value of the negative 
variation is the least positive monotone increasing function which has 
this property. Thus we may write for the negative variation of g (z), 


— Ng (x) +N, (2), 
where N, (x) is a nowhere negative function. Now, as we saw, 


F(x) = g(x) +1) (2) —Jo (2), 


where J, and Jọ are monotone increasing functions. Thus the addition 
of the positive monotone increasing function 


N(x) — N (x) +d5 (x) 
to f(x), changes f(x) into a monotone increasing function. Therefore 
N (zx) < No(x)—N, (x) + Jo (2) < N(x) — Ny (2). 


This shows that N,(x) is identically zero, so that —N (z) is, as was 
asserted, the negative variation of g(x). 
Hence, denoting by S, the set of points in (a, z) at which g’ (x) is positive, 


| g' (x) dz = P(x). 


In other words, P,(z) is the integral of the function which is equal to g'(x) 
wherever it is positive, and is zero elsewhere. Hence, by Lebesgue’s 
theorem, except at a set of content zero G,, 

dP, 

dx 


wherever it is positive, and is elsewhere zero. 
Differentiating the identity 


P(x) = PéG)-- Io), 


= g' (x), 


at a point not belonging to the exceptional set of content zero, consisting 
of G, and the set of content zero at which Ij(z) has not zero for differ- 
ential coefficient, we see that except at a set of content zero, 


| P'(z) = g' (2), 


wherever g'(x) is positive, and is elsewhere zero. 
But, differentiating the identity 


fe) = g(x) +1p(x)—J (2), 
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we have, except at the set of content zero where I(x) and J,(x) have not 
zero differential coefficients, 


f'(x) —9'Q). 


Thus, except at a set of content zero, 
P'(z) = f'(x), (1) 


wherever f (z) is positive, and is elsewhere zero. 
Similarly, except at a set of content zero, 


—N' (x) = f'(x), (2) 


wherever negative, and is elsewhere zero. 
From (1) and (2) the whole theorem follows, since 


V (x) = P(z)+N(2). 


6. We have still to show that, if f(z) is a function of bounded variation, 


| f, ALANEN -f i d[fG)—-pz]|«|»—allz—z|. (Q0 
In fact, since the modulus of a sum is less than the sum of the moduli, 
IA Lf) —a2]] < |ALf(2)—pz]| + | 5 @z—pz) |; 
therefore |A [f(z) —4x]| Alf —29x]| < p—41| Acl. 


Sinee this inequality holds for each of & finite number of intervals into 
which we divide the interval (x, zy), we have, summing over the intervals, 


Z|A[f/()—az]| —Z|A [f(G) —pz]| < Z1p—a | | Az]. 


But if the intervals are sufficiently small the two summations on the 
left differ by as little as we please from the corresponding integrals. 
Therefore | 


[iato aat [atro <|p—a! 17. 


Interchanging p and q we get a second inequality, and combining the two 
inequalities (1) follows. 


7. We now come to the generalised form of Lebesgue's theorem.* 
TnuEonEM.—f f(x) is a function of bounded variation, and z, does not 


* H. Lebesgue, Lecons sur les séries trigonométriques, 1906, p. 18. 
c 2 
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belong to a certain set of content zero, |f' ic) —q | ts the differential co- 


efficient of | | d[f(z)—qz]| at the point x = x, whatever value be im- 


puted tog. In particular, | | d fé) —xf' (z)]| has zero for differential 
coefficient at x = x, provided xy does not belong to the set of content 


zero, above referred to. 


By $5, since f(r) and therefore f(z)—qxc is a function of bounded 
variation E 
| lalea], 


which is the total variation of f(r)— qx, has, except at a set of content 
zero, say S,, depending on f(x) and on q, 


If’ (0—4 | 


for differential coefficient. The present theorem goes farther; it asserts 
that this will be the case at x = r, provided x, does not belong to a 
certain set of content zero, depending on f(r), but not on g. 

To prove this, let 7, 7, ... be the rational points in order. We shall 
then for each integer ? have an exceptional set of content zero S, . 


We have proved in the preceding article the auxiliary inequality 
| f | alfa] | Id [f éco) —rix] | | « Iq—rii|z—2, |. (D 


Now, provided x, does not belong to the set of content zero consisting 
of all the sets S,,, and provided | x —z, | < he where A. is a quantity de- 
pending on e, we have 


1 * q x 
as INE [/«) — t9 — | > | Id [fto — rie] |]. +8 
= |\f@)—r|+0e (—1<90< 1). 


Hence, by (1), 


1 
tedi 


< |q—r:| 


| Id L/Ce) —q2]| — | f! (x) —ril 4-0e 
provided Lg—h « x x xd. 


Let ? describe such a sequence of integers that 7; has q as unique limit. 
The corresponding values of @ will have one or more limits, and we may 
suppose the integers so chosen that there is only one limit, which lies, of 


N 5-0 ~~ ee... ee a. A o IMM aM 
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course, between —1 and 1 inclusive. We thus get in the limit for such a 
value of 0, 


zz tread -feae = 


Now let e— 0, and in consequence z — 2). The last equation shows that 


zz | ara] 
has an unique limit as z — x, namely, 
Faq: 
This proves the theorem, since q is any quantity, and may, in particular, 


be f' (zy. 


8. Hence, except for a set of values of x of content zero, 


t 
wel alfa +9 — (4-0 f Cc Lt yl | lauoo- — Xf" ()]| 


= 0. 
Also 


Lt t^ | ld [—f(z —0 —(t— 2) f" w] = it Lt x | Id[ —f (X)+Xf'(2)] | 


= 0. 

t t t 
But e| | dud- dv | < i] .du|-4 e | dv |; 

0 Q 0 

t 
and therefore Lt | |d[ fic +i -fa-H—-2tf'«)]| = 0, 
t—»0 0 
or, say Lt $()/t = 0, 
t->0 

except for a set of values of z of content zero. 


9. We can now prove the first of our main results. 


THEOREN.—The derived series of the Fourier series of a function of 
bounded variation converges almost everywhere to the differential co- 
efficient of the function. 
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We proved, in § 8, that 


alato | t7 Onde (t/n) = b A, —m[ny —f' (2), 
where | 29 (t) = f(x4-t—f(x—1-—9tf' (x). 
Also, by § 7, = \ | dou) | o, 
when u —> 0, 


except for a set of values of x of content zero. 

Consider a value of z not belonging to this exceptional set, and, corre- 
sponding to the intervals of integration (0, 1), (1, n), and (n, o), let us 
write our integral on the left as the sum of three integrals J, +J,+Jd3. 

Then, since £7!-^ C,,,(t) is bounded in (0, 1), 


] ° ln 
EAE const. | | nd $ (t[n)| « const. n | | dp(t)| > 0, 
0 0 


when ! n>, 


In J, we consider separately the three integrals of which it is the sum, 
corresponding to the three terms whose sum is ¢(t). The first and second 
of these are of the same type; the first is numerically 


< const. | E n idf(x4- t[n)| 


« const. t| tk dft 0| < const. | | df(z-- 51; 
l 1 


since f(z) has bounded variation in the whole infinite interval, this term is 
of the order of »^^; the same is true of the second term of J}. The third 
term, being numerieally less than 


? 


const. f" (i) | p[ t4 


also approaches zero as n > œ. Thus 
J, > 0 
when n - oc. 


As regards J, it is numerically less than a constant multiple of 


l £71-* | nd p(t/n)| = n-* | t^ 1-* |d9 (0i. 
1 la 
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Writing, as in $ 8, ®(t) for the total variation of (t), namely, 


2) = | 1490), 


we get, integrating by parts, 


l 
|Ja| < const. ! nt) nn **e1/»n-—n-* L (7? @ (t) dt l ; 


Of these three terms the first obviously vanishes with 1/n; the second is 
n® (1/n), which also vanishes. The third is of the form 


n* | et) dt4n7| t-t (ddt, 
1n € 


where eis as small as we please. The second term vanishes with n^, 
and the first term is of the order 


n^ [ tr o(jdt = n= f o(t!-¥)dt = on") = o(1) > 0. 
ln 


la 
. Thus Ja —> 0 


when n> D. 


Thus, since Jj, Jz, and J3 all approach zero when n —> œ, the same is 
true of their sum, which is the left-hand side of the first equation of the 
present article. Hence, except for a set of values of z of content zero, 


m=n 


È (an cos nr +b sin nz) (1 —m[n)* > f' (2), 
1 


m= 


when n> ©, 


F(x) being a function of bounded variation in the infinite interval, and 
Z (an cos nz +b, sin nx) being the derived series of its Fourier series. 


10. The result just obtained constitutes & double extension of 
Lebesgue's result that, if at the point u = 0, 


| fM) +f (c —w)— 2f (x) | du 


has a differential coefficient which is zero, then the Fourier series of f(x) 
converges (C1) to f(z), and that this happens accordingly almost every- 
where in the interval of periodicity of x. In fact, the Fourier series 
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of a summable function f(r) is replaced by the derived series of & 
function of bounded variation, while the index unity is replaced by any 
smaller fractional index. The only change necessary is the substitution of 


Jar ofa) 2f 9) 


for the above integral, where f(x) is the function of bounded variation, and 
the convergence at the points x in question is to f (x). 

We may similarly give a still greater extension of another result due to 
Lebesgue. In this extended form it is as follows :— 


| At a point at which [| fie 4-0 —f(c—0]/2t has an unique limit as 

t — 0, the derived series of the Fourier series of the function f(x) con- 
verges when summed in any Cesùro manner, having an index integral 
or fractional greater than unity. Moreover, the sum to which it converges 
is the unique limit in question. 


I have already given this extension for the case in which the function 
of bounded variation is an integral. On reference, however, to the proof 
in § 4, p. 262, of my paper on “ The Convergence of a Fourier Series and 
its Allied Series," it will be seen that, with scarcely any change in the 
argument used, it applies when f(x) is a function of bounded variation, or 
again any continuous function whatever. This is of importance, because 
it may very well happen that a continuous function has at a particular 
point a differential coefficient or that, more generally, the limit employed 
in the theorem exists, though it is only in the case of a function of 
bounded variation, not necessarily continuous, that this must be the case 
almost everywhere. | | 

That on the previous occasion I stated this theorem in a less extended 
form is due to the fact that I had Fourier series alone in my mind, and it 
is only when a function is an integral that its derived series is a Fourier 
series. 


11. We proceed now to occupy ourselves with the second of the two 
main results of the present paper. We have first, however, to obtain 
convenient expressions for the sum of the first » terms of the derived 
series of the Fourier series and allied series of a function of bounded 
variation. These expressions involve integrals with respect to the function 
of bounded variation. It will be noted that the coefficients of such series 
are themselves expressible simply in the form of integrals of this type. 
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We then pass to the determination of the order of infinity almost 
everywhere of these partial summations. This is found to be the same 
as that already obtained for the Fourier series of a summable function." 


12. Let A, = a, cos nz+5, sin nz be the typical term of a trigono- 
metrical series, which is the derived series of the Fourier series of a 
function of bounded variation f(z). Then 


V) = 3L fx -0—f(x—20] — n A, sin nt. (1) 
Therefore, since 


cosec J£ sin (n-- 3) t = 4+ eos t+cos 2t+...+cos nt, 


we have 


if Seats yt sinn--Btdj 0 — | apott y j cos mt dys (t). 


T m=1 
(2) 
Integrating by parts, 


by (1). 


Hence, by (2), 


a|- 


j cosec # sin (n+})tdy (t) = 3A4,+A, +... +A. = Sp. (3) 


18. From the last result we have 
= o| (^! sin nt dv (t). 
0 


It will be convenient for our purposes to replace ¢(¢) in this relation by the 
function $ (f), where 


24 (t) = f(z4-0—f (x—1 —2tf' (x) = 29 (0 —9tf (2). 


This is allowable except for a set of values of x of content zero, since the 


* It should be noticed that other results in the paper just cited are similarly capable of 
more general statement. 
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term 2tf (x) does not affect the order at the points where f (x) exists and 
is finite. Thus, we may write 


Ss, = O [ (^! sin nt dó(t). 
0 


14. Again, if we write 


b, cos nz—a,sin nz = B,, 


we have Ef 4 0) -Ef(x —t — EnB, cos nt. 
Let us write x (0 = i[fGc--0--fix—10]. 
Then 
= \ sin mt dx (t) = — E@ gin mt] — — | x (f) eos mt = By. 


Now 3 cosec 14! —(1—cos 44) J-[1— 00s (n 4-3) t] | = sint+...+sinnt. 


Therefore 


| gin mt dx (t) 


= = | 3 eosee 34 | — (1—cos $4)+[1+ eos (n 3-3) t]; dx (0. 


15. Denoting by c, the sum of B,+B,+...+B,, the last result shows 
that 


c, =O j (^! (1— cos nt) dy (t). 


Now, if we introduce a new term into x(£) and write 
0 (0 = 3if(z-0--f(ic—0—2zf (2) ;, 


we shall again not alter the order, provided z does not belong to the set of 
content zero at which f (x) does not exist and have a finite value. Thus, 


= 0 | (^1 (1—cos nt) d0(t) 
almost everywhere. 


We also remark that, as in $ 8, we can show E | | d0(t) | 5 0 as t— 0, 


except for a set of values of z of content zero. 
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15. If s, is the typical partial summation of the derived series of the 
Fourier series of a function f(x) of bounded variation, we have, except for 
a set of values of z of content zero, 


$. m of t^! sin nt de(t), . 
0 
where, as before, 


Q(t) = f(z--0—f(—40-—92tf (2). 


Dividing the interval (0, c) at the point 1/n we have, therefore, 


C 
ln 


I/n 
m= On| 4$ (4-0 | t7 de(0. 


The first term vanishes as n > œ, except for a set of values of z of 
content zero. The second term 


= O(c^!é(ec)—nde$(1/n4- | (^? (0 dt 
. l/n 
= O(D--o(1)4- | o (1/0 dt 
1n 


= O(1)+0(1)+o(log n) = o (log n). 


Thus, Sn = o(log n). 


16. Denoting the generic term (a, cos nx+b, sin nx) of the derived 
series of the Fourier series of the function f(x) of bounded variation by Án, 
we know that 2A,/logn is a Fourier series, since È eos nz/log » is a 
Fourier series. 

Now 
N V-1 . ` 
& nA,logn = È s,A(n/log n) —2s;/log 2+syN/log N. 

2 n=2 


The last term is plainly = o(N). The first term is 
= Ys, O(1/log n) = Zo(log n) O(1/log n) = Zoll) = o(N). 
Therefore 2A,/log n 


converges almost everywhere, if it converges (C1), which is the case, since 
it is a Fourier series. 
In other words, we have the theorem : 


If È (a, cos nz +b sin nz) is the derived series of the Fourier series of 
a function f(x) of bounded variation, the series 


È (a, cos NZH b, sin nz)/log n 


is a Fourier series which converges almost everywhere. 
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We may also easily write down the funetion of which it is the Fourier 
series. Denoting, in fact, by g (x) the even function which has 1/log n for 
its typical Fourier constant, the sum is expressible as a constant multiple 
of the integral of g(t) with respect to [f(r--))—f(xr—1t)] between the 
limits of integration — and 7. 


17. If, instead of employing the result of $ 18, we employ that of § 15, 
we obtain in precisely the same way the corresponding result for the allied 
series. Since, however, 2sin «r/log » is not a Fourier series, we have 
to replace the factor 1/logn by (log )~'~*, (0 < k), or by the typical 
Fourier eonstant of any odd function whose Fourier series belongs to the 
logarithmic scale. With this modification the enunciation of § 16 then 
applies. 
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THE APPLICATION OF THE CALCULUS OF FINITE DIFFER- 
ENCES TO CERTAIN TRIGONOMETRICAL SERIES 


By A. E. JonnirrE and S. T. SHovELTON. 


[Received April 18th, 1913.— Read April 24th, 1913.] 


1. The object of this paper is to obtain the well-known expansions of 
sin mô . cos mô 
cos 28, ——— , sin m0, and ———— 
cos 0 cos 0 
sin Ó by the use of two central-difference formule. The remainders are 
investigated and interesting proofs obtained from them of the expansions 
of sin x and cos x in factors. The method is a reversal of that employed 
by Dr. W. F. Sheppard,* in whieh the central-difference formule are ob- 
tained from the expansions of sinh nd and cosh no in power of sinh 9. 
The two central-difference formule required are 


, in series of ascending powers of 


Hatre De ua (es ol aoe! Ve E od 
U, = ur = \ (Qr— 1)! A -r-t (2r)! â um + Ren 
(2m +1) Bin aca) 

where Ru T Cam med j 

(270) . T—Y Jy=-n 
and A in Ro», operates only on y, (1) 
and 
w = ua EIS Au. E a E A?u_3+ er ap, s+.. 


-De 83)... [z? — (2m — D')T2m +1) hens, 


2°"+1(Om+1)! Uem) F Benti 
where 
R. (x*— 1°) (x? — 3?) ... [z*— (2m -- 1)?] [ar % u, | 
a 9H (95 -- 1)! y=-@m+1) 


* W. F. Sheppard, ‘‘ Central-Difference Formula," Proc. London Math. Soc., Old Series, 
Vol. XXXI, pp. 453 and 469. 
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and the differences refer to intervals of 2 instead of unity, and in Rom41 
A operates only on y. (2) 


These series may be obtained by methods similar to those employed 
in a former paper,* but they can be proved more readily by starting with 
the remainder. In the first place we have 


1 

(x —n)(x —m 4-1)... (zd4- m) 
_ 1/1 "6 NECS 
— Qm)! (atm  z--m—1 ^" z—m-cl im‘ 


, 2m 4 1) 
Therefore 1 = arm" ES mM 


(2)! d L—yY on 
where the symbol A, is used to indicate that A operates only on y. (A) 


Again, the expression 


—  uáÍ—— 


Hm) ( Um ome _U-m-1) le l 
(2m)! | z4-m l y--m—1 z—m) 
is an algebraic function of z of degree 2m which takes the values 
Un Uasi £6. Um 
when x has the values —m, —(m—1), ..., m. 


Denoting this expression by $(x) we can express it in the form 


Dz(r—1) (z4-1)...(z—2) 
- 3 ta, 4! 


p(x) = Agta, n Ta, 28 D +43 


(e+m— 1)" 

Team amy 

Then Ag(z) = a,--asz 4 ..., 
Apir) = agtas(z+1)+..., 


A®g(x) = agJ4-a,(z4-1)-F..., &e. 


Therefore 
A = $(0), a, = A$(0, a = A'$(—1, ag = A®*p(—1), &e. 
Hence ay = Up a, = Au, ag = A?u_,, ag = Au, &e. 


* 8. T. Shovelton, '' A Formula in Finite Differences, &c.," Messenger of Mathematics, 
New Series, 448, August, 1908. 
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Therefore 


r=m ((e+r— 1) @-D T (e+r— 1)% Ay | 
uwt 2 |^ @r—1)! AT gat (2r)! ME 


1 


-— E ep "| 
zone (2m)! A, a—ydy=—m = 


By combining A and B we have the formula stated in (1). Since this 
is an identity, it will hold for all values of z, real or complex. 

The second formula may be proved in a similar manner, or may be 
deduced from (1) by changing x into 4(x+1) and y into 4(y+1). We 
then have 


1 2_ 1? z4— 1?) (z -- 8 
Uz (x41 = ut E At y+ Srgr Aa ca Aut RR 


)... [2° — (2m —1)? 
Q?n*l(25 +1)! 


(2+ 9m 4-1) 


9. 42/,.2. 92 
+ (x 17) (x 8 Ae lt mA Bondi 


where 
R an (2? — 1?) ax z^? — (9m 4- 1? [ aen tien | 
2m 1 9?^*2(95 -]- 1)! y i (x n y) js (2m 1y 


A, now referring to an interval of 2 instead of unity, and the remainder 
being taken after one additional term in the series in order to preserve 
the symmetry of its form. 

|. Writing v, = u4í41, 80 that v_ı = u, v.a = U1, &e., and the differ- 
ences refer to intervals of 2 instead of unity in the series as well as in 
Rom+ı, we have | 


z+1 2—1? 
Ve = v_ıF+ + Avit Gag A-st.. 


2 2 — > —12]/. 
+ (2 — 1°) (a? —8)... [z— (2m — 1) ] iz 2m 1) A tly (ouo) Essai 


9zntl (25m 4- 1) ! 
where 
R, = (2? — 1?) (2? — 8?) ee z*— (2m+ 1)? A201 m] ] 
2m 4 9g ?m-cl (2m+ 1) ! y z—y y= —(2m-1) 


Before proceeding to particular cases it is advantageous to reduce the 
formuls (1) and (2) for the special cases of u, an even function and u, an 
odd function of x. To save otherwise necessary explanations the functions 
will be written as u or v according as A refers to intervals of one or two. 
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If «. is an odd function of z, 
A" ur = ur— "CO uc. — C us au, = 0. 
Hence (1) reduces to 


1°) 


u, = xA yt E an vds 


zr(03—1?... 
(29, — 1)! 


+ 


If u, 18 an even function of z, 
AP uy ur, Cue BAC gy bey 
= ul," tet... $C, en — Ur) 
= iiíu,—(1-F*-7C) u, 1 H (0710,42 97103 te — 
— (14-77! C)u. o3 uj 
—3iu—"UCuus O0 —...—PV" Cusco yd ucl = AU 


Therefore 
(x y— 1 (2r—1) u (£+ r— 1)” : 
T n AU ue yt — dup A uw 


—1\-)) 


E g? (r?— 17)... [3* — (y— 1] A? y 
(27)! 


Hence for an even function of x (1) reduces to 
2 
Us = ug = A 2L 34- Se Dam. ot.. 


25 x? (x?— 1?) ... [z^ — (m — 1) nö 
(2m)! 
If v, is an odd function of x, 
A v_(2r+1) = Vx —"C, U2,—8 +...—"C, V-ger- FV -(2r41) 


= Vier-yt"C; v. (20-3) — --- 3-7 C, Vor-  ——7Uor41 


AU = U_(m- 1) + Ron 


(3) 


u n+ Bon. (4) 


= — f {vao — (147) var FLAC) v-er- -ern 


2 2r+1 
= — 3A” U_(2r +1) 
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Therefore 
(z? — 1?) (33—8?) ... [z7?— (2r —1»*] ( ,,, (z4-9r-4-1) ,,, | 
oF e rt Fa, pp ^ een j 
_ WIN)... [z*? — (2r—1Y'] Atl y 
92r*1 (8r 4- D! —(2r * 1) 


Hence for an odd function (2) reduces to 


2 
—1 
Avı + i dy A®y_3+ Ps 


z (ei — 1)... [— (2m—1)] yen 
+ (x *) ad (2m INIRE Ranan. (5) 


Q2» t1 (2m 4- 1)! 


fll 
2 


Uz = 


If v, is an even function of z, 
2r+1 un 2r+l r | E 
AUT V—(2r41) = Var+ı 7" It Citar- t... +? 10; Ü—(2,—1)77 Ü-(2r4.1) = 0, 


and in this case (2) reduces to 


2_12 
Vv, = vit For A?v_3+ yis 


(x? — 1?) (2? — 8?) ... [2?— (2m — 1)?] A 


9?" +1 Im 1) ! U. (2n 1) T- Rmzı- (6) 


The difference-factors in Ra. and Ren, may clearly be written 


1 
! , 


where y is to be made equal to —7 in the first, and —(2m-+1) in the 
second after differencing, provided that uz and v, are finite and continuous 
functions of z throughout any range considered. 


2. Taking first the formula given in (4) and writing u. = cos Oz, we 
have 


AV u_, = cos rÜ—"'C, eos (r— 1) 0+... — "C, cos (r — 1) 0+ cos r0 
= (e — ce)” = (— 1)" (2 sin 40)". 
Therefore 
9 2(42 _ 
cos Oz = 1— 21 2? sin? 40+ ee) sin? 30— 
m Z3 (z3—1?)...[z? —(m —1)?] oo, = om 
+(—1) A 2*" sin?" 40+ Rom, 


SER. 2. vor. l8. No. 1192. D 


84 Mr. A. E. JoLLIFFE and Mr. S. T. SHOVELTON [April 24, 


x (r? —1%) ... (Lm) 15, (1 , 
where Ron = (2m)! A’ í Ur. (y—2): dz. 
1 l 
Now | logi d? = — J gin [z4- (y—2) z] 0 dz 
0 0 
6 
=— | sin [0x 4- (y —2) ¢] de, 
0 
by writing 0z — 9. 


Also A, sin [0x (y —27) 9] = 2 sin 3$ cos[0c4- (y 4-3 —9], 
A? sin [Oz --(y—2) p] = — (2 sin 39? sin [0r +y --1— 04]. 
Therefore 
A?" gin [Oz 4- (y—2) p] = (—1)" (2 sin 39)" sin [Oz +(y 4- m— z) |. 
Since y is to be put equal to —m this becomes 
(— 1)" (2 sin 39)?" sin z (0— 4). 
Therefore 


yen x (z?— 1?) ... (da — m? 


Fas = (—1 my! 


f (2 sin 39)" sin z (0— 9) d$. 


If now 7 — 0 — 0, then med is finite throughout the range of 


os 34 
integration, and (2 sin 39)?" cos 3 is positive, and therefore, if A is the 
greatest value of UE ind ; 
cos à 
oe z(r*—19 .... (z?— m?) TET 
| Am| Z A am)! | Y (2 sin 19)'" cos 39 d 
4 | x(a? ES s —m*)| 2?"*! (sin 30?"*! 


= m+ 1 


M (-06-2-t-5 
(FD 0+ 8) 63) 


the limit of which is zero since the denominator diverges to infinity, and 
the numerator is convergent. 


(sin 10)?" +}, (7) 
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Therefore Lt | Re, | = 0, 
m — s: 
for m =>0>0. 


It will be seen that if 6 be changed to —0, Rem is unchanged, and we 
therefore have 


eos dx = 1% sin? TT dore ete) gi 2! sin! 30— ..., 


for —T € 0 € m. 


If 0 be changed to 29 and z to $m, we have the expansion in the 
more familiar form 


av ur = 


eos md = 1-5 TE eins p+ ——— sin! $— .. 


for —Ir<Zo<Z i (8) 


It is clear from (7) that the series for cos Ór is uniformly convergent 
for all values of x and for all values of 9 between —z and +7. The 
discussion of the uniform convergency for the case of 0 = v is deferred 
until the elementary results arising from (8), (5) and (6) have been ob- 
tained. 


9. If we put us = sin Or in (8) we find that 
AMT ug- = (—1)7! 2-1 eos 30 (sin 30)? !. 
Proceeding, as in $ 2,* 


r(r?—1?.. 


Ron = (—1) (2m)! 


. (£? — m?) | (2 sin ip cos z (0— "n 


and, if 0 «— 0 — 7, 


r(r—1?...(7? 
(2m)! 


cos z(0— 4) al. 
cos ġġ 


Hence, as before, Kəm converges uniformly to zero for all values of r, 


Qm +1 (sin 10y"* 1 


| Ron | < B 2m--1 , 


where B is the greatest value of 


* Mr. Bromwich points out to the authors that this result is at once obtained d differ- 
entiating, with respect to 0, the series for cos8z obtained in $2. ; 


D 2 
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and for all values of 0 such that —7 «0 < v. Therefore, writing 29 
for 0 and 4m for x, we have 


sin mp _ ' me(m? — 2?) m (n3 — 9?) (m?— 4?) 
— = m sin d 31 sin? pt — eae ee 
for —tr< p< ir. (9) 


4. If 0 — 7, the limit of Ron in $ 8 is not zero. The integral in Rs, is 


| (2 sin 39)?" cos x (7 —4) dp = \ (2 cos 49)?" cos røde 
0 


= j (8 cos 3 9)" (1 —2 sin? 44 Ad d$. 
Now | f (2 cos 19)?" sin? 39 end dp | 
<| (2 cos 3)?" sin? 34 SEP d$ 


€ A f (2 cos 3 9)?" sin? 39 de, 
0 


sin? 3$ 
sin? 3$ 


of @ and is necessarily finite. Also 


where A is the greatest value of between the values O and r 


(2m —1) (994 —3) ... 1 


T ?m — Èn 
| Cr MT Yan (22 —2) ... 2 


(954 —1) (251 —3) ...1 1 


| T OH eens — 092m EREMO 
and \ (2.00819) am gpd m m 9m(2m—2)...2 2m+?2’ 


Therefore | 
m = x" x x? C 
Rom = sin TT = 72 (1- 5) (1- =) vs (1— z) (1— n 


where |C| £ A, defined above. Therefore 


x’ c 
SIN re = TT (1— 5) (1— 23 dos 


for all values of z, real or complex. 
Writing 0 for zx we have the expansion of sin 0 in factors in the 
usual form. 


P s — ai — Am "- 
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5. If we put v, = sin Pr in (5), we have 
Alp ers) = (— 1) (2 sin MH, 


The difference-factor in Rg..ı may be shown to reduce to 


0 
| am: | cos [0x + (y—x) plag | 


y= (+ 1) 
Remembering that differences now refer to intervals of 2 in y this becomes 


c (2 sin 9)*"*! sin z (0— 9) d$. 
0 


Therefore 


Romer = copa 


(3n. -]- 1)! 


0 
x| (sin 9)" '! sin z(0— 9) de. 
0 


It will readily be seen, as in $ 2, that 


Lt Fiom 41 = 0, 
m 3 2 
for —37 <0 < in, 


and that Ren+1 converges uniformly to zero for all values of x, and for all 
values of 0 between — 317 and iz. The discussion of the uniform con- 
vergency at the extremities of the range is given later. 

We therefore have 


: : x 
sin Or = x sin 0— 


for Ir <Z0<Z1lr. (10) 


6. If we put v, = cos Ôx in (6), we find that 
A ver) = (—1) (2 sin 0)” cos A. 


Proceeding as in $ 5, or by differentiation of the series for sin Oz, 


— 2 ——— 
(— j)Jm+Hı -= (x 1 nent] : (sin 0) cos z(0— — 4) d 


Ren+1 = VE 


Asin $8 it is' seen that E;,,; converges uniformly to zero for all 


ERE 
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values of x and for all values of 0 such that —4r «0 < $r. Hence 


cos Or _ i—1? . 4, , (à2—1?(0—3?) ., 
cad m 1— j|: ein 6+ 1! gin* O ..., 
for —1- «0 -«ir. (11) 


7. If 0 = ym, the integral in Es,,1 in § 6 is 
im Ar 
| (sin $)?"^*! cos z (3m — 4) dd = | (eos $)*"*! cos cp do 
0 0 


T a4 
— j (cos p)™+? (1 — 9 sin? o sin geg) do 


" sin? p 


= \" (cos &)?"*' (1—2D sin’ 9) dp 
0 


92 
(where | D| is £ the greatest value of nid between the values 0 and 
Ir of $) _ 29m (225 —2) ... 2 ( = 2D 
T (9m-4-1)...... 3 2m +3) 
Therefore 
LT z? x? x" 
ee 2 (1- Ta) (1- s) Ms (1- (2m-+ ip) 
z 12.82.52... (Qm 4-1? 2m ......... 2 (1- 2D 
(m+ 1)! (259 4-1) ...8 2m 4-8 

e a? x zt aD 

ze (1— 3) (1- x) = ü- (991 +1)? (1— 2n+3/ 

| | 2 2 
Hence cos z = (1— m) (1— =) NS 


for all values of x, real or complex. Writing 6 for Ir, we have the ex- 
pansion of cos 0 in the usual form. 


8. To investigate the remainder in the series for cos Or in § 2 more 

1\2 
closely we require the asymptotic value of cone which can be obtained 
from Stirling’s theorem, but in a more elementary fashion from the 


following considerations. 
dm 
Hii = | sin” 0 d0, then 4,1 > Un > 45,41, ANA 114,1 = Iran D, 
aud w,u,-i-— 47/n; therefore Ir/n > uo > 3x/(n+1). 


:1918.] THE APPLICATION OF THE CALCULUS OF FINITE DIFFERENCES. 99 


Hence u, lies between „(4/n) and Yitr/(n+1)}. Now 


t 2m — 2) — Am 
(29m)! . 2°" (2m — 1) (25m —9) ... 8 aus gn =| gin?" 0d0, 
2 7T Jo 


(m) | (2m)(2m—2)......... 
(2 1 (9 1 
: : o92n N NM BE 2m — ———— "e- 
which lies between 2 V (=) iam) and 2°" y (>) om)‘ There 
fore 
p (m)? «( u z) ( NE. ( _ a 2n+1 (sin 40)" +1 
| Ron| <A (2m)! l z) (1 3 eM =) 234-1 
z |(. 2v 'n l0yfn4l t zt ( aan a 
<A V (sr j) (sin 30) á (1 7) =. =) 


We can therefore choose m such that for all values of x whatever and for 
all values of Ó in the range (—r, 7), | Rs, | « e, an arbitrarily assigned 
positive quantity, so that the convergence is uniform both with respect to 
z and @ for the values specified. The series can therefore be integrated 
with respect to x between any limits, and with respect to 6 anywhere in 
the range (— r, m). 

If we differentiate with respect to 6, die differential coefficient of Ron is 


ya. . (2 =) f 


(2m)! (2 sin 19)?" cos z (0— 9) dọ. 


f (sin 3 9)*" cos zx(0— p) d | = N (sin 19)*" cos 19 fos do 


cos 3b 


2A ,. 
ee ae 
x (A— ' 
where A is the greatest value of "MIT in the range of integra- 
3 


tion, and this value is finite if 0 is anywhere in the range 0 to 7, 7 being 
excluded. If 0 be changed to —0, Re, is unchanged, and its differential 
coefficient changes sign so that if t > 0 > — m, 


e i 24 " 
| | (sin 48)" cos x (0— 9) de. « Im+1 (sin 10)?"*!, 


We can then show as above that d/d0 (Rm) tends uniformly to zero in 
any interval between —7 and +, which excludes both —r and 7, so 
that we can differentiate term by term with respect to @ in such an 
interval. 
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The differential coetħcient of Rə» with respect to x is 


9 12 3,2, (e 
(—1)™*1 I | (9 sin Joy" (0— o) cos r(0— 9) d$ 
nay 203—129)... (r?— m?) | 1 2x Ir 
Rape ED nom (L y ee 3-1 


al (2 sin 19)?" sin z(0— 9) dọ. 
0 


Since een and en are both finite throughout 
COS 5 COS 5 

the range of integration if @ is anywhere in the interval (—7, m) both 
end points now included, we see that d/dx (Rem) tends uniformly to zero 
for values of x in any interval, and for values of 0 in the interval (— r, 7). 
We can therefore differentiate term by term with respect to x for all 
values of x, so long as Ó is in the interval (— r, 7), the end points in- 
cluded. 


9. If 0 — r+a, where 7 > a2 0, the integral in Rm in the series 
for cos Oz, in § 2, is 


L- (2 sin 39)?" sin z ( 4-a— 9) d$, 
0 


which is equal to 


sin az [7 (2 sin 19)?" cos (v — $) d$ d- cos az L (2sin19)*" sinz (T — $)d$ 
0 0 
= gin az E | (2 cos 10)*" cos x0 ao—|" (2 cos 10)?" cos x0 ae | 
0 a 


-cos ax \ (2 sin 19)*" sin x ( — 4) de. 
0 


Hence 


—(—]1mH 2? — 1°)... (z2— m?) | A _ pe (2 cos La)?" +! 
Rom = (—1) ge (A cos az — B sin az) Somna 


: ; 2m —1)...1 C | 
2 ‚am, ent ( M <)! 
A SI AEE S TO Aue 


where A, B and C are finite. 
Therefore Rə„ tends to the form 


2 2 
— 2 8iIn aZ. TIX (1— z) (1— x) LR 


) ? 
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But when 0 = r-+.u, the series 


— 57 - (2 sin 10)*4-... 


has the same value as when 0 = 7 —a, and is therefore equal to 


eos (7r — a) x. 
Therefore 


Rem = cos (m +a) zx —eos (7 —a) z = — 2 sin we sin az. 


Equating the two values of R,. we have a second proof of the infinite 
product for sin rz. 


10. Considerations similar to those.in § 8 will establish the fact that 
the series for sin Ox in § 5 (10) is uniformly convergent for all values of z, 
and for all values of Ó in the range (—47, 37). It can also be shown 
that the series can be differentiated with respect to 0 for all values of x 
for values of 0 in the interval (— 17, 17) the end points excluded, and with 
respect to x for all values of x for values of 0 in the same interval with 
the end points included. 

The consideration of the case 0 = 47+<a will lead to the ordinary 
expression of cos 47x in factors. 


11. It is interesting to notice that all the series can be obtained with- 
out the theory of differences by taking the remainders in the integral 
form and finding the reduction formule. We have 


f (2 sin 149)?" sin z (0— 9) d$ 
= [Gin zp ZCA] — [am (2 sin By)?" cos gg BEER a, 
0 Ü 


= le gin 19-7; 7 | (2 sin 19)*?"-! cos 19 sin 20-9], 


2m 


m: f {(2m—1)(2 sin 3)’""* cos? 39 —1 (2 sin 19)*"] sing (0— 9) do 


E 


(2 sin 19)?"7? sin x (0—9)d$ 


= + (sin 36)"— LÁ zi 


99 d : (2 sin 1 9)"" sin z(0—¢) de. 
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Therefore 

0 

| (2 sin 19)?" sin z(0— 9) de 

0 


5 9m (2m—1) (? 
= nr (2 sin 39)" — A ee | 


Gm |, (2 sin 19)?" 7? sin z (0— 9) de, 
and 
9 42 9 a) fe 
(—1)"*! ne | (2 sın loy" sin r(0— 4) db 
N el El — 
+(—1) mt (2 sin 36) 
a, z? — 1’)... [r (n —1)?] (° . -— 
= (—1) (8m. —3)! | (2 sin 19)?"-*? sin z (0— 9) de, 


which leads to the expansion of cos Oz in powers of sin 30. 
The other series may be obtained in & similar manner by taking the 
eorresponding remainders. 
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EINIGE UNGLEICHUNGEN FÜR ZWEIMAL DIFFERENTIIER- 
BARE FUNKTIONEN 


Von Epuunn Lannau in Göttingen. 


(Received May 26th, 1913.—Read June 12th, 1913.) 


Dig folgenden Betrachtungen knüpfen an den Ausgangspunkt einer 
grosseren Reihe von Sützen der Differentialrechnung an, welche das zweite 
Kapitel der Abhandlung ausmachen: ‘‘ Contributions to the Arithmetic 
Theory of Series," by G. H. Hardy and J. E. Littlewood.* Jenen Aus- 
gangspunkt (pp. 416, 417) bildet der schon früher von Herrn Littlewood! 
(“ The Converse of Abel’s Theorem on Power Series," pp. 437, 488) 
gefundene 


Sarz.—Es sei f(x) eine für x > x, definierte reelle Funktion ; f"(z) 
sei ebenda vorhanden, stetig und beschränkt. Für x — œ sei f(x) 55; 
dann ist f (x) > 0. 


Dass die Stetigkeit von f”(x) nicht voll benutzt wird, ist den Ver- 
fassern bewusst. Es lässt sich aber beweisen, dass über /f"(x) ausser der 
blossen Existenz und Beschranktheit gar nichts vorausgesetzt zu werden 
braucht. Nach dem Paradigma des Beweises von Hilfssatz 1 (p. 266) 
meiner Abhandlung “ Uber einen Satz des Herrn Littlewood "$ verläuft 
die Begründung so: Naeh Voraussetzung ist |f"(z)|«c für z> 2, 
Fur jedes e œ> 0 und z > 2, ist nach dem Taylorschen Satz 


f(c-9—f() =f! HE (£z, 


* Proc. London Math. Soc., Ser. 2, Vol. 11 (1912-1913), pp. 411-478. 

t Ebenda, Ser. 2, Vol. 9 (1910-1911), pp. 434-448. 

I Hierin ist auch ein Satz von Herrn C. N. Moore [‘‘ On the Introduction of Convergence 
Factors into Summable Series and Summable Integrals,” Trans. American Math. Soc., 
Vol. 8 (1907), pp. 299-330 (Lemma 5, p. 316)] enthalten, der ausser meinen Voraussetzungen 
die weitere f” (x) — 0 macht. 

§ Rendiconti del Circolo Matematico di Palermo, Bd. 35 (1913), S. 265-276. 
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T3el f" (5) 


< tons (£) 


Wegen f(x) >s ist also für «>a, = z (e) 
|f i| < e+ łec = e (1+30), 
d. h. f'(x) — 0. 


Hinter dem so verschirften Littlewoodschen Satze stecken nun fol- 
gende weiteren Sätze, die ihn enthalten* und sieh dadurch auszeichnen, 
dass gewisse in ihnen auftretenden Konstanten bestmögliche Werte haben. 
f(x) bezeichnet eine reelle Funktion. 


Sarz 1.— Wenn in einem Intervall der Liinge > 2 
feiern Ie <1 
ist,t so ist ebenda f@|l< 2. 


Satz 2.—Die Konstante 2 in der Behauptung des Satzes 1 lässt sich 
durch keine kleinere Zahl ersetzen. 


Satz 8.—Die Konstante 2 in der Voraussetzung des Satzes 1 lässt sich 
durch keine kleinere Zahl ersetzen. 


Satz 4.— Wenn lim sup |f(z)| < 1, 
lim sup|f"()|« 1 
x 


„2. 


—— nn ng — 


ist, so ist lim sup |f" (x)! 
T= 


* In Satz 1 ist der obige Satz enthalten. Denn, wenn a > 0, b > O ist und in Satz 1 ° 
x = yy (bla), f(x) = flyv (bla) = [g (v))/a 
gesetzt wird, so lehrt Satz 1: Wenn in einem Intervall der Lange > 2 v (a/b) 
Ig(! <a, Ig"(y) «b 
ist, so ist ebenda lg’ (y) | € 2 (ab). 
Im Falle g(y) = F(y)-s-0, |g” (y)| = | P" (y) | < c (für y > yo) ist nun bei festem 
$6 > O für alle y > y (è) 
lgMl<8 I"WIise 
also Lg’ (y)! € 25 Ve, 
so dass g' (y) — 0 ist. 


t Es ist gleichgiltig, ob man in den Endpunkten f'(x) und f''(x) einseitig nach innen 
oder zweiseitig meint. 


— 


Ju ———————— ———— — Qo — 


— i 
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Sarz 5.—Die Konstante 4/2 des Satzes 4 lisst sich durch keine kleinere 
Zahl ersetzen. 


Beweis von Satz 1. — Ohne Beschränkung der Allgemeinheit sei 
0<«<2 das Intervall (d. h. seine Linge = 2 und seine Lage rechts 
an O anliegend). Dann ist 


fw—fO = zf'()—428f"((£) (0E <x 
fD —f(z) = (2—2) f'e) 3-3 (2—2P FE) O<rt<e& 
f(2)—f(0) = 2/'() (EI +4 (2— 0? f" (£9), 
2 f'isl-T1412.1-43(2—2).1 = 4—:(2—2) <4, 
lf’ (x) | « 2. 


L£ 


Beweis von Satz 2.—Die Funktion f(x) = 4.c?—1 genügt im Intervall 
0 bis 2 den Bedingungen 


foetu Pls n<, 
und es ist F (2) | = 2, 
also für kein 6 > 0 im Intervall beständig |f’ (x)| <q 2— 6. 


Beweis von Satz 8.—Es sei ein positives p < 2 gegeben. Die Funk- 
tion 


f(x) = 4 — (> +£) z4-1 


ist im Intervall O <z <p absolut <1, nämlich 1 für x = 0, —1 für 
z = p und dazwischen abnehmend, da 


f'(x) = = (= + £) <p—2 <0 


+ 


ist. Es ist ferner |") | =1 <1, 
Pre 
5) > 2. 


aber |/' (0)| = 


> |w 


Beweis von Satz 4.—Wenn in einem Interval der Länge > 2/2 
sowohl |g(z)| < 1 als auch |g” (x) | <1 ist,* so ist in seinem Mittelpunkte 


lg’) | < v2, 


—— — — —— ——— —— — — a c -——— <. =- —— M — - 
~ —M ee 


* Es ist gleichgiltig, ob in den Endpunkten g' (x) und g” (x) zweiseitig oder nur einseitig 
gemeint sind. 


16 Prof. EDMUND LANDAU [June 12, 


wie aus g Gr P3) —9 (0) = V2. g'h. 2g" (È), 
giw) —g (c—4/2) = y2. g' (c) — 3.29" (£j), 
g (x 4/2)—g (z— /2) = 24/2.g' (1) +g" (£) —9" (Ea), 
| 92|g'Q)| << 14+14141=4 
folgt. Bei festem e > O ist nun, 
g (x) = f (x)/(1+e) 


gesetzt, von einer Stelle z,(e) an 


vWl<1l  |g"w|= Pe 


l+e 
‚also von der Stelle z, (6) 3-/9 = r (e) 
an lg'(e)| = FG) = E. 
Daher 1st lim Sup Si (2) |< +e) 2 


für jedes e > 0, also lim sup |/' (2 | < 4/2 


Beweis von Satz 5.—Ks sei e gegeben und O<e< 4/2. Ich werde 
eine bestimmte fur alle reellen x definierte, zweimal differentiierbare 
Funktion der Periode 44/2 betrachten, die ungerade ist und der Funk- 
tionalgleichung 

J(2/2—2z) = f (2) 
genügt. Eine solche Funktion ist eindeutig charakterisiert, wenn ich sie 
auf der Strecke 0 < x < 4/2 angebe und dabei f'(x) und f”(x) existieren 
{in O nach rechts, in 4/2 nach links), ferner 


f0 0, fi (/2) = 0, + (0) =0 
ist. Denn die auf Grund der Funktionalgleichungen 


Jati?) =f), f(—z:)--—f( f2/2—-2r) = f(z) 


überall weiter definierte Funktion f(x) ist alsdann auch in den Punkten 
zweimal differentiierbar, die Multipla von 4/2 sind. 
Ich setze nun für 0 «rxX2 


Je) = fap Àh (Q0 du, 
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wo A(x) folgende Bedeutung hat: 
gje fur O<r<e, 
h(x) =| fe : WU X € 
1] füurexrzx42. 
h(x) ist stetig, f(x) also für O < z < 4/2 zweimal differentiierbar (in O nach 
rechts, in 4/2 nach links) und 
| (f’ (x) für 0< z< y2, 
42 
| h(wdu = `f} (ec) für z= 0, 
: fe) für «= 2; 
f'() für 0r «A2, 
—h(xr) = - f+ (x) für z = 0, 
Jf.) für z = 4/2. 


Wegen f0=0, ft(2-2—0, F+0)=-0 


ist die dureh die obigen drei Funktionalgleichungen überall definierte 
Funktion f(z) überall zweimal differentiierbar. Offenbar ist überall 


V2 v2 v3 v2 
al «fw» = | at | indie f dt | dum: 
Q t 


t 


ferner, da f’@ml=l|r@| <1 für Ox za«42 
ist, überall "(|a 1; 
also ist lim sup|f()| <1, lim sup|f"(2| « 1. 


Andererseits ist im Punkte 0, also fur alle durch 24/2 teilbaren z, 


v2 y2 
f@ zi h(uduz | du = /2—e, 
0 


€ 


folglich lim sup |/' (3) | > /2—e, 


womit Satz 5 bewiesen ist. 

Die Sätze 1 und 4 lassen sich noch dahin verschärfen, dass auf die 
Existenz von /f"(x) verzichtet wird und dafür nur die entsprechende 
Beschrinktheitsannahme dem Differenzenquotienten von f'(x) auferlegt 
wird. Es gelten nämlich die beiden folgenden Sätze, die offenbar die 
Satze 1 resp. 4 enthalten. 
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Satz 6.— Wenn in einem Intervall der Linge > 2 


| fen | <1 
f' Gn —f'G) | 
und | a <1l (c«y 
ist, so ist ebenda Id) <2. 


Beweıs.—Das Intervall sei (0...2). Dann ist [da f'(0 nach Voraus- 
setzung für O< £ < 2 stetig ist] 


resol - || Lro-rwlat| 
< [1 t—2r|dt = [udu Ert 
0 0 
2 
|/(—f()— (2—1) f'(a) | = | | [/^(6—f' (wat | 


2 9—2z 
«| (t—2) dt = | udu = 1(28—rY, 
x 0 
ete. wie beim Beweis des Satzes 1. 


Sarz 7.— Wenn lim sup | f| < 1 


obere Grenze von f y z = fir y>u| <1 


und lim sup 
ro 


ist, so ist lim sup || « 4/2. 


Beweıs.— Wenn in einem Intervall der Linge > 24/2 sowohl 


Igio| « 1 
als auch 1g' Gp—g'&o| «cl (<y) 
y—ı 
ist, ist im Mittelpunkte lg (is X2, 
wie aus 


|g (c4- 4/2) —g (x) — 9 g'(x) | 


c+ V2 £4 V2 
= || [j' (0 —g' ædt | < | (c (t—2) dt =1, 


~~ d 
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| g (x) —g (z—4/2) —4/2 g' (x) | 
=|| : [g' O—g' wat | « | |t—xrc|dt=1 
zoy2 1—3 
folgt. Es werde für € 0 
g (x) = f(x)/(1+e) 
gesetzt. Dann gibt es ein z,(e) derart, dass für z > x, (e) 


lg@|<1 


[t=O zı 


y—ı 


und für y>ı> (e 
ist. Für z > z(e) +/2 = r(e) ist also 


1g (| < v2, 


ete. w1e beim Beweis von Satz 4. 


SER. 2. vou. 18. wo. 1193. 
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THE ELECTROMAGNETIC FORCE ON A MOVING CHARGE IN 
RELATION TO THE ENERGY OF THE FIELD 


By J. LARMOR. 


[Received June 2nd, 1913.—-Read June 12th, 1913.] 


Tue basis of the modern theory of the electric field consists in the 
conjugate circuital relations of Maxwell * ; these relate to the electric and 
magnetic forces in the ether, the medium that establishes connexion 
between material bodies at a distance apart, through the agency of the 
electrons which they contain. It is a direct consequence of these equations 
of the field that an electron e, considered simply as a mobile pole of the 
electric force, continually generates, while in motion, a field both electric 
and magnetic, which spreads out from it with the velocity of radiation +: 
that in particular, while it is moving with uniform velocity v, it thus 
establishes and convects with it & steady magnetic field, arranged in 
circular lines of force around its line of motion, and with distribution 
of intensity following the Amperean law evr^* sin 0, where e is in electro- 
magnetic units. 

In order to complete the foundation on which the theory of ordinary 
electric currents rests, it is usual, in purely formal discussions which do 
not attempt to probe into the dynamical connexions of phenomena, to add 
another principle—namely, that an electron e, moving with velocity v, in a 
magnetie field H, is subjeet to electro-magnetie force e[vH ], where [vH ] 
represents in magnitude and direction the vector product of v and H. 

This principle, which determines all the mechanical phenomena of 
electrie currents, and so dominates electrical technology, must however be, 
on the face of it, in intimate relation to the derived principle described 
above, which gives the magnetic field belonging to a moving electron. It 
ought, therefore, to be deducible as a consequence of the circuital relations 


* Cf. J. Clerk Maxwell, Phil. Trans., 1868: Collected Papers, Vol. 11, pp. 137-143. 
T Of. for example Phil. Mag., December, 1897: Æther and Matter, pp. 221-234. 
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and the value of the energy; and it would not, in a completed logical 
exposition, persist under the guise of an independent relation. 

Its complete demonstration, by means of the formulation of the activity 
in the electric field under the general dynamical principle of Least Action, 
is à somewhat complex piece of mathematical analysis, involving abstruse 
points of interpretation.* It is desirable, however, that & connexion so 
fundamental should be amenable to elucidation in simple and direct 
physical terms, and that it should be viewed from various angles. The 
brief discussion which follows is a contribution in this direction, deducing 
the law of the mechanical force from consideration of a special simple 
system of moving charges. 

We have to deal with electrons moving in a magnetic field; and the 
fundamental dynamical quantity is the energy concerned in the motion. 
If we take the field to be uniform, and unlimited in extent, the mutual 
part of the energy of a single electron and the field is found to involve 
divergent integrals. Thus, if we considered one electron by itself, we 
would have to introduce the origin of the field, which is, of course, 
in actuality not unlimited in extent, and so have to discuss the interaction 
between the existing magnets and the electron. This, however, would 
earry us back into the complexities of the general discussion. But all 
electric charge arises, in fact, from electric separation: and we may, 
therefore, rather inquire whether the infinities can be evaded by dealing 
with a pair of conjugate electrons, positive and negative, moving together 
in the uniform magnetic field. 

When we proceed on this track, mathematical simplicity will be gained 
if, instead of two point charges, we consider the positive and negative 
charges uniformly spread and insulated on the faces of a flat condenser, 
having a thin uniform dielectric space of thickness £, and in motion with 
velocity v through a uniform magnetic field H. We can calculate the 
forces acting on this double sheet of electric charge from the principle 
that each element of charge ôE constitutes an Amperean element of current 
oE.v, and is therefore acted on by a force SE [vH] as above postulated. 
We resolve all such forces into their components transverse to the 
condenser and along its plane: the former components cancel as regards 
opposite conjugate elements of charge +6E and —óE : the latter sum up 
in all to a torque or couple, in the plane containing the pole of [vH] and 
n the normal to the condenser, and of moment equal to Et[vH ] sin(vH.n), 
where (vH.7) represents the angle between these directions. 


* Cf. Ether and Matter, pp. 82 seq.: or Camb. Phil. Trans., Stokes Commemora- 
tion volume, 1899. 
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Now let us examine whether the same result as is here deduced by 
postulating the law of magnetic force on a moving charge, can be obtained 
directly, in this simple case, from the energy in the field. If so, it will 
follow, since it remains true for a condenser of any form of contour and 
any thickness of dielectric, that the forcive on a pair of conjugate elements 
of charge +6E and —éF forms an elementary torque, the same as if each 
charge were acted on as would be the equivalent Amperean current- 
element [GE.v]. The essential dependence between these electromagnetic 
forcives sustained by moving charges and the electromotive properties of 
the field will then have been confirmed in a simple way. And if, further, 
we can obtain a like confirmation for the component, at right angles to its 
plane, of the mechanical force on one of the charges by itself, we shall 
have deduced the complete law of mechanical force from the relations of 
the field. 

Now the moving charges of the condenser will produce a magnetic 
. field, here to be determined, which is superposed on the uniform field H. 
The Amperean element ôE .v can be replaced by its components, ôE .v cos 8 
normal to the condenser and dE .vsin @ in its plane. where 0 is the angle 
vn. In the steady motion of the system the magnetic field of the former 
is annulled by that arising from the opposite negative element —óE. 
The magnetic fields of the latter components aggregate, for all the ele- 
ments of the system, to a field of uniform intensity 4rov sin 0 in a direc- 
tion along the dielectric and at right angles to v, where o is the surface 
density of charge ; while they give no field whatever outside the plates of 
the condenser. | 

Generally, if a magnetic field (ay, Bo yo) is superposed on an existing 


^ 


field (a, B, y), the kinetic energy (87)! | («à +B? +y’) dr is increased by 


: No TE 
17 | + 860+ y yo dT 4- T | EY) dr. 


In the present case the superposed field exists only between the plates, 
and there 
adg t+ BBot yy; = H .4rov sin 0 cos (H .vi), 


a HBI +y = (4rov sin 0). 


Thus the mutual or interacting term on the magnetic energy is, in- 
tegrated over the volume of dielectric, 


H. Evt sin 0 cos (H . vi). 
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Now on the spherical projection in the H 
diagram T v 
eos(H . vin) = sin (Hv) sin v, | 
\ 
and sind sin y = cos x, " | 


where v is (vH .vi), and x is (n.vH), viz., 
the inclination of n, the normal to the con- 3 
denser, to the fixed direction of the pole of 
the veetor [vH ]. 
The mutual term in the magnetic energy 
is therefore 
H . Evt sin (Hv) eos x. 


On varying x, viz., the angle (Hv.n), by ro- 
tation of the condenser, this local store of 
energy is altered; and if this is done not too fast, it might be thought 
that there would be no gain or loss of energy by radiation or otherwise. 
Then the inerement of energy would represent work that must be put into 
the system consisting of the charged condenser and its surroundings, by 
an extraneous torque assisting the variation of x: the reacting forcive 
exerted by the charged condenser itself on external bodies is the opposed 
torque, whose moment in the direction of x increasing would therefore be 


H . Evt sin (Hv) sin x, 


measured in the direction of x increasing. This is the same as the value 
Et|vH]cos(vH.n) already obtained: but it has the opposite sign,* so the 
hypothesis of conservation of the energy is not borne out. 


| The momentum along v is here T/v, which is H. Et sin(n H) cos(v.nH), 
showing that the resultant momentum in the system, of which this is a 
component, is H.Etsin(nH) directed towards the pole of (nH). This 
momentum arises from the interaction of the’uniform magnetic field H 
with the uniform electric field of the charged condenser. It is thus to be 
regarded as uniformly distributed throughout the dielectric space, and so 
of density equal to the vector product of magnetic force and ethereal dis- 
placement—in accordance with the well known formula: there are in addi- 
tion the intrinsie momenta of the individual electrons of the charge. 
This derivation of it is exact when v is diminished indefinitely, t.e., in all 


— nn — — M — P — €  À M I € a —— M M n —ÓÀ À— 


* I am indebted to Dr. Bromwich for pointing out this mistake in the original draft of 
the paper, and its source in the kinetic character of the energy. 
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ordinary systems: the modification required for exceedingly rapid con- 
vection does not now concern us. 

What is the source of the energy that 1s expended by the system when 
the convected condenser does work on external bodies? As the working 
force exerted by the system is +cT7/0¢, it appears at first sight to gain in 
the end energy of the same amount +07 as it has expended in work, 
which would involve a supply 26T from outside. This could only come 
from some of the energy of the extraneous field being transmitted by 
radiation across the intervening region, during the time that the condenser 
is undergoing change of orientation. But this change can be as slow as 
we please ; and, as the rate of receipt of radiation must be proportional to 
the square of the rate of change, while the duration of receipt is inversely 
as that rate, the total receipt can be diminished indefinitely. Thus the 
conservation of energy cannot be secured in this way; though conserva- 
tion of momentum can thus be effected. 

We therefore revert to the general theory of the kinetics of a system, 
made up of two parts, which exert interaction expressed by mixed terms 
in the energy, say of type 


T=... tLu,u,+..., 


where L depends on the coordinates of position, of type ¢, of the two parts 
of the system. Let us suppose that the second part is maintained steady 
in its coordinates and velocities : it will however suffice if its field of in- 
fluence is maintained steady throughout the region in which the other 
part is situated, which covers the case of the magnets producing the 
extraneous field of our present system. The first part of the system then 
exerts on external bodies a force —v,.dL/dt in the direction which works 
on v. But it also exerts in the direction which works on ¢ a force 
viv; OL[CQ. The total rate of working of this part on external bodies is thus 


dL oL * 
“=i ET vit vv oe db, 


oL 


which is > — VI V) =. 
1"2 ot 


Thus when L does not contain the time explicitly, 2.e., when the structure 
of the first part of the system is not changing with the time, and the field 
arising from the second part is steady, there is no loss of energy from the 
first part of the system to external bodies, the work expended through one 
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C 
Cx 


coordinate being recovered through the others. Interesting hydrodynamic 
examples can readily be stated. 

In the present case, when the condenser system acquires energy 
through work gained in rotating itself, this gain is merely a transfer from 
the energy of convection: for that convection is opposed by a force, 
extremely small, which appears as the rate of loss of intrinsic momentum 
of the portion of the system under consideration. | 


The torque on the condenser vanishes when its plane is parallel to H 
and v. Under the continued free operation of this forcive the condenser 
ought, in fact, finally to assume the position in which it cannot increase 
the local magnetic energy further, t.e., the position in which it is maxi- 
mum, which is that in which the field due to the moving charges is in 
the same direction as the extraneous field and as great as possible. This 
agrees with the result above stated. 


This calculation of the torque from the energy of the field confirms, 
but does not prove, the expression for the force on a moving electron. 
We ean now go further. We may displace one face of the moving con- 
denser away from the other. Variation of the energy with regard to ¢ 
should thus give the component, in the direction of £, of the force acting 
on the moving charge ôE. ‘The value thus obtained is easily seen to 
agree with the Amperean formula. As then the torque for the pair +6E, 
—ó.E agrees, and also one component of the force on a single charge, it 
is easy to see that the formula for the mechanical force on a charge 
moving in a magnetic field is derivable completely from the electromotive 
relations of the field and its energy. 


The intrinsic electrokinetic energy of the moving charged condenser 
is the remaining term, viz., (87)^! (4rov sin 0)? per unit volume of the di- 
electric, or in all 9z Ecv?*t sin? 0, where 0 is the inclination of the normal 
to the plane of the condenser to the direction of its motion. Thus the 
condenser sustains a torque 27Hov*t sin 20 tending to set it transverse to 
that direction. With these small quantities we are, however, in the de- 
batable domain of the principle of relativity. It can be shown* that by 
means of such second order forcives the energy of the absolute motion of 
the Earth through ether could be drawn upon for terrestrial work, unless 
motion of bodies through the ether is accompanied by the FitzGerald- 
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* Cf. Note appended in Scientific Writings of G. F. FitzGerald (Dublin, 1902), pp. 566-8. 
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Lorentz shrinkage, whieh would annul, up to the second order inclusive, 
both this and all other methods of testing the presence of absolute motion 
through the ether by operations within the system. 

The forces above considered arise from the motional, or electro- 
magnetic, energy of the system. Are there also forces of electrostatic 
origin? The electrostatic field of a uniformly convected system is not 
altered, up to the first order (cf. ther and Matter, p. 154), the electric 
force of the field being defined relative to the moving charges; thus the 
electric potentials exist as before, and there are no new first-order forces of 
this type. 


[Reference has just been made to annulments in a convected system 
by adjustment up to the second order. We have, however, obtained in 
this discussion a force of the first order: thus, as the impressed magnetic 
field may be itself due to magnets forming part of the convected system, 
a contradiction is suggested. The explanation is to remember that a 
moving magnet produces, on Amperean principles, a field of ethereal 
force, measurable as force exerted on stationary ions: this gives a force 
equal and opposite at each point to the force experienced by an ion on 
account of its motion with the system, so that, on the whole, a convected 
ion is undisturbed. Thus, if the magnets producing the impressed field 
are moving with the system, then, even though that field be absolutely 
uniform, the state of motion of its source is revenled by the presence of 
an zethereal force which would disturb a fixed ion, but for a moving ion 
eonveeted with the magnets would just annul the other force on it arising 
from its motion. Further elucidation as to how this comes about would 
be interesting, but not now relevant. | 
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ON AN ASSUMPTION CONTAINED IN EUCLID’S PROOFS OF 
CERTAIN PROPOSITIONS IN HIS TWELFTH BOOK 


By J. Rose-InnEs. 


(Received March 11th, 1913.—Read April 24th, 1918.] 


It is well known that Euclid in his proof of V, 18 made the assumption 
that, given any three quantities—the first two being of the same kind— 
there always exists a fourth proportional to them. Simson, who objected 
to the proof as it stands, devised another free from the supposed blemish. 
The assumption reappears in Euclid in five propositions of his Twelfth 
Book, viz., XII, 2, 5, 11, 12, 18, and Simson did not give any proof of 
these theorems removing the diffieulty; nor has he put forward any 
grounds which entitle him to condone the want of rigour in the Twelfth 
Book while condemning it in the Fifth. As far as I know, none of the 
subsequent commentators has cleared up the matter. It seems interest- 
ing, therefore, to enquire to what extent the above assumption is really 
necessary, and to examine how Euclid could have managed to do without 
it, had he entertained any objection to it, while adhering in other respects 
to his own methods and his own definitions. Iu other words, we might 
wish to know whether it is possible to make for the five theorems of the 
Twelfth Book the same kind of amendment that Simson effected in V, 18. 

After a careful examination as to the best way of removing the diffi- 
culty, I am led to believe that in the case of XII, 2 we can proceed most 
readily by making use of Stolz’s theorem. This theorem tells us that in 
order to satisfy ourselves that four quantities, say A, B, C, D are in pro- 
portion, we need only show that pA Z qB, according as pC 2 qD; where 
pA, pC are any equimultiples of A and C, and qB, qD are any indepen- 
dent equimultiples of B and D. The remaining test contemplated by 
Euclid as to pA = qB, when pC = qD, need not be applied. (See Stolz, 
. Vorlesungen über allgemeine Arithmetik, Pt. 1, p. 87, published in 1885.) 

The proof of XII, 2 on these lines will now be given. 

To show that any two circles have the same ratio as the squares on 
their diameters. 
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Let C, and C, be the two circles ; take nCis ¿Ca multiples of C, and 
C, respectively, and first suppose that ni C, > n4C;. 


Inscribe à square in each of the circles equal to C,; then just as in 
Euclid we may show that each square is greater than the half of the circle 
in which it is inscribed ; and that on substituting for each square an in- 
seribed regular polygon of double the number of sides we shall be re- 
moviug from the segments left over from the squares more than their 
half. (See Euclid’s proof; Heath, Vol. III, pp. 871, 372.) 

Thus, by starting with the inscribed squares and continually substi- 
tuting inscribed rezular polygons of double the number of sides, we shall 
at length leave some segments of the circles which will be together less 
than the excess by which 7,C, exceeds n, C; (X, 1). 

Let P, denote the inscribed polygon when this stage has been reached : 
then lli C —n, P; < N] C,—ng C,, 
so that n, P, > ng Cs. 

Let P, denote a polygon similar to P, but inscribed in C4; then 

n3 C4 > n4 Po. 


Hence nj P, ny Py. 
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But similar polygons inscribed in circles are to one another as the squares 
on the diameters (XII, D. "Therefore 


NS, > Ma Ss, 


where S, S, are the squares on the diameters of C, C, respectively 
(V, Det. 5). l 
Secondly, if n, C, < Cə, we may show in a similar manner that 


n; S, < 1, $5. 


By Stolz's theorem these two cases are sufficient to prove that Cj, Ca, 
S,, Sa are proportional. 

An objection might be raised to the above proof, viz., that Stolz’s 
theorem does not actually occur in Euclid, and that consequently we have 
no right to use the theorem in a proof conducted professedly on Euclidean 
lines. To this we might urge in reply that though Stolz's theorem is not 
actually included in Euclid's Fifth Book, it can easily be proved by 
Euclidean methods (see Hill's Euclid, 2nd ed., p. 29); and we may there- 
fore imagine that it has been proved and added to the Fifth Book just as 
Simson, for example, added his propositions A—K. 

The remaining propositions referred to above, viz., XII, 5, 11, 12, 18, 
can all be proved by Stolz's theorem, without making use of Euclid's 
assumption, on much the same lines as XII, 2 in the proof just given. 
It seems worth mentioning that for three of the propositions, XII, 5, 11, 
19, we can easily devise à proof by ordinary geometrical manipulation, 
which shall avoid Euclid’s assumption, and yet be independent of Stolz's 
theorem. For XII, 12, though not for XII, 5 and 11, the alternative 
proof is decidedly the simpler. 
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THE DIOPHANTINE EQUATION jy'—i = r’, 
By L. J. MonpEÉLL. 


(Read December 14th, 1912.—Received January 13th, 1913. — Revised May 14th, 1913.] 


1. This equation was brought into prominence by Fermat,* who had 
proposed as a problem to the English mathematicians, to shew that there 
was only one integral solution of the equation y?+2 = :*. Concerning 
this het says: “ Pent on trouver en nombres entiers un carré autre 
que 25, qui, augmenté de 2, fasse un cube? A la premiere vue cela 
parait d'une recherche difticile, en fractions une infinite de nombres 
se déduisent de la méthode de Bachet; mais la doctrine des nombres 
entiers, qui est assurément tres-belle et tres-subtile, n'a été cultivée ni 
par Bachet, ni par aucun autre dont les écrits venus jusqu'a moi.” He 
did not publish his method, which is not known at present. 

We shall consider the equation from three points of view. Firstly, 
we shall find general formule for k, for which there are no solutions (we 
consider integral values only of the unknowns throughout our paper); 
secondly, we shall apply ideal numbers ; and, finally, we shall make use 
of the arithmetical theory of the binary cubic. 

In a series of notes and papers published by Lebesgue, ! Gerono, $ 
Jonquieres,  Realis, and Pepin,**++ various values and formule have 
been given for Ak for which our equation is insoluble. These results can 
be considerably extended. Moreover, the same method supplies us with 
a very useful tentative method for solving such equations. ; $ 
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* Ball, Mathematical Recreations, p. 40. 

t Brassinne’s Précis, p. 122, or Fermat’s Diophantus, Bk. vi, Prop. 19, p. 320. 

f Nouvelles Annales de Mathématiques, 1st series, Vol. 9, 1850; 2nd series, Vol. 8, 1369. 
§ Ibid., 2nd series, Vol. 8, 1869 ; Vol. 9, 1870; Vol. 10, 1871; Vol. 16, 1877. 

| Zdid., Vol. 17, 1878. 

«| Ibid., Vol. 22, 1888. 
** Liouville, Journal de Math. pures et appliquées, 3rd series, Vol. 1, 1875. 

++ Annales de la Société Scientifique de Bruxelles, 1882, Pt. 2. 
zi Cf. Cunningham, Educational Times Reprints, Vol. 13, Question 15697, and Vol. 14, 
Question 16408. 
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2. A few preliminary considerations are necessary. It is well known 
that if p is any odd prime factor of @?—ky?, then z? = ky? mod p; so 
that, if p is prime to Ky, (k/p) — 1. Thus, by the use of the law of 
quadratic reciprocity and the supplementary laws, we find that p is 
congruent to certain residues to mod Kk or mod 4k And any prime q 
such that (k/q) = —1 cannot be a divisor of z?— ky? unless it divides 
both z and y. Hence any odd number ( such that (4/¢) = —1 cannot 
be a divisor of @?—ky? unless all the prime factors q of t, for which 
(k/q) = —1, divide both x and y. 

Consider now the equation 


yY? — klb = 2—h a8 
= (r—ka)N, (1) 


where k has no square factors and is prime to bl. Moreover, 
N —a*-Fkar--A*a? is essentially positive, and a will be hereafter so 
chosen that N is odd. 


Then i? = klb? mod N, 


and so (&l/N) = 1 if N is prime to klb. Now N is prime to k if z is so, 
and from (1) we see that this is the case, since k is prime to bl. As to N 
being prime to /( + 1), this is best postponed to the stage when 
particular values of / are considered ; but this will always be the case. 

If now N is prime to b, then, since (N/A) = 1, we find 


UN) = (k/N)(N/A) 
= = (—1)i€-DQ-», (2) 


if k is positive, and it is also true if k is negative. If, therefore, values of 
a and b can be chosen such that for given k and J, (2) is untrue, it will 
follow that (1) is insoluble. In particular, when / = 1, (1) is insoluble, 
if N = 8 mod 4 and k = 8 mod 4. If, further, k = —‘1, (2) is replaced 
by (—1/N) = 1; and here again (1) is insoluble if N = 8 mod 4. 

Now suppose (2) is untrue, i.e. (kl/N) = —1, then from (1), since 
y>—klb? = 0 mod N, it follows that b and N have a common prime factor 
q such that (Al/q) = —1. Putting y = qy, b = qd,, we have 


yi—klby = (z—ka) N/q?. (8) 
But, since N = »?+kac+ ka? = 0 mod q, 
(r—kay*--8kaz = 0 mod q. 
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Hence r—k« is prime to q if 8har is so. Now a is prime to q if 
a and b have no common factors of the type q; 8 is prime to q if 
b 4 0 mod 8 when (kl/3) = —1; k is prime to q, since b and k are prime 
to each other. Moreover, x is prime to q, since ka is so. Hence 
z—ka is prime to q, and hence N = 0 mod q*. But, putting N = M4, 
we see that (k7/ Mj) = —1. 

Continuing this process, we can remove all the factors of b typified 
by q, and finally arrive at an equation of the form 


Y?—k1B? = (x—ka) M, 


where (Al/M) = —1; but B and M have no common factors q such that 
(Al/q) = —1. Hence the equation is impossible. But (AUN) = (kl/M). 
Hence, if (2) is untrue the equation (1) is insoluble if a and b have 
no common prime factors q such that (&l/q) = —1, and b Æ 0 mod 8 
if (Alj3) = —1. We may note that the equation (1) is still insoluble even 
if a and b possess common factors of the type q, provided the indices 
of these factors satisfy certain conditions which are easily found in any 
particular case. 
Lei us now consider (1) when / = 1, so that our equation becomes 


y — kb? = a?— ha. (8a) 


We suppose k = 8 mod 4, free from square factors and prime to b. Also 
a and b have no common prime factors q for which (//q) = —1, and 
b = 0 mod 8 if (4/8) = —1. Hence (8a) is insoluble if a and b are such 
that N = 8 mod 4. 

We now solve the congruence 


r? +kar+k’a? = 8 mod 4 (or since k = 8 mod 4), 


r — act a?=8 mod 4. 


Hence, if a = 1, then x = — 1, a 
99 az 2, PE g-—-—1l ; i (4) 
» a = , » T oc 1, " 


If we now take any one .of these values of a mod 4 and can find values 
of b such that x satisfying (3) must be congruent to one or both of the 
corresponding residues mod 4 given in (4), then (3) is insoluble for these 
values of a and b. 


But y^ = x3--a?— b’ mod 4, 
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and if we take a = —1 mod 4 and b = 0 mod 2, then x = 1 mod 4. 
Hence we have the first insoluble equation 

y? = z*— k’ (4a —1)*--AKU?. 


Take a = 2 mod 4 and b = 1 mod 2, then z = 1 mod 4, and hence the 


insoluble equation 
y? = r? — k (4a-4- 2? -4- k(2b-4-1)*. 


Take a = 2 mod 4 and b = 0 mod 2, then x = 1 mod 4 or even; soif we 
can find values of a and b satisfying these congruences, and also such that 
z cannot be even,* then (8) is insoluble. 

Now when A = 4 mod 8, and 


y? = HA 
admits of even values for z, we have y = 2 mod 4, whence 
A = 19 mod 16 or = 4 mod 82, 
t.e. A X —12 mod 32. 
Hence the values of a and b needed are given by 
— ka + kb? = —12 mod 82, 

from which we obtain 

a = —k—8 mod 8 and b = 2 mod 4, 
and hence the insoluble equation 

y? = a?— k (5-4-8c— kP + 4h (25 -- 1y*. 


Finally, taking a = 1 mod 4 and b = 0 mod 2, then xz = 3 mod 4 or 
even. The equation (8) becomes, writing 4a 4-1 for a and 20 for 5, 


y? = 2—h*(4a+1P%+4h0? = x? 4- A, 
say, and x cannot be even if A = 5 mod 8. This gives us 
4a+1 = 4b’+3% mod 8, 
and we have the insoluble equation 


y? = 2 —h (AD -T-3k-- 80? ARD, 


* We shall have frequent occasion to use equations of the form y? = x?+%, which do not 
admit of even values for x. This is the case when k =5 mod 8, k = — 19 mod 32 and also 
k = —16 or 82 mod 64. 
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which is equivalent to the two equations 
y? = £ — k? (8k +80 + 1620", 
y? = r — k? (44+ 844 80)8 + AF (20 4- 1. 


In particular, by taking k = —1, we find some of the kuown insoluble 
equations 7? = x°+ 4? — B?, say, and our conditions become B X: 0 mod 8, 


and A and B have no common prime factor congruent to 8 mod 4. We thus 
find the insoluble equations y?+k = z? where k = 9, 8, 12, 43, 91, 99. 
and —k = 95, 47, 39, 11, 67, 53, 18, 20. 


8. Taking now l = 2 in equation (1), and following the same pro- 
cedure as before, we find the insoluble equations 


y = r kH 2k0?, 


2, 4 mod 8, b= 1 mod 2, 


= 
fe 
(c 
=) 
je 
— 
Q 
li 


(2) a= 4 mod 8, b — 4 mod 8, 

(8) a = 2+4(—1)!¢-) mod 16, b = 2 mod 4, 
and k is odd, free from square factors and prime to b. Also b 3c 0 mod 3, 
when (k/8) = 1, and a and b have no common prime factor q for which 
(2k/q) = —1. As particular cases, when k = + 1, we find the insoluble 


equations y?4- = z?, where k = 62, 98, and —k = 62, 46, 82, 66, 90, 96. 
When / = 8, we find the insoluble equations 


jy? = 2 — ka + 8k)", 
when (11 «a — 1 mod 4, '" b =O mod 2, 
(2 a= 9 mod 4, b — 1 mod 2, 
(8) a = 2(—1)1€*9 mod 8, b — 9, mod 4, 
(4) «zz5k—2(—1)" mod 8, b = 0 mod 2, 


where k = 1 mod 4, free from square factors and prime to 3b. Also 
a and b have no common odd prime factor to q such that (8k/q) = —1, 
and b is prime to 8. When k = 1, we find the insoluble equations 
y?—k = 2°, k = 75, 84. 

Finally, when / = 6, we find the insoluble equations 


y? = —h a? + 6kb*, 


- — n n————————— e 
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when (1) a=—2, 4 mod 8, b — 1 mod 2, 
(2 a= 4 mod 8, b — 4 mod 8, 
(3) a=6+4(—1)?*-) mod 16, 0 — 92 mod 4, 
where k is an odd number possessing no square factors, and k and b are 


prime to each other and to 8. Also a and b have no common prime 
factor q, such that (64/q¢) = — 1. 


_ 4. These results can be immediately extended to equations of higher 
degrees. Thus we have the insoluble equation 
UR — Lt At gant LU, 
where a = 2 mod 4 and b = 1 mod 2, and k satisfies the conditions of 
equation (3a). Further 254-1, a possible common factor of z— ka, and 
(cnt Ktla®"tl)/(c—ka), plays the same part in the remaining condi- 
tions that 3 does. 
Another insoluble equation is 


y? — pth 8 ktt HS Lp? 


where a = — 1 mod 4, b = 0 mod 2, and with similar conditions to 
those above. The proof of these equations is very simple. We give no 
more of them as it is simply rewriting our previous results with slight 
changes. We may, however, notice the insoluble equations 


py? — peers fy 


when (1) k = —1—40? and b and 4n-+8 have no common prime factors 
congruent to 8 mod 4; (2) k = —1+120*, b is prime to 8 and b and 
4n+3 have no common prime factors congruent to +5 mod 12; and 
finally when k = 1+12(2b+1)? and 2b+1 is prime to 8, and 2b+1 
and 4n4-8 have no common prime factors congruent to + 5 mod 12. 


- . 9. The preceding impossible equations which we have given are very 
simple. We can obtain more complicated ones as follows. Suppose 


y? = az?--8k4-5. 
Here z = — 1 mod 4, i.e., x = — 1, 8 mod 8. 
If this equation can be written in the two ways 
y! — 9D? = (r--a)(x?—az--a?, where a = 8 mod 8, b — 1 mod 2, 
and 
yY? — 8d? = (2+ c) (à? — cr + ed), u c — — 8 mod 8, d=1 mod 2, 
SER. 2. voL. 13. no. 1194. F 
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where our usual conditions are satisfied by a, b and c, d, we see that 
x = —1 mod 8 is excluded by the first form of the equation, while 
r — 8 mod 8 is excluded by the second form. Hence the equation is 
insoluble. 

To find values for k, we have 


PAR = 1 (e—a). 


We can easily find an indefinite number of solutions of this equation. 
We easily find a = c mod 2, and take any values for a and c consistent 
with this condition. We then split 3 (c?—a’) into two factors p and q say, 


and take jd esi 
b— 2d =q. 
In particular we may take 
2p = c—a and g=c?+acta’, 
or, again, 2p = c—a? and g=1. 


Thus we find insoluble equations, provided that the value we find for 5, 
viz., 3 (p-+q) and the assumed value of a; and likewise d and c satisfy 
our usual conditions. 

As a particular case of this equation consider 


l y? = r? +45. 
We note that x is prime to 8, and throwing the equation in the two forms 
y^—18 = (z4-3)(z?—8z +9), 
y°—72 = (r—8)(2? +8249), 


we see that when z — —1 mod 8, z^—8r--9 = 5 mod 8, and prime 
to 8. This excludes z = —1 mod 8. Similarly, when z = 8 mod 8, 
from the second form of the equation. Hence it is insoluble. 

By similar methods we can shew y? = x°+k is insoluble for 


k = — 24, 29, —36, 51, 59, 85, +88, —92, 98. 


Many of these can also be proved by the methods introduced in the latter 
part of the paper. 


6. We can now give a tentative method for finding solutions of 


y? = 2? +k. 
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We find z = p, q, r, ... mod 8. If the equation can be written in any of 
RC y^ = pa —b0 or Part, 


we may be able to exclude z — p, q, ... mod 8, and are left with 
t = s, ... mod 8. 

We now carry out the same process with other moduli, say 3, 5, 7, &c., 
giving us z = t, ... mod 8, &e. We then gather our results together 
and find z = A, B, ... mod N, where the density of the values of z is 
considerably diminished. We now test the values of z as follows. We 
take another modulus M say, find the residues of z mod M and reject 
those for which z?-J-k is a non-quadratic residue of M. We may also 
find additional information, if the equation can be written in the form 


i^ +2, 8, 5, ... MI? = Ma. 


Finally, if the necessary conditions are satisfied for many moduli M, we 
test the value of x by actual substitution. When k = — 81, we find that 
there are no solutions with x < 10°. 


7. We shall now pass on to other methods, and give the first direct 
method for determining in many cases, sufficient conditions for the in- 
solubility of our equation. We shall also shew the existence of new 
classes of equations of our type admitting a limited number only of 
solutions. 

It would be interesting to know, if the method given below was that 
used by Fermat for his equation y°+2= x". He knew, it is thought, 
that all factors of numbers of the form a?-- 20? are of the same form, but 
further proof is required before one can say that the complete solution of 
his equation 1s given by | 


z = 2D, y+ /(—2) = [aT 04/(—2)J*. 


As a matter of fact, Euler* himself has fallen into error on this point, 
with a similar equation. It is very curious that the application of ideal 
numbers has been overlooked, especially as Pepin's* paper is chiefly con- 
cerned with the equation 

yk 


and Dirichlet} had considered similar equations. 


* Algebra, Pt. 2, Chap. 12. 

t Liouville, 1875. 

t Collected Works, ‘‘ De Quelques Equations du cinquième degré,’’ Vol. 1, p. 31. 
F 2 
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8. We suppose k negative, free from square factors, and congruent to 
2, 8, mod 4, so that x is prime to 2%. Further let A, the number of 
classes of ideal numbers of determinant A, which is here the number of 
properly primitive classes of determinant k, be not divisible by 8. Then 
the equation has no solutions, unless — k = 8a? + 1, when it has but one. 
Since y^—k = x’, writing 0 = A/k, we have 


(y 4-0)(y —0) = zr’. 


But any common factor of y +6 and y —0 is a factor of 20, and since x is 
prime to 20, it follows that any prime ideal factor of x cannot be a factor 
both of y+6 and y—@; consequently its cube must be a factor either of 
y+6 or of y —0. And since the only units in the domain of 0 are +1, 


and +7 when k =—1, and as —1 and +i can be absorbed in Tl, we 
obtain 

y+0 =T, 

y —0 = ds. 


where T, and T, are ideal numbers in the domain of 0. But since 
h Æ O mod 8, T, and T, are primary numbers, and we can write 


T, — a--b0, T,= a—b6, 


and so y4-0 = (a4-007, and z-a*-kb. 
Therefore 1 = b(83a*-F- kb’), 

whence b= 1, 

aud —k = 8a? +1, 

also r = 4a? +1. 


As illustrations, 


for k = —2, the only solution is z = 3, y= 5, 
» k = 13, „ » t= 17, yj = 10, 
3 k=— 74, E „ c= 99, j= 985, 


while there are none for —k = 5, 6, 10, 14, 17, 21, 22, 30, 33, 34, 37, 41, 
42, 46, 57, 58, 65, 66, 69, 70, 73, 77, 78, 82, 85, 86, 90, 93, 94, 97. 
Similar results hold when k = 5 mod 8, k Æ — 8, for which h is 
equal to the number of improperly primitive classes of determinant Kk (or 
j the number of properly primitive classes of determinant A). Also when 
k = 1 mod 8, for which A is equal to the number of properly primitive 


— y eme S 
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classes of determinant k. But now there is great difficulty in dealing 
with the case of x being even, though our method applies to the odd 
values of x. 


We have y+0 = (a+b¢)’, 
where 26 = —14+ V4, 
and c= a’—ab-+4(1—/) DR. 
- Therefore 8 = b [8 (2a — b} + XP? ]. 
Hence either b=7F1 and —Ek-8(2a-4-1?48, 
Or b= F2 and —A=S8(a4+1)?4+1. 


Thus the equation is insoluble for 
—k = 48, 51, 91. 


Also —k = 11 gives only c= 3, y=4, and xz = 15, y = 58, 


—k = 19 = ic, y= 18, 
—k = 85 " z = 11, y = 86, 
—k = 67 5 z = 28, y = 110. 


These results can be extended to equations of the form 
y^— kf? — x’, 


where f is such that x is prime to 2kf, and k satisfies the previous condi- 
tions. Thus when k = 2, 8 mod 4, we must have 


f = L(Ba? -- kb’, 
z = a — kb, 
and when k = 1, 5 mod 8, k X —8, 
8f = b [8 (2a— D)? 4- kb*], 
z= a—ab+i(1—h)e’, 
and the equation either has no solutions or only a limited number. 
In particular, when f = 4, and k = 2, 8 mod 4, x is prime to 2k, 
whence 4 = b(8a?+ kb’), which is easily seen to require b = F 1 and 
—k =8a?+4. Thus we have no solutions of j?--16Xk — a? for 


kl 2:5, 6. 
Or, again, when k = 5 mod 8, and f = 2, x is prime to 2k, hence 


16 = 5[3(2a— bF + kb?], 
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hence, if b = T 1, — k= 83(9a 4- 1? +16, 
b= F 2, — k= 3(a+1)'?+2, 
b — — 4, —4k = 3(a-rF2*-F1. 
Thus, for ye A- Ak = x’, 


A=11 givesonly c=5, y=9, 
k = 19 D z=5, y=1G, aid < = 101, y = 1015. 
Other illustrations are given by 


y+52=2% and gy*4-685 = c. 


For, if x is even, r = 2 mod 4, and this value is excluded by putting the 
equations under the forms 


y^4-25 = (c—3)07-4-3z-p9) aud ytd = (—4 Gc Hr Hr 10, 
and noting that c—3 = 8 mod 4, 


aud that tpe 16 — 12 mod 16. 


Further, h for 18 or 17, 260 mod 8, and 2 = b (a?+h*) for —k = 13,17 
has no solutions, and hence the equations have none. 


9. The simplicity of these results is due to the fact that the only units 
are +1, except for the determinants —1, where no inconvenience is 
caused, and —3 which was excluded from the discussion. We have, how- 
ever, interesting results when the units must be taken into account. 

Thus, let y? — kf? = 2°, where k = 2, 8 mod 4, free from square 
factors and positive, h 2x: 0 mod 8, and fis such that x is prime to 24f 
(e.g. i£ f = 1). Also let the unit for which U* has its least non-zero 
value be given by T?—k U? = 1. We easily find 


zr = °k? and ytf/k = (atby/hy, 
which will give none, or a finite number of values for £; or 
yj fk = (T4+UYVh)(atbyh*. 
This is fairly obvious if T+UYk is the fundamental unit e. If it is not, 


* We refer to this as the first solution, and similarly for the equation T? —XU? = 4. 
Solutions for the first equation may be found in the tables at end of Vol. 1 of Legendre’s 
Théorie des Nombres. For T-—kU* = 4, see Cayley, Crelle, Vol. 58, p. 871. 
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putting ee, = — 1, we have 
y T fA/ = e(a+byk)”. 
Also e = ee, and eè ean be absorbed in (a+b,/h)’. 
We now consider different cases arising from the residues of kf? mod 9. 
Thus, let kf? = 4, 7 mod 9. This gives z = 0 mod 8, and k = 1 mod 8. 


Hence 2=a?—l? = 0 mod 8, 
f = Ta? 8kab’) +T (3a?b 4- kD?). 
But since T^ —kU? — 1, 
and k = 1 mod 8; U = 0 mod 8 and T? — 1 mod 9. 


Hence f= Tk)? mod 8 
| = Thb s: 
Thus b — Tf 3 
and a? =1 " 
Hence f = U+ Tef +T fk mod 9, 
or f= Ua +8f+frh 7 
or 0 = Ua’+f(2+Kf}) " 


Hence our equation is insoluble if 
, kf? zz 4 mod 9, and U=O mod 9, 
kf? — 7 mod 9, and U=+8 mod 9. 


And in particular the equations 
y —k = x?, k= 7, 84, 58, 70. 


If, however, k = 1, 5 mod 8, we find 
NE M U, i b, m x 
ytivk - na av fat arvo 
Pom ài 6,0,4-3(0.— A, 


je m BU iüdemsu, 


and also the same equation with T, — 1, U, — 0. We dispose of this by 
Saying, it can give only a finite number of values for x. 
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Putting a = 2a, +b, 
b= bis 

—T = 2T, +7, 

—U = U,, 


we find 2f = Ula?+3kab’) +T (8a?b+ kb?) mod 9, 


xr = @ê— b? = 0 mod 8, 
=U = 4. 
Hence U = 0 mod 8, T? = 4 mod 9, b — — Tf mod 8, 
and = Ua? —f (54-1 kf?) mod 9. 
Hence our equation is insoluble if 
kf? — 4 mod 9 and U=O mod 9, 
k =T mod 9 and U=+8 mod 9. 


It will be noticed that these results are of the same form as the previous 
ones. We thus find the particular equations 


yl—k-z, k= 61, 85. 


For kf? = —4, —7 mod 9, k= 2, 8 mod 4, 
and T*—LUt = 1. 
Then T? +U? — 1 mod 8, 
and either T or U = 0 mod 8. 


Carrying out the same process as before, we find if T' = 0 mod 8, our 
equation is insoluble if 


kf? - —4 mod 9 and T — X8 mod 9, 
kf? =—7 mod 9 and T=0 mod 9. 


We find exactly the same results when U = 0 mod 8, if we replace T 
by U in the above conditions. We also find the same results when 


k= 1 mod 4, 
but of course T and U are now given by 


a zm 4. 


-e  P—— — lh —— — — 
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We now find the particular insoluble equations 
y—k = r’, k= 14, 28, 59, 88, 86. 


For kf? = +8 mod 9, i.e, f?-1 mod 8, and k = + 8 mod 9, 
and for k = 2, 8 mod 4, we have, as before, 


T?—kU? =], 
f = U+ 8kab)+T (8@b+kb’) mod 9. 


Thus our equation is impossible if U = 0 mod 8. If this be not the case, 


and we take k = — 8 mod 9, we find 

a = fU mod 8. 
Thus f = f*U*--3bf*U*T—8'TU? mod 9, 
or fa-f’U* = 8bT(U?—b?) mod 9. 


And since b(U?—5?) = 0 mod 8 as U X2 0 mod 8, our equation is in- 
soluble if /*^U* 2x 1 mod 9, i.e., f 5€ +U mod 9. 

When k=1 mod 4, we find by putting 2f for f, the conditions 
U = 0 mod 8 or 2f 2€ + U mod 9, where T?—kU? = 4. 

In particular we have y’—k = x” impossible for 


k = 6, 21, 42, 69, 78, 87, 98. 


10. Another illustration is given by y*—60 = z?. The even values of 
x satisfy « = 2 mod 4, and this is excluded by putting the equation in 


the form y+4= (x44) (i?—4z-F16) 


and noticing that the last factor is congruent to 12 mod 16. Hence x is 
prime to 80, and A for determinant I5 is 4. Also f= 2, U=+1, and 
fU?2x +1 mod 9. Hence the impossibility of the equation. 

And finally consider y*—27 = z?. Firstly, let x be not divisible 
by 8. Then we have 


y+8/8 = (T+Uy3)(atby3 1T — £2 U—tl|, 
y T 94/8 = (T+ U/3) (a+ 54/8) iT=4+1,U=0 | 
z = &@— 89. 


Thus 8 = U(a+9ab’) +T (8a?b -- 8D?). 


For T = + 2, this gives a = 0 mod 3, contrary to our supposition 
For U = 0, there are no solutions. 
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Secondly, put « = 86, y = 93, then 
By — 1 = £. 
Thus 4/9 ntl = (TUV 3 la +bv38’, 
or 1 = T(a*+9ab?) +3U (37b - 80). 


For T = + 2, this gives 1 = + 2a? mod 9, which is absurd. 
For T = +1, this gives x = — 3. 


11. Other results may be found by considering congruences to mod 7. 
Thus for 
j^—kf? = r’, k= 2,8 mod 4, 
where A and f satisfy our usual conditions and kf? = 4 mod 7, we easily 


find 


r = @— kb — 0 mod 7, 


or «ef = 40? mod 7. 
Thus =. ,, 
DEI 5 
Algo f = Ue +8hub?) E T Ba°b+ kd’), 


and we can shew that this equation is impossible if U=0 mod 7. We 


pie ton f= T(8a°b+kb") mod 7, 


T FZ+(12f+kf’)e® mod 7, 
or 1 = 26 mod 7, 


which is absurd. 


The same result holds when k = 1 mod 4, but of course U is now 
given by T?—kU? = 4. 


^ 12. We can also prove our results by the theory of the binary cubic,* 
which also has the advantage of throwing additional light upon our ex- 
ceptional case, when the class number is divisible by 3. 

Thus, let y^ — kf? = x’, where k possesses no square factors, and f is 
such that x is prime to 24f. Then when this equation has solutions, f 
ean be properly represented by a binary cubic of determinant 44 (or what 
comes to the same thing, such cubics exist whose first coefficient is f); 


* All that we need is contained in a paper by Arndt in Crelle, Vol. 53, p. 309. 
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and conversely, if such representations of f exist, our equation has 
solutions. 

Taking the latter part first, consider the binary cubic (f, b, c, d) of 
determinant 44. Calling its Hessian (F, G, H), where 


F= b—fe, 2G =be—fd, H — C?—bd, k= G'—FH, 
we have by equating the coefticients of z^ in the syzygy of the cubie, 
(bF—f/GP—kP = F?, 


which proves the second part. 

Now suppose we have a solution of our original equation in the form 
gq? —kf? = F”. Hence we can find binary quadratics of determinant k, 
whose first coefficient is F. Let (F, G, H) be one of these, where we 
suppose G given by fG = —q mod F. We shall now shew that we can 
find a binary cubic (f, b, c, d) of determinant 4k, with (F, G, H) as its 
Hessian. It will be found that b, c, d are given by 


T QGP), ya (kf + 2qG+/G"), ys (kq 4-8kfG 4-30G24- fG9). 


It is easily seen that b is an integer. Also 
(cf 4-94G - fGh) (kf — 9G 4- fG?) = fF GY —ARf?G* mod F’, 
= f? (q*—k ji 
=0 » 


And these two factors have no factor in common with F since 4qG is 
prime to F; and remembering fG = —q mod F, we find 


kf --20G --fG? = 0 mod F, 


and hence mod FF”, so that c is an integer. Similarly, we can shew that d 
Is an integer, which proves the first part of our theorem. 


13. When & is negative, and the class number (now and hereafter we 
mean by this the number of properly primitive classes of binary quad- 
raties of determinant k) is not divisible by 8, the binary cubics are com- 
prised in the class (0, 1, 0, A), and hence we have either none or a limited 
number of proper representations of f, and hence none or a limited number 
of solutions of our original equation. 

When k is positive, there are three classes of binary cubies corre- 
sponding to our given Hessian, and when the class number is not divisible 
by 8, only one of the classes consists of reducible cubics, while the other 
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two are improperly equivalent, and it suffices to consider only one of 
them. 

Again, when k is negative and congruent to 2, 8 mod 4, and the index 
of irregularity for k 2 0 mod 8, then besides the principal form, there 
will be two other subtriplieate binary quadratic forms of determinant X. 
These two will be improperly equivalent, as also the binary cubics corre- 
sponding to them, and it suffices to consider only one of the latter. Now, 
if q, p is a solution of g?—k = p*, (1, 0, —p, 29) is a binary cubic of 
determinant 4k, and if p is not represented by the principal quadratie 
form, which occurs when —k = 8a? +1, p — 4à? +1, q = 8? t 8a, 
this cubic and the one derived from it by changing the sign of q, consti- 
tute our classes of irreducible cubics of determinant 4k. Hence under our 
conditions, when —k Æ 8a?+1, all the solutions of ;j?— kf? = x? are 
given by z = pi? —2qmn-r- p'i?, where m?—8pmn?--2q5? =f. It is easily 
seen, that whatever be the index of irregularity, there will always be a 
finite number of expressions of this sort, giving all the values of z. When 
—k = 8a? + 1, there are a finite number of others given by the above 
expressions with p = 4a? + 1, +q = 80° + 3a, since the cubic has then 
the factor m F 2an. 

We may note that in all cases, the values of m and n furnish us with 
solutions of our equation. 


Thus k p q m n £ y 
1 9, —28, 26, 5984, 378661 
( 24, —2, 4, —81, 28, 8158, 736844 


Now suppose k is negative and equal to —82—8, n Æ 0, then it will 
be found that the classes (2n+1, +1, 4), produce by triplieation the 
principal class, and these three classes will be the only ones to possess 
this property if the index of irregularity is not divisible by 8, which of 
course includes the case of regular determinants. The cubics correspond- 
ing to these classes are (n, #1, —2, 0) and (0, 1, 0, Ak), and are all re- 
dueible. Hence there will be a finite number of representations of f by 
the cubics ; and we have the interesting result that the equation 


y! — kf? = 2°, 
where k=—3 mod 8, 


negative, and free from square factors, and f is such that x is prime to 
2kf, and also the index of irregularity for proper binary quadratics of 
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determinant +4, > 0 mod 8, has none or limited number of solutions.* 
The ease n =O is no exception, for then there is only one properly 
primitive class. In particular when f = 1, the only solutions are when 


814-98 = 838a? 1, for which « = 4«? +1, 
or 814-3 = 8a? 4-8, " r= ¢ +2. 


Instead of j?—£A/? = z?, we might have considered y?— k = z?, where 
k may have square factors, but is such that x is prime to 2%. It can be 
shewn in exactly the same way, that the solution now depends upon the 
representation of unity, by binary cubics of determinant 4k. 

I have since shewn that the solution of y? = «°+Az+B, depends 
upon the representation of unity by binary quartics with invariants 
ga, 93 = —4A, —4B. 


14. At present, there is no general method of determining whether” or 
not a given number can be represented by a given binary cubic; but, as 
before, we can obtain interesting results by considering congruences to 
various moduli. 


Let (F, G, H) be a subtriplieate binary quadratic of determinant 4. 
This class belongs to the principal genus, and hence we can take 


F=1 =G mod 8. 
If (a, b, c, d) is the cubic having this for its Hessian, we find if 
q'—kp! = F”, 
a=p, b=ptq c=(k+1)p+2q, d= (14+38h) p+(8+A)q, 


to mod 9. We may suppose that F is prime to 2kp, and incapable of 
representation by the principal class, as the cubic is then reducible, aná 
we can easily see if it supplies us with values of z. Now let kf? — 1 mod 3 
in our equation, then k = 1 mod 8 and g’—p* = 1 mod 3, whence 


p-0mod8, qz 1 mod 9. 


Taking the positive sign (the negative one leads to the same results), we 
have from the representation of f by this cubic 


pm? + 8m?n+ 6mn?+ (4p -- 8 4- k) rv? = f mod 9. 
Taking f — 1 mod 8 (the value f — —1 mod 3 leads to the same re- 


* For application to irregular determinants, see note in Messenger of Math., Dec. 1912. 
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sults), we find 2 = 1 mod 8, whence 
pr +3 +6mu+4p4+3+h = f mod 9, 
or m?--l(p-4-6)m = 4 (f—4p—k—8) mod 8, 
and if p = 0 mod 9, this congruence is impossible if 
f—k—8 = 8 mod 9, 

or f^—kf? = — 8f? mod 9, 
or hf? = 4 mod 9. 
This applies to all the values of p, and if it holds for all the subtriplicate 
binary quadraties, our equation ^ — kf? = zr? is impossible. 

So, if p = +3 mod 9, the corresponding congruence is impossible if 
kf? =T mod 9. 

Similarly, if F — —1 mod 3, we find q = 0 mod 8, and that the 
above results hold if p is replaced by q. 


Proceeding similarly with the various values of kf?, we have the 
following scheme for impossible equations :— 


kf*- 4 mod9 and p=O mod 9 (orq if F=—1 mod 8), 
kf? =T » weis 5 

Aj^-:9. a qorpzo T" 

ke 3 qorpzzc8 , 

kf? =—8 ,, ptf » 

kf*-—8 , p = 0 mod 8. 


Also q?^— kp? = F?, where F=1 mod 8, except in the first two cases 
where we may take F=—1 mod 8. Further, F is prime to 2kp. 
When £ is negative, we can take F to be a prime, and there will be only 
two values for p, differing only in sign. Thus for k — — 29 and 
q?4- 299p? = 125, q = 8, and for k = — 38, q?+88p? = 348 and p = 8, 
and hence the two equations y*—Kk = z?, —k = 29, 88 are impossible, 
as the principal binary quadratic form of determinant +% gives rise to a 
reducible cubic giving no values of z, and further there are only two 
irreducible cubics (which are improperly equivalent) arising from two im- 
properly equivalent quadraties. 


15. When & is positive, there are an infinite number of values for p. 
In particular, when the class number is not divisible by 8, we can take F 
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equal to 1, and hence q?— kp? = 1. If either q or p in the first solution 
is divisible by 9, this will be the case with every solution, but if q or 
P = X3 mod 9, this will also be the case with all solutions except those 


iven b n 
noe d pE = (qp D. 
The corresponding cubic, however, belongs to the reducible class, and our 
scheme will be found to agree with the results of § 9. 
When k=5 mod 8, we have for kf?=4 mod 9, the condition 
p = 0 mod 9, where q, p is the first solution of g?—Ap*? = 1. But since 


the class number is not divisible by 8, T and U are both odd in the first 
solution of T?—kU? = 4, and we have the relation 


qr p/k = 4 (T+ UV hy)’. 
Hence 8p = U (8T?--EU?), but U = 0 mod 8, and hence 
p zz 0 mod 9, 


so that our equation y^— kf? = x? is impossible. It is easily seen that a 
similar result holds when Af? = 2, +3 mod 9. 


16. As before we can obtain some results by considering congruences 
to mod 7. Thus, let (F, G, H) be the Hessian, where we may take 
F= 1, 2 or 4 mod 7 and G — 1 mod 7. Then for the representation 
of f by the corresponding cubie, we have 

(Fm + Gn n4/ k? (q tpv k) —(Fm+Gn— nyk (q pyk) = 9F*fA/k, 
where q'—kp = F’. 
If kf? = 4 mod 7, then since FF=1 mod 7, kp? = 0, 1 mod 7, and 
we can shew that if p — 0 mod 7, our equation is impossible. For then 
= +1 mod 7, fk = c 2 mod 7, and hence the above equation can 
be written P?--Q? = 4 mod 7, which is impossible. 

If k is positive, we may take F = 1, and if in the first solution 
2 = 0 mod 7, this will be true for all the values of p, and our equation 
1s impossible. In particular if k = 5 mod 8, then since the class 
number is supposed not divisible by 3, we have for the first solution p, q, 

8p = U(BT? +kU”), 
where T, U is the first solution of 
T*—kU? = 4. 


But since kf? = 4 mod 7, we find either U = 0 mod 7, or U= cy, 
T — t1 mod "7, and in both cases p = 0 mod 7, and the equation is 
insoluble. 
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17. We ean now draw up a scheme, giving the values of k between 
+100 for which y?— X = .r? is soluble or not. Thus, for 


—k = 7, 15, 18, 20, 28, 25, 26, 28, 39, 40, 45, 47, 48, 58, 54, 55, 56, 60, 
61, 63, 71, 72, 79, 83, 87, 89, 95, 100, 


there are, I believe, an infinite number of solutions. For the other values 
of — Kk between 1 and 100 there are none or a finite number of solutions, 
except when — k = 81, 84, and in these cases, whether or not the equa- 
tions are insoluble I cannot say. When 


k = 1, 4, 6, 7, 11, 18, 14, 16, 20, 21, 28, 25, 27, 29, 32, 34, 39, 42, 45, 
46, 47, 49, 51, 53, 58, 59, 60, 61, 62, 66, 67, 69, 70, 75, 77, 78, 
88, 84, 85, 86, 87, 88, 90, 93, 95, 96. 


the equations are insoluble or admit only a limited number of solutions. 
For the remaining values of k, there are an infinite number of solutions, 
except when k = 74, in which case nothing can be said about the equa- 
tion. When k is a perfect square, we may note that the solution* of 
y? = 2°+k involves that of +y?= 94/k and vice versa. We have 
made use of this when k = 1, 4, .... 

I take this opportunity of acknowledging my great indebtedness to the 
referees who have suggested many improvements. 


* Due to Lucas, I believe, Nouvelles Annales, 1878, p. 425. 
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FACTORIAL MOMENTS IN TERMS OF SUMS OR DIFFERENCES 


By W. F. SHEPPARD. 


[Received and Read May 8th, 1913.] 


1. The g-th moment of x, Up +1, ..., "Vp, 18 (Supposing them to be 
placed at successive intervals 1) of the form 


(0 — p u,4-(0—p —1Y* ups it... +9 -p— m) um = M,; 


and any linear compound of Mo. My, ..., M, ean be written in the form _ 


yan 


2 fs) ss, 
q= 


where f, (x) is a polynomial in z of degree g. The moments are now often 
determined by a process of successive additions ; and this process leads 


to expressions of the above form, f,(q) being a reduced factorial (7.e., a 
factorial divided by g!). 


'' 2. The notation used for the reduced factorials is 


(0, q) = 6(0—1) ...(0—q--1)/q! = [0—q +1, q]) 


(0, q] = 0(6-- D ...(6023-9—D/q! = @+q—1, p l = 
(0, 4] = (0—34 +4} (0—39 4-2) ...(0-- 34 — 9/4! 
= [0—34q-F A, q] = (0-39 — 4. 9). (2) 
(0,9) = 450-4, q]-- (04-3, q]; = 0/9. (0, q—1). (8) 
There are various relations, depending mainly on 
(+3, q]—(6—3, q] = (0, q—1]. (4) 


This latter is identical with an elementary property of binomial coefficients, 

but i8 easier to remember. on 
Also we denote by L us; Un, Up+ıs .-., Upim! the Lagrangian formula 
SER. 2. voL. 18. mo. 1195. a 
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for us in terms of tp, Up+1s +++, Upim 5. VCs 


= (0—p)(0—p—1)... O-p— m) 


PS | 
L (ug; Up Upgiy coy Uptm "er 


(m, 1) m ^ l 
0—p—m-4-1 7 


Similarly, if we find the values of ug, and E by this formula, their 
mean is denoted by 


xd 


1 m 
d8—p—m Up+m— (te Sr) 


Up+m— (5) 


L | atte 9 Up Up, +++ Mam]: 
9. Particular formule (advancing differences).—In the ordinary nota- 
tion È is the inverse of A, so that | 
Adu, = Up Xu, .+u,-3+U,— n (6) 


If we are dealing only with Ug, Ui, ..., Um, it-is sometimes more eonvenient 
to use >’ to denote summation from wu, to tų, both included, and Z" 
summation from u, to 4m, both included; t.e., 


D'u, = Ut, ced, Tuy = Vlg t Wu +... ++p «.., (T) 
u Zw tust... tum U, = Dut "ysi t... HE"Un, .... (8) 

'We have then 
mE AD", = ugy = Eu, Am u c (9) 


By successive summation it will be found that* 


ie a e E [m—4-F1, g] 4, | (10) 
q-m - uet 
ung ES 2 [g-F1, glug — (11) 
= CLONE 
ss yzm q=m 
29 Ug = 2 (2 —9 3-1, g] ly = È (g,g)u. (12) 
T q=9 


4. We know that 
uy, = ug (m, 1) Aus (m, 2) Aut... tm, m) A" uy = E (m, 8) M'tig, (18) 
and that (0 <q « m), ü 
u, = wt (q, 1) Auot (q, 2) Auot.. + (q, Mm) Aug —— (14) 


* Cf. W. P. Elderton, Frequency-Curves and Correlation, p. 20. 
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Putting q = 0, 1, 2, ..., m in succession, and adding, and repeating the 
process, we find that | 


2'7* wu, — (m4- g4- 1,9 - 1) ug Gn4- g 1, g 4-9) Au, T - (n. 4- 9 3-1, g 4-9) Au, 
+..+m+g+1, n+9-+1A”u, 


ia y (m, s) 


OGG o e 


= (m+1)(m+2)...(n+g+1) € 
(15) 
To obtain the corresponding formula for X"9*!u& we have, with the 
usual notation, 
1+E+E°+...+E”" 
a E»*1—1 u (1+ A)^*!—1 
— E—1 A 
= (m4-1, 1)H- (n 4-1, 2) A+(m+1, 3) aei edt m+1) A" 


— (m+ 1). 143m, 1)A+4(m, 2) AM. . + —— x (m, m) A” ; 
Differentiating with regard to A (or E), ind then replacing m by m+1, 
we have | 


Hoher 
m ! 
= (m+1l)(m+2) 4 ats (m, DAH} n, 2) A?+...4 ms S 7 


Repeating the process,* we find that 


1.2... 942.8... (g-FD E4-8.4 ... (g--2) E*4-... 
| -F(m-4-1) (m+ 2) ... (m+g) E" 
E — (m4-g 4-1) 


j_ 1. 3 
NE. pni DÀT —— Pu (m; DAH.. ME Ti 


+ (m,:m) A” | 3 


* Another method is by means of the reduction-formula 


) O anfa —™ al as (1+4)” ! da, 


â 
A, (1+ A)" dA = -- 
f 12 n+gel m+g+l 


which gives 


1 P.LARE en I Avtz2 4+. + (m, m) A" *g*1 
941 m+g+l 
1 : m = m (m — 1) .. 
= —— Atl Eng noel nly 4 ay eae 
m4g*l (m * g * 1)(m * g) i image ATA Irů 


G 2 
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Operating on x, and comparing with (11), we see that 


Motta = (n 4-1) (94-2) ... (3-9 4-1) 
p i 1.2.9 


1 
x gi Urt —— T7 (m, 1) Auot —— m (m, 2) Auot... 
Toe e m El (m, m) Ar! 
= [m-+1, g) E DE (m, 8) Mug. (19) 


5. The identity of the expressions obtained iu (10) and (15) for 
2/?*ly,4, or in (11) and (16) for Z"7*!w, may be verified as follows. Let 


1 
C= RE HERE NETTES 
z4-g-4-1 


and let E, and A, denote operations on u, and E, and A, operations 
on w. Then | 


TN 1 
Ew = Eg | 
Kö er PENES | (18) 
200 = (g3-D (4-2)... g3-54- D) x 
NIMES ES q! 
E; Aj Up mi (m-4-g 4-130149)... (143-9—34 4-1) 
Also (E5— E, M)" = (1— 5,59", (19) 
(E, £,—A,)" = ems (1+ E,4,)". (20) 


Operating with both members of (19) on ww, we have 


1 m m(m—1) 
m+g+1 uot (mt+g+t lont g) ur (m+g+D... (m+y— D" TE 


nın—1)... 1 


Pat rsa 


m (m -— 1) 


— mml) — a2, 
@¥)g+2g+3) > ot 


= 4 ug GTDGL At 


m(m— 1). " 
T uy T .. ees At, (21) 


` m. —— —— 
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which equates the two expressions for ’9*'w,,; and, operating with both 
members of (20) on tp Wp, 


n m(m— 1) 
Un—at e.e 


1 
m+g+1 Unt (m+g+1)(m+y) RE (m+g+1)...(m+g—1) 


n(m—1)...1 " 
(m+g+1)...(g+1) ° 


_ l (m, 1) m, 2) a9 
= zpi ot g+2 Aut A*ug-t ...4 


g+3 


(m, m) 


m--g-4-1 


A" uo, (22) 
which equates the two expressions for 2"9*! tp. 


6. From (15) aud (10), or from (16) and (11), by taking g — O0, 1,9, ...,J, 
we see that any linear compound of My, Mj, ..., M; is of the form 


AN ;(s) ; 
2, GE DG 9)... 6j D Ae 

where ¢;(s) is some polynomial in s of degree 7; and conversely, if we 
have an expression P = agot a, Auot... Fam" which we know to 
be of this latter form, j being not greater than m, and if we know the 
values of j-+1 of the coefficients agọ, a, ..., Am, we can determine 
(s) and thence by means of (16) we can express ® in terms of 
20 S ug 2x5 I 


7. Central factorial moments in terms of central differences.—(i) For 
obtaining the central-difference formule corresponding to (16), the funda- 
mental formule are 


f=u 
ete" = 2 X [n, 2t)(e—e7))*, (28) 
t=0 . 
E 
e^—e79 — (epe) £X (n, 2t—1](e—e7 71, (24) 
t=1 
t= 
elpee = (e+e) X (n—}, 2t—2](e—e7)*-7, (25) 
t=1 


t=n f 
2-1 -D= 9 Y [n—}, 9t—1)(—e7))?71, (26) 
t=1 x R 
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ERGE TEE GE Sae ... Fe" A 7?) 


(=n 
= 2 E [n44, 2¢+1)(e—e7!)*, (27) 
t=0 


(te) -- (94-79 4-... + 1971-4 p e 70-707 


f=n 
= (e+e ') XE (n, 2t—1](e—e7*7?. (28) 
t=] 


It is sufficient to establish any one of these, and the others can then 
be obtained in rotation. Thus (24) can be deduced from (23) by differ- 
entiating and multiplying by e, (28) from (24) by dividing by e—e~', (25) 
from (28) by changing n into n—1 and subtracting, (26) from (25) by 
dividing by e and integrating, (27) from (26) by changing n into n-+1 and 
dividing by e—e^!, and (23) from (27) by changing n into » —1 and sub- 
tracting. | 


(ii) From (27) it can be proved, by induction, that 


=, pu E (n 4-3, 2t | odd 
i. (r, 9A ]e (4h+2)(n+ 3, 2h 1] X f+ 2h+1 (e ge (29) 


r=n ' ] : T 21 mE 
i. Ln 24 +1)e” = (n+, 2h 4-1] (ed- e^!) x GEN —e71)?-1 (80) 


and from (28) it can be proved that 


Ee —4, 2h—1] je 2r—1 e C -D») 


= 4h (n, 2h] z E (e—e 1, P (81) 


1 t+ 2h— 
: > [r—1, Zh) [giri p e7 0-70] 
rai 


= (2, 2h] (e 4- e^?) b a M e eyes (32) 


(iii) Taking e to be the operator which converts ug into u, so that 
u = dere ô= ecet, 


and operating on t with (28), (24), (27), (29), and (80), and on w, with 
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(25), (26), (28), (81), and (32), we have* 
t=n 
untu-. = 9 X [n, Qt) d* uy 
t=0 


iz ; (88) 
Un—U_-n = 2 E (n, 9t—1] uo"! ug 
t=1 


t=n 
à é 32(— 2 
Un tun: = 9 E (n—3, 2t—2] uo “| 
t=1 


; (84) 
t=n ` 
Un— u-n = 2 E [n—3, 24—1) 8” | 
t=1 
È m=? Y [n--3, 2t-+1) 6% uty | (85) 
ren t=n | 
> u, =2 È (n, 9t—1]uó*-* u, |. (86) 
y—-—n-^l t=1 
ren ot = E 
X. (r, 9h ]u, = (4h 4-9) (n--3, 2h 1] = * cro ‘los (87) 
P nr e" 2t(n- 1, 2t] 
I. [r, 2h+1)u, = 2(n+4, 214-1] S = ADT po”) Uy (88) 
T E _ _ (n, 9t— 1] E | 
BR (r—3, 2h—1]u, = 4h(n, 2h] z Ara lan, (39) 
E vt ah) u, = 2(n, 2h] b (in, 2-1], uò”? ua.. (40) 


r= —nr+]1 2t4-9^ —1 


(iv) It follows from (87)-(40) that, if f(x) is any polynomial in x of 
degree k, 


> Ly $x (0 er 

= fira = (24+ 1) (3t -9) ... (2t+2k +1) RET 2t | 9 s, 

rza t= 9t d (E | u 
eo E DOF)... CFFI mH, 2t] u” to 


* The formule (37) and (38) have been stated by me in the paper mentioned on p. 97 
below ; (98) and (84) are familiar, but the method is new. 
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P X au 


CHE: 2( — 3 
Zur ; GFEDQFES... ar 0^ 2671199777 


PR 


E (rp frla)! u 


r=-n+1 


=f gr SU, (n, 2t—1] 8”! uy 


(2t -- 1) (2t-- 8) ... (9t-- 9k 4- 1) 


X (—3fi0—3u 
r=—nt+] 
tea HUN 


m aot —2 
= 2 OEF 1)(2é+8).. T rp RU Rees 


where p(t), Wi (t), x(t) are some polynomials in ¢ of degree k. 


(v) Conversely, if we have an expression ® which we know to be of 
one of the forms in (iv), and if we know the values of k+1 of the co- 
efficients (of ug or uu, and the successive differences), we can express ® in 
terms of the values, for À = O0, 1, 2, ..., k, of the sum mentioned on the 
right-hand side of (87), (88), (39), or (40). These sums, however, are not 
simple to caleulate; and moreover the cases in which we require to use 
central-difference formule are usually cases in which the 2n+1 or 2» 
terms with which we are dealing form part only of a sequence. It is 
therefore more convenient to be able to express ® in terms of the 
successive sums obtained from the sequence as a whole; for this purpose 
we require certain general formule. 


8. General formule.—We know that L (we; uy, Upsi, ..., Upim! CAM 
be expressed in a good many different ways in terms of differences. Iu 
particular there are the advancing-difference and the receding-difference 
formule 


L (ug; ug, Uy os Un! = ugd- (0, 1) Aug +10, 2) Au, +...+(0, m) A" us, 
L us; ug, uj, stm} = Up +O, 1] Au- +L, 2] Au o... [0, m JA" n. 
and the central-difference formule 
L (us; Un, tari ees Un; | 

= w+ (0, 1] xóugJ- [0, 2) à*u,-- ...--[0, 20) 0°" ug 
L luo; Uasi TEE EEE ORG 


= pu T [0— 3, 1) òn, + (0 — 3, 2] uu, +... +[0— 3, 2n — 1) óm-lqu 
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In the more general formula we start from any « and proceed by any 
diagonal steps to A"u,. The formula is most safely expressed in terms of 
central differences; if the last difference introduced is ö*«,, the next term 
is (0— 4t, s--1]6**!»,,,, provided that the suffix ¢+4 is not less than 
p+4s+4 and not greater than p--m—3s— 1. 

For uuo, we take «4, and w,,, separately. The general formula for 
tw, i8 as described above, with (0—3 —£, s--1] 9**!w,,, substituted for 
(0—t, s -1]6'*! w,,,; and the formula for «s+, is similar, with 04-3 sub- 
stituted for 0—13. Hence, taking the mean, we get a similar formula, but 
with [0 —*, s+1) in place of (0—4, s+1]. In particular, 


f . 7 
L (Mile, Un, E ou, ++ lln | 


us +[0, 1)óu, +[0—3, 2) uot -[0, Du +... +19 — 3, 2n)” uo (41) 
= w+ L0, 1)du_y+[O+4, 2) 9, 4-10, Hu, +... E [04 - 3, 20067", (41a) 
L iussa 5 Uns, Unga sees Un! 


= w+[9+3, 1)0u,-- [0. Du +[O+4, 8) 8+... -- [04 3, 2n — D 6?"7!u, 


(42) 
= u,+[O—3, 1)óu 4-[0, Du, E [0— 2, 8) 9i. ... E (0—2, 2n —08?"7* i. 
(42a) 


9. Having constructed Lue; tpi, ps2, ..., Upry:, WE can introduce 
either u, by adding 


(0—p—39 — 3, g] uy, = (0—p—1, gu, 
OF 4,4541 by adding 


(0—p—19g —1, g] OUnsiaa1 = (0—p— 1, g) AM ttn 41 
Hence 


L | the} üpris Upya eo HU pegat; 7 oio Up Ut, over Up gl 
= (0—p—1, g)( Mu,,1— A u) 
= (0—p—1, g) Art!u, (43) 


= (0—p—3g—3, g] t uii. (44) 
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Replacing p by p+1, p+2, ..., p+m, and adding, 


! e. ! e ) 
L (485 Up+m+lis Up+m+2s «5, Uptmtg+li —L ET s Up Ungiy oor Uprgj 


q=pt+m 


= 2 (0—q—1,9).M'!u, (45) 
q-p 
q-prm 
= EX [0—q4—9g,9g]M"*'u, (46) 
{=p 
yzp+tm 
= 2 (0—g—ig—i.9|]90' wii (47) 
qp 
4— pt 
=(—)! 2 +99, Au, (48) 
"=p 
q=ptm 
=(- Z [g—0-41,9g]A'"'u, (49) 
y=p 
qg=ptm 
=P = (3g - 4 —9- F3. g]9?* usas (50) 
q—p ; 


Replacing 0 in (47) and (50) by 0—3 and by 0+3, and taking the 
mean of the two expressions, 


| ` ! f " f 
L | Mua; Up 1s Uptm+2 coer Up+mtg+lf —L (Mug, Up, Upsets sees TT, 


yzyıt m 
= X [939-3 pua (51) 
g-p 
yzptm 
—(—Y © [3g44—98-3. 9 tgs sora (52) 
VES 


10. For expressing a factorial moment in terms of receding sums 
(corresponding to advancing differences), we replace w in (45), (46), (48), 
and (49), by 2+! u, and we alter Ó to 04-1 in (45) and (49) and to 0-4-g in 


(46) and (48); denoting F(P) —F (p) by [F(«)] “=P this gives 


r-p , f} 
q=p+m 
2 (0—9,9)u, 
x T J L=p+m+1 
= [L (2*3 us. ; DIEL 22 5 ugs "T Zl uel J, 5, ; (58) 
q-—p-tn 
2 (g—0,9)u, 
qep 


an =p+m+l 
= [(—*X L (Ertl torg; Da reais oes 26's]; : » (54) 


T=Pp 
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q=ptm 


E [0—39.9]w 


? =ptmtl 


yzp+m 
= [q—0, g] u 


= [(—) L {£+ ugi; Xu DIt ea, ooe, X21]: "*. (56) 


n= p 
The following are particular cases :— 
(i) X'"*!u, is 27*!4,,,,. obtained by taking 

Zu 0, Xu 090, 217450, y a eO 


so that 25954420, OU EO. uu 27 40. 


Putting p = 0, 0 = m-Fg in (58), or p —0, 0 = m+1 in (55), the first 
term on the right-hand side becomes 27*'&,,,,, = ZX'*'u,, and the 
second term is zero; hence 


ym 


Vtly = = (m+g9—g, gu, 


q=m 
í 


2 [(m—q-4-1,.9g]w, 
=0 


1 


which agrees with (10). 


(ii) For Mu. Eto, ..., Dt ut, we take 
; == 2 m 
Lim +1 as 0, 2 Un+1 = 0, ...; >> + Ce = 0, 


and change the signs of Euo, Zug Zug .... Putting p = 0, 02 —g in 
(54), or p = 0, 0 = — 1 in (56), the first term on the right-hand side is 
zero, and the second term is (—)/*! EI+! u, = 2''*!w; and therefore 


qn 


Erotu = = (Eg, 9) u 


q=m 
= 2 (+1, g] Uns 


0 


which agrees with (11). 


11. Central factorial moments in terms of central sums.—To obtain 
central-sum formule, we replace g by g—49—4, and p by p—19g—1, 
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in (47), (50), (51), and (52), and u by s?*' « throughout ; and we have 


g= 


Y (0— q, g] Ua 


y=yp 


ea í | 2 l ‘ t= P+ 
— [L ‘gt! lle; oft ut, p ott lbe—hytls ooeg git! let hy j ne (57) 


g=P 
2 (g — 0, g] lly 
y=p 


— FOE 1 +1 j41 jn P+ 
= [(— L otl ug; oft uz 3g, Pt uu suas se, OF Wet], oso (8) 


'$ (0-4, 9 w, 
y=p 
p v=P+: w 
= [Lu tes nn ran s OFT xus (59) 
y=P 
2 [g — 0, g) Uy 


q=p 


, xz=P+3% 
= [(—)9 I, | ‚MT git! ile ; art! Ur ag; oft) lt; 3g eee ue tT =p-}° (60) 


12. Hence we obtain the following special results :— 


G) g = 2h. 


>> (r, 2h] u, 


T=- 


N tl: gèt) 9h +1 2. +1 ıjı=nts 
pm [L ic Ug ; TF Uly—hy ag Ux_h+l ..0.,; g Ur) je 


= lotl (nd, 1] mo wa [n4-3, Daun 
+[n+4, 2h) Tuna 


+. alt, 1]uo ua, intg, Dun 
— [n+ }, 2h) eu .,.,;, (61) 


r=n 
E [r, 2h) u, 
Ton 
Jh i 2 ‘ cents 
= LL 1uo? 11g, ; gra Wo uuo uo d de o^ wu. sa 
otun — [at 3: 1) 6^ w,.34- [n 1, 2) ges Une y 77 
[n 4-1, 2h) cunts; 


+i- gU uoa, —[n-F3, D) c? wu. latl, 2 671 u., ,— 
—[n+ l, 2h) TU_n-4} ’ (62) 


mT  — —— ee 


— r — e — 
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2 —ł 


29 


3h] u, 


Atla, o girl 2h+1 2h +1 zent 
[L ic Ur , 9g Uhr F Ur—-h+ls ...9 g i T ] pron th 


[gy (n, 1] uo untl Dunn 


+[2, 2h) ew «i 


fot utn 0, 1] uo Un Lh Nou nga 


— [n, 2h) eus, (63) 
ron 
E [r—4, 2h) u, 
r=-—nt+l 
ER Shel, . Q2 2h+1 gt! qeu 
= [L iuc. Un, 0 ttl, hs T. lehrt f ! 311: 


= totun, ln, Do? us tr td 9-ly, aa. ol DS 9h)owu, al 
+ | —g?*l. nln, D c? u V, —[n$. 2) o? 7! ga 


—(n+4, 2h) Tunt). (64) 
Gi) g = 2h—1. 


> (r, 9h —1] u, 


plIÉ—h 


x=n+ġ 
y= —n—} 


= ([—Lise"uy; e" was m eoe oo o? wu, aar] 


= '—us?u, 4d no 3, D ol u, ,4— (12-3, 2] uo suat ee 
| -F[n4-3, 2h — 1) otn: 
+ uou- t [n +4, 1) o? Mu pp tats, 2] uo uot ee 
+[n+4, 2À—1)ou-.-,;, (65) 


> (r, 9h —1) u, 


T—A 


z-n+! 
x=—-n-4 


— uu ad n4 1, 1) ilios QE 9) 6? 7? Uny t- 
+[r +1, 2h — 1) Olla; 
+ ou. tint], Io 7 wa t [n4-3, 2) 0" unit 


= MT. yeas 2! 2h. ! 
— [—L MO Ug: F ‘Uy hey I "My-had rege DEM 


Il 


-F[n 4-1, 2h—1) Tu-a; -, (66) 
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X (r—1, 94] —1]u;. 


r=—n-+] 


L=n+h 


= Ver sl 2h 2h ! 


= 1 — uc? qw, tl, 1) gr} i, 4. — (nt, 2] Mor un, t T 


+ [ 2, 2h —1) ong: 


+ {po us adn 1) ol nt (n, 2] ig unt... 
+[n, 9h—1)ou.,..4;, (67) 


> [r—i, 2h—1) u, 
r=—ntl 


r-aacà 
= [—L (uc? w,; o” tring ty 0 uasa, e 07 Urgha) ] 


z=—-n+$ 


= E —g? Unyi [n 4, 1) o? Vu, — Ln, 2) qt Unti F ... 


+[n+4, 2h—1) 0,44] 


C opio? ud [n--3, Do? u siad [n, 2) 0? 7? ud... 
+ [n4-2, 2h—1) eu 45. (68) 


Dy means of (61), (64), (66), and (67), we can obtain the expressions re- 
quired in § 7 (v). 


18. Central differences of powers of 0.— The expressions for the 
ordinary moments M;, M,, ... in terms of the ordinary factorial moments 
involve the “ differences of powers of 0"; the formule are well known. 
There are similar formule for central moments in terms of central factorial 
moments. The fundamental formule are 


t=h 
r” = > (0? OQ? [z, 94), u (69) 
t=h 
gar = z (ur 1 Q?^73) (a, 2t— 1], à : (70) 
l t=h | 2 i 
z^ = X (usO™) (z, 2t], (71) 
t=h . 
g?l — E gott), HD. T (72) 
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The coefficients in these formule are connected by the relations 


FO = 9 zuo cot (73) 
dtl gent — (214-1) us” 0%, (7-4) 
20 (2h g% 02-2 g% -202-2 
[c5] mu (01 * Qi—3)' tn 
2201 (2h +1 220 13h —1 920 —1 (2 —1 
oo = (4- 19^ 0 0^ 0 (T6) 


(24 4- 1)! (2t 4- 1)! (2t—1)! © 


Thus 6”0”/(2¢)! and NN! are integers; and they are of 
course zero if >h. 
The following are some of the values of 


P = QUO)! and Q = 19? nt 1t. 
= 0: t=0; P=1;Q=1. | 
Ael. 20,1; Pz0,1; Q0 = I4, T. 
h=2 t=0,1,2; P—0,1, 1; Q= 1/16, 5/2, 1. 
—8. t=0,1,2,3; P=0,1,5,1; Q = 1/64, 91/16, 35/4, 1. 


h=4 t=0, 1, 2, 8, 4; P—0,1,21, 14, 1; Q = 1/256, 205/16, 
483/8, 21, 1 


h=5. t=0, 1, 2, 8, 4, 5; P—0, 1, 85, 147, 30,1; Q = 1/1024, 
7881/256, 1249934; 2541/8, 165/4, 1. 


h = 6. p20: 1, 2, 8, 4, 5,6; P=0,1, 341, 1408, 627, 55, 1; 
Q = 1/4096,  83215/519,  691631/956, 68497/16, 
18447/16, 148/2, 1. 


14. By means of (69)-(7 2) and (61)-(68) we can express the central 
moments in terms of the central sums. 


(i) For 2n+1 ws, from U_n tà Uns the central moments up to the 
5th are 


My = 0u.4—9u i 
M, = —(o?*u,,1—0?u nD + (n - 1) (04 4.4 EOU), 
Mg = Motu. —oru_n-)— (20+ 1) (runs Ho Uni) 
HHL) (0444 — Tun), 
M, = — 6 (suny — o u-n) HONE 1) (Uny Hun: 
— (Bn? + 8n + 1) (Pun un d HNH 1)? (m 3-0. 1.3), 
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M, = 24 (uns Un) 19 (2n + 1) (or un - 0* —.—) 
JF (1203 -- 24n+ 14) (un 4 Una) 
— (9n +1) (2n? ++ 1) (u, .1 H t-n) 
+ (1-4 Df (en rund. 
M, = — 120 (un — un) 3-120 (n 1)(o?u, 444-0? 9) 
— 80 (23 + 21 4- 1) (uns — 0*4 1) 
-- 10 (1 + 1) (2n? +4 4- 8) uns tour) 
— (5 (13 4- n) --5 (8 +n) L; (Un — T Uni) 
+n+ 1 (ine 4-0. - 9- 


(ii) For 2n ws from u—,41 to tn the central moments are 
M, = Ciny "OU-n+b 
M=- (Puny r tn) H n 4- 3) (Glen go —n+4)s 
M, = (unya — Un) —2n (u, H t-n + (+S)? (04. —0u s 
M, = — 6(c*u,.1—0*u ,) 3-9 (2n - D(o?u, 44-09 43 
+ D (Puny —07u..,) HAA 9* (m, 4b 0-9, 
M, = 24 (un, —05 444) — 24n (otn Ho tn) 
+ A224125) Un T n 
— n (4n -- 1) (un HUn) 
4-4 -39* (0.4 — 0-59» 
M, = — 120 (u. — o t-n) 4- 60(2n + 1) ("uny Ho Una) 
— 15 (4n? + D (o*u, 41 — T U -n) 
-F5(14- 3) (423 + 4n +3) (tun, Ho unaa) 
— (Uni + 3n?+ A (o*us i —g?u 4) 
T G +4) (Ounta FTU 28 - 
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FITTING OF POLYNOMIAL BY METHOD OF LEAST SQUARES 
(SOLUTION IN TERMS OF DIFFERENCES OR SUMS) 


By W. F. SHEPPARD. 


[Received and Read May 8th, 1913.) 


1. The data are m+1 quantities ws, U, ttz, ..., Un; and the problem is 
to find v, a polynomial in q of degree 7, such that 


am 


Sz = (o, —1,* (1) 


may be a minimum. 


2. The ordinary method is to take v, to be of the form 
v, = atag tagt... tag. (2) 


We then get a set of equations 


(m+1)a+2q.a, +ga +.. HELa = Lu, | 


- ee Ay ied Q3 +.. bi di bw. (3) 


xp. gt Eq!" a XU. a+.. PE a = = gu, 


where 2 represents summation for g = 0, 1, 2, ..., m. These equations 
have to be solved separately for each separate value of 7, and solutions for 
particular values will be found in text-books ; but it does not seem possible 
to give the general solution, for this form of v,, in a simple form. 


8. I have recently* given a solution in terms of central differences, 
taking v, of a suitable form; reference will be made to this later. A 
simpler solution is in terms of advancing differences. The principle of 
the solution is the same; the argument is as follows. 


* Fifth International Congress of Mathematicians, Cambridge, 1912, ii, 868 seqq. 
SER. 29. voL. 18. wo. 1196. H 
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(i) We take* 
n = Apt Ay (q, DHA, X+.. +- J) | (4) 
It is then obvious that Az = Mu. | (5) 


(ii) Making 
SHE A4 4,Q, D+ ASQ, DH. FAG u)” (6) 
ged 


a minimum, we obtain a set of equations (g = 0, 1, 2, ..., J) 


J-i ( 47m q=m 
= l E (q, 9af) . Ay = 2 (q, g) Uy = Py; (7) 
E 1—0 Th 


and by solving these equations we obtain each 4 as a linear compound of 
Py Pis Ps; ...9 T 


(iii) Hence each 4 is a linear compound of the moments M, Mj 
My, ..., Mj, where 


qam 


= : 


and therefore (see $ 6 of the preceding paper) it is of the form 


sen (s) 


$i 
>, GFDGT2.. CFFI 


where 4;(s) is some polynomial in s of degree jJ. 


(m, s) Art (8) 


(iv) We Enos that 
ly = uot (q, D Ant lq, 2) Aus... +, 7) Augot Rj, (9) 
where R = (q, j+D At uy - (gj, j 4-2) At us Tb... 3 (q, 00 AP. (10) 
Substituting in (1), and making | | 


q=m 
S= 2 '(Ag— u) +q, 1) (41 — Aug + (q, 2)(45 — A*ug) +... 
7 
+(9, (4;— Aug — Bj}? (11) 
a minimum, we obtain a set of equations which give each of the quantities 


Ao— io A;—Àu, Ag—A*ug, ..., Aj— Auo, 


* The notation of the reduced factorials (q, f), &c., is the same as in the paper preceding 
this. 
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as a linear compound of the R’s. Hence A; = Av, differs from Au, by 
differences of ug of order ; 4-1 and upwards. 


(v) It follows from (iv) and (iii) that (f = 0, 1, 2, ..., 7) 


A sra bl (—y-/$6—1 s~) F+DG+2)... HIHI (Qn 9) A 
T. gen (s—f) ITE (s+1)(s+2)... (s--/ -1) (m, (m, f) ^ 


(12) 


Hence, for any given value of j, the value of A’v, is found from the 
formula for v, in terms of uy Au, ..., A"u, by dividing it by the co- 
efficient of A^, and then multiplying the terms by a series of coefficients 


which, for the particular values of 7 and f, is definite and does not 
involve m. 


4. This formula for Av, involves m—j terms, besides A. When m 
is large, it is better to express A’v, in terms of the moments or the 
successive sums of the «’s, since there are then only j-F1 terms to be 
caleulated. If we write 


E'u, =E Urt ttit.. +0, 27, u, = Vu tl usr Fe, (18) 


so that 2"9/*!y, = E'I tHE" ut... HE" Unm and ZX""*'u, is obtained 
from 2/?*!u, by subtracting successively 2£"?u,, X"94,, ..., 2"?u, ,, then 
(see (11) and (16) of the preceding paper) 


Xd. = = (+9, gw, (14) 
= 
E "S omctgdctl i 
(m+g, g) 2 orl (m, s) Mu. (14a) 


Hence, from (12), by splitting up the coefficient of (m, s) A’ tiy in Av, into 
partial fractions, we have 


q—j 
Vp = S cos LHL GAG DUI DUEL uua , 
Are ea mern, £e 09 


= S y UI. (J, AY; g) + +1, ) + +1, J) 
g=0 f+g+1 (m+9+1, f+gt+1)(ft+g4+1. f) 


=m 
x 2 (4-+9, g) Ug. (15a) 
q-— 


yzm 
We can in (15a) express È (g+g,g)u, in terms of the moments 
q —0 


H 9 
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M, M, ..., M,; but it is simpler to construct the successive sums 
2, dos 22 Ws. Seige DO es 


5. The following are particular cases ; S, S, ..., Sj;1 being written 
for ug 2" us co, DT ae. 


Ve w= wep m ig 
a0 = ape Sit u$ orsa 
Ye GFS Gig ok» 


(iii) 7 = 3. 
16 x 60 ; 40 35 


^ — GT, DOC ex 3 7 G8, 8) (ei 2^ 
tn teen 
te 8 n epa P 


(iv) 7 = 4. The coeflicients of S,/Qr+1, D, S,/0n4-2, 2). ... in ry, 
of S,/(m+1, 2), S,/0n4-2, 8), ... in Ar, and so on, are 


vy = + 25— 1504 350— 3504126, 
Avy = — 150+ 800— 15754-1944 — 420, 
Ap, = + 3850—1575 + 2646 —1960 4- 540, 
Av, = — 8504-1844 — 19604-1280 — 315, 
Av, = 4-126— 4204- 540— 815+ 70. 
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6. To illustrate the method, take the example given on p. 370 of the 
paper already mentioned. The w's and the successive sums are as below. 


zu 


317616 
285666 
253367 
| 220835 


188224 
155708 


| 128496 


91619 
60353 
29759 | 


z'"?w 


1726573 
1408957 
1123291 
869924 
649089 
460865 
305157 
181731 
90112 
29759 


Iu 


6845458 
5118885 
3109928 
2586637 
1716713 
1067624 


606759 
301602 | 


119871 


29759 


Iy 


22103236 
15257778 
10138893 
6428965 
3842328 
2125615 
1057991 
451232 
149630 
29759 


(i) For 7 = 2, the caleulation is as follows. 


This gives 


660v, +  094— 
660Av, | — 264+ 


216+ 
128 — 
30 4- 


7-317616 4- 1726578 + 6845458 


30 
20 


e) 


61585427 
89482191 
24224418 
14085520 
7656555 
8814227 
1688612 
630621 
179389 
29759 


py = 8195133, 


Av, = + 366-00, 


A?v, = — 158°06 ; 


the resulting table (differing only in the second decimal figure) is given 
on p. 371 of the paper. 


(i) For 7 = 4. 


FS 
as 
nf 


30030 — 
400404 
35035 — 
20020 + 
6006 — 


32760+ 
58240 — 
519304- 
34944 — 
10920 + 


38220-+ 
40131 — 
254804 
8190— 
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This gives v, = 8194598, Av, = + 86107, Mv, = — 184'82, 
Av, = — 18°21, Aw, = +758; 


these values differ only in the second decimal figure from those on p. 872 
of the paper. 


7. We might obtain similar formulæ from the solution, referred to in 
X 3 above, in terms of central differences. There are two cases, according 
as m-+1 is odd or even. 


(i) If m+1 = 2n+1, the fundamental identities are (see (87) and 
(38) of the preceding paper) 


2 
=. (r, 2h] u, = (4h 4+2)(n +3, 2-1] b GEE iel ou, (16) 


r= it S n 1 
E [r 2h—1) u, = 2(n-4-1, 24 — a jx Bot a uo" lug; (17) 


and the resulting formule are 
(t = 0, 1, 2, ..., A) 
[t4-3, k+1] uo s(s—1)... (s— k) 


0? po — (—)k-! Ooo 
t E — D! mth, QE] ‚So Dlt h, EET] 
x (n +3, 9s] 9^ ug, (18) 
(Em 1,9 ass) 
[PE k v s(s—1) ... (s—k) 


9-714, — (_)jk-t Ahr I 
TI dat Wär K] 


X (n +4, 2s] uó^- u. (19) 
Hence, if we write 


Cy, = X (r, 9A ]w.,, (im X [r, 2h — 1)uc, (20) 


ra 


we find that 
(¢ = 0, 1, 2, ..., k) 


heck _ 2t+1 (k, tu, Wht}, kj] t+, k] 
Mal a — )% i 
y= as yn 4h+4t+2 (n-+4, 2t] (n +4, 2^ --1] ss and 


(t = 1,2, ..., A) 
ó2-19 = S (i 2t+1 (k, t(k—1, h—-1)[h+43, k] (4-3, k—1 
p u 4h+4t—2 (n 4-3, 2t] n+}, 2R—1] 


X Cai. (22) 
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These formule are for the case in which j = 2k. If j = 2k+1, we must 
replace k in (19) aud (22) by k+1. 


(ii) If m+1 = 2», the fundamental identities are (see (89) and (40) 
of the preceding paper) 


= [r—3,9/)u, = 2(n, 2h] 2 = ee Dee pôu, (23) 


r=—n+l s=0 2s+2h+1 
RE _ T (n, 2s +1] wii. 24 
LL. (r—3,21 —1]u, = 4A (», 2h] X = FIFI Ot ay; (24) 


and the resulting formule are 
(t — 0,1, 2, ..., k) 


-—— [t+ k] — tms6—D..6—R, , - 
uo, = (—Y7 y a— sta, 3601] 2. Ghar ey tr IIa tds 
(25) 
(t — 1, 9, ..., k) 


jM, = (Ly [t4- 4, k] s (s—1)(s—2) ... (s— k) 
diti (t—1!(k—20! (n, 2t—1]. 3 — (s—O[s +4, k] 


X (n, 2s—1] lu, (26) 
Henee, if we write 


ran 


Da= I ([r—~$,2h)u, Daaz E (r—}, 2h—iju, (27) 


r=—-n+l r=—n+l 
we tind that 


(t = 0, 1, 2, ..., k) 


h=k 3 3 
uv = Y (oye AEL Oh, Mg KIRA, k] p (29) 


h=0 4h+4t+2 (n, 2t4-1](», 2h] 
(t = 1, 2, , k) 
h=l: JE ns 3 
sy, = bie Lye Sel 2h4-1  (k—1,t—1)(k, D [t--3, k][h+}, kÁ— Un, . 


4h+4t—2 (n, 9t —1](n, 2h] 
(29) 


This is, as in (i), for the case of j = 2k; if j = 2k--1, we must alter k 
in (26) and (29) to k+1. 
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8. These formule, however, require modification in order to fit them 
for practical use. The cases to which central-difference methods are 
applicable are those in which our data are a large number of terms, and 
our object is, for a succession of values of x, to determine v, “dv, ... 
from 1. ny Ux nui, -es Ux, OY MUr4 hy 00,44, ... TOM V4 uua, Ur—ng2y cory ens 
We therefore require to convert the formule already obtained, which would 
involve Ue uów,, ..., O° Uy, Or uta, Ota, ..., 0774,44, Into formule 
involving successive sums. 

In the central-sum notation we have 


Ay. tw tt, Ur E FH Ul FH O Ury .... 


These sums involve arbitrary constants, and our formulæ will be such as 
to make the constants disappear. We have to consider separately the 
cases of m-+1 = 2n+1 and m+1 = 2n, and we shall, as before, take ug 
to be the middle term, or x and 24 the two middle terms. 


9. First take m+1 = 2n-4-1. Then (see (61) and (66) of the pre- 
ceding paper) 


f-h 
Cu = = (ntl, 2f] (o? 914, got una) 

f-h 

i 2 (+3, 2f —1](0777*?u, to" run) (80) 
J=h 

Ca-ı = 2 [n+ 4, 2f— 2)(—o?7-Y*?yw, ipo? 724, uo) 

S=h 

Tz [n-F1, 2/— 1)(0? ^ ng gpa run). (81) 


Substituting in (21) and (22), and rearranging the terms, 
(t = 0, 1, 2, ..., k) 


Pa m og 22+1 (k, dk, hb) [A - 5, kllt+3, k] 


f-0 Un-j dh+4t+2 (n+, 2t](n-- 3, 2^ 1] 


X (n4-1, 24—9/]i rau.) 


iS 264-1 (k, (k, WIR+2, k][t--3, k 
las 4h+4+2 (n4-3, 2t](n+4, 2A 4-1] 


X (n 4-3, 2h — 2f 4- 1]j (ouni Hot u-n), (89) 
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(t = 1, 2, ..., X) 


ape m IE EI AH 1 eaa 3,401] 
p et bac 4A 4- 4:— 2 w+}, 2t] +3, 24 —1] 


un = , 
X [no 3, 2h —3f) (or to uL) 


ei [ar Let 241 du DU—1,h—D[A-rE l1 k [t+ k—1] 


+ 4h-+4t—2 Qi 3, 2t] nth, 24 —1] 


J=1 !h=f 


x [n 1, 24—2/4-D OP ey bol uou). (99) 


10. Next take m+1 = 2n. Then (see (64) and (67) of the preceding 
paper) 


S=h . 
Da = E [nc 2/0771 gm ey) 
f=0 
S=h 
® —9 D 9) —* + 
— 1,4 - Do’ re E (84) 
f=l 
Jh 
TERT 2h —3f4 2 
Da- =  Z(n,2f—2](—9" Yt ungi ho” un) 
fe) 


f-h 
t 2 (14-3, 2/—1](07 ung Ha 4 ,,9.— (95) 


Substituting in (28) and (29), 


(t = 0, 1, 2, ..., k) 


=k h=k P 3 3 
A" p, = > | » (—)h+é 2h+1 (k, t), h) | t+ k || h+ 2 k] 
J= 


=0 l izj 4h+4t+2 (n, 2t-- 1](n, 2h] 


x[n+3, 2h—2f) (07 *! nggo i gy) 


^g Cy Qu DHL ds Dik, [t+ EYAL E] 
far (ney 4h+4t+2 (n, 2t4- 1](n, 2h] 


x[n, 24—2/4- 1! (funit) (86) 
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(62m 179. scu) 


ply, = > PS Lye 2h4-1  (k—1,t—D(, h[t- H1] 
reda, 4h 4- 4t —9. (n, 2t—1](»n, 2h] 
x (n, 2h —9f | | (—6o* tn Ho” Un) 
+ S [ Y (yu Qh+1 (k—1,t—DQG,[t4-3, k]| h--3, k—1 
fc kr 4h 4- 4t— 2 (n, 9t—1](n, 2h] 


X (n-F3, 24. —9f4-1] | (e wu, abo Tun). (97) 


11. The following are particular cases of the formule of § 9. 


(i) J— 1 or 2. 
n(n + 1) (8n 4- 1) uóv, = — 8 (o?u, 1 eu.) 
+8 (n+ 10 HTU- 
(li) 7 = 2 or 8. 
(2n. — 1) (2n. + 1)(2n+8) vg = — 80 (c?u,44—0?u 4.) 
+ 15(2n+ Mertunsı tun) 
— 8(n4-2) (2n +3) (TU n+ Fun): 
nnt 1)(2n — 1 (2n 4- 1) (2n +8) Hr, 
= 4-180(o?u,,4— PU -n-a) 
— 90 (2n4- 1Y(oc?u, .1-- o?u 2-1) 
+ 80 (n+ 1) (2n +3) (cu,.4—9u—,-9. 
(ij) 7 = 8 or 4. | 
n(n-- 1) (2n — 1) (2n 4- 1) (2n -- 8) «àv, 
= + 680 (ofun, — T Un) 
— 680 (n+ 1) (uns, Funi) 
+15 (1652? 4-16» 4- 9) (024, .1 —o?u ., 3) 
—15(n4- 1) (n 4-3) (2n 4- 9) (cus. H ou...) 


ee — Wo -— 9 A pM uy ——— — ER ot 
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G.— 1 n (n 4- D (14-2) (80 — 1) (2 9-1) (95 +3) uP ry 
= — 6800 (ctu, .1— o Un) 
- + 6300 (nH AXo9u, , Ho Un) 
— 1260 (an? 4- 9n F 1) (6?u,.,—0^u 1) 
+210 (n+ D (n +2) (an 4- BY, ; ET N. 


(iv) 7 — 4 or 5. 
(Qn — 8) (9n — 1) (2n + 1) (84 4-9) (2n HD Co 
= + 5670 (s?u, ..—a^u. 
— 9885 (2n + 1)(6!u, y H -n a) 
+ 105 (225? -- 491 +39) (Puny —o^u -., a) 
— 910 (9n + 1) +n +38) (62, FHU ni) 
+ 315 (014-9) (n 4-8)(2n 2-8) (an + (mu, 4 1—0 —,- 9, 
n (n+ 1)(2n— 3) (24 — 1) (2n 4- 1) (8n 4-3) (2n +5) 0°, 
= — 113400 (z?u, ,,—o?u.., 1) 
+ 56700 On + D (ot, 14-05 —, 1) 
— 1260 (885 -- 881 +60) ua un) 
+ 680 (An + 1) (82? + 82+ 15) (uns HUn) 
— 910 (n+ 1) (1 +8) (2n +3) (2n +5 runs —rUn-y) 


(n—1)n(n4-1)(04- 2)(2n — 3) (2n — 1) (2 4- 1) (2n 4- 8) (2n 4- 5) ó* v, 
= + 1587600 (u, +, — un) 
— 198800 (2r + 1)(o*1, .1-- 0$u .—1) 
+ 113400 (65? -- 18n +9) (o?u, 4.4 — 0? Ua 1) 
— 87800 (2n +1) (222 + 9-8) (u. tru_.-ı) 
+ 8780 (n+ 1) (22+ 9) (2n 4- 3) (2n 4- 5)(TUn .,— 04, 9. 
19. The above formule are specially important for the purpose of re- 


duction of errors of the terms of a sequence, where the errors are all 
independent and all have the same mean square. I have shown, in the 
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paper already referred to, that in such a ease the best value obtainable 
for any one term «,, by linear combination of the observed value with x 
values on each side of it, is—for a particular definition of “ best "—the 
same as the value given by a polynomial fitted by the method of least 
squares; t.e., is the value represented by v above. The process of re- 
duction of error therefore consists in constructing the successive sums 
cu, ou, cu, ..., and applying the appropriate formula of § 11. 

For any specified value of n, the formula for vj may be altered, if 
necessary, so as to obtain an equivalent formula convenient for numerical 
calculation. For n = 6, for instance, if j = 2 or 8, we have (replacing 2 
and v, by u, and vz) 


148v, = — ua —0?u, 5) H L1 (o?w, tr) — 3» (00,44 — 0-6), 


by means of which the tabular calculation of 148v,, and thence of vs, is 
very simple. 


T (uo l^. ee ee Jm cem s © — A s 
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ON INTEGRATION WITH RESPECT TO A FUNCTION OF 
BOUNDED VARIATION 


By Prof. W. H. Youna. 


(Received August 25th, 1913.— Read November 13th, 1913.] 


1. Stieltjes* was the first to introduce into analysis the concept of the 
integral of a function with respect to another function, which is not even 
necessarily continuous. The important use which he made of this notion 
shows that it is one which arises in the natural course of events. In 
Stieltjes’ treatment, however, the function to be integrated is continuous, 
while the function with respect to which integration is performed is a 
monotone increasing function. The integral of a function of the latter 
class with respect to a continuous function is then defined by means of a 
formula equivalent to that of integration by parts. 

Lebesgue! has considered the question as to the possibility of extend- 
ing the concept of Stieltjes in such a manner as to embrace the integra- 
tion of all bounded summable functions with respect to a function of 
bounded variation, or, which comes to the same thing, with respect to a 
monotone increasing function. He gives, in fact, a definition of such 
integration, based on a change of the independent variable, involving 
considerations of a delicate nature, and he expresses the opinion that it 
would be difficult to construct a definition of a different kind.} 

In the present paper I propose to show that two of the methods I have 
already sketched for the theory of integration with respect to a continuous 
variable are applicable, almost as they stand, when this variable is re-. 
placed by a discontinuous function of bounded variation. It thus appears 
that mutatis mutandis all the theorems in the ordinary theory are true in. 


-— T — ——— —— ——— ——À——— — ee CS ———— ——— — = a — 


* * Recherches sur les fractions continues," 1894, Annales de la Faculté de Science 
de Toulouse, Ser. 1, Vol. 8, pp. 1-122. 

+ “ Les intégrales de Stieltjes,’’ 1910, Comptes Rendus, Vol. 150, pp. 86-88. 

i He terminates his note with the words ''On défine en somme l'intégrale de Stieltjes 
pour f(x) sommable borné et g(r) à variation bornée, ce qui parait difficile de faire sans 
changement de variable.’ 
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the more general one. Moreover, we are able to employ almost precisely 
the same reasoning. Indeed we may say that the only difference consists 
in the somewhat greater generality in the preliminary theorem, which 
forms the base of the definition of the integral of a semi-continuous 
function. I take, however, the opportunity to supply proofs of the sub- 
sequent theorems, where I have up to the present nowhere published 
them. 

As to the importance of the results thus shown to be true, it will be 
sufficient perhaps to point out that the use of the new concept, in the 
most general form here given to it, appears to be indispensable in the 
theory of Fourier series and kindred subjects. The trigonometrical cosine 
series whose coefficients are all unity is the derived series of the Fourier 
series of a funetion of bounded variation, a function, moreover, which is 
not continuous. Such a series is the trivial example of a whole class of 
trigonometrical series, which, though they are not Fourier series, have 
some remarkable properties in common with Fourier series, and it is pre- 
eisely by means of the process of term-by-term integration of Fourier 
series with respect to a function of bounded variation that these properties 
are obtained.* 

The further question then presents itself as to the possibility of re- 
placing the function of bounded variation by a more general function, and 
in particular by any continuous function. Except in the special case 
when the function to be integrated 1s a function of bounded variation 
difficulties of a kind analogous to those which arise in the theory of non- 
absolutely convergent integrals now present themselves. It is more con- 
venient therefore to consider such possible extensions in connection with 
that subject. * 


2. The methods I wish to explain are based on the theory of monotone 
sequences. I have given a sketch of the first of these methods as applied 
to the theory of Lebesgue integration in a paper in the Proceedings of the 


„+ 


Royal Society, entitled “ On the New Theory of Integration,” t while the 


* W. H. Young, ‘‘On Fourier Series and Functions of Bounded Variation,’' 1913, Roy. 
Soc. Proc., A, Vol. 89, pp. 150-157 ; ** On the Usual Convergence of a Class of Trigonometrical 
Series," Proc. London Math. Soc., Ser. 2, Vol. 18, pp. 13-28; ‘‘On Trigonometrical Series 
whose Cesäro Partial Summations Oscillate Finitely,’’ Roy. Soc. Proc., A, Vol. 88, pp. 561-568. 

t Various circumstances have prevented me from composing the present paper myself. 
The substance of it only was given to my wife, who has kindly put it into form. The carcful 
élaboration of the argument is due to her. 

t Hoy. Soc. Proc., A, Vol. 88, 1912, pp. 170-178. 


. aha .. a a | 
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Second method in the same connexion is indicated in an earlier paper pub- 
lished in the Proceedings of this Society,* entitled “On a New Method in 
the Theory of Integration." Both these methods have in the present 
instance distinct advantages. In the earlier paper the definition of the 
integral of a continuous function is supposed already given, and it is then 
shown how that of another function may be based upon it. In the later 
paper an independent definition is constructed, continuous functions being 
regarded merely as & special case of other functions, which may be traced 
out by successive monotone sequences of functions, which are in the first 
instance simple functions, constant in a finite number of stretches. _ 

In the present theory both these methods have their respective advan- 
tages, and it is not difficult, if desired, to construct a method which com- 
bines the peculiarities of the two. I shall refer to these methods by 
letter ; that which corresponds to that in my later paper I shall denote 
by (A), that in the earlier paper by (B), and that corresponding to a com- 
bination of the two methods by (C). I shall consider these methods in 
alphabetical order. 


9. Let g(x) be a positive monotone increasing function throughout the 
open or closed interval (a, b) considered, with a finite upper bound M. 
Then at every point g (z) has a definite limit on the right and on the left 
g(z-F0) and g (zx —0), where 


g(x—0) < g(t) « g(x-t 0). (1) 


At a point of continuity of g(x) these three quantities are equal. At a 
discontinuity their differences form the three discontinuities, namely the 
(total) discontinuity w, which is the difference between the extremes in (1), 
and the right- and left-hand discontinuities, 


Wr, =G(x+0)—g(z) and w. = g(x) —g (x—0). 


The discontinuities of g(x) are countable, and we shall suppose them 
arranged in the usual way in countable order, namely, so that every larger 
quantity comes before every smaller one, and of two equal quantities, that 
one comes first which corresponds to a point lying to the left of the point 
corresponding to the other. The sum of the discontinuities is convergent, 
since it cannot exceed M. Hence, given e, we can determine an integer k, 
the least integer such that the sum of all but the first & discontinuities of 


* Proc. London Math. Soc., Ser. 2, Vol. 9, 1910, pp. 15-50. 
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g (c) is less than or equal to e. For brevity we shall speak of the first & 
discontinuities as “the k points." 

The function f (x) which we propose to integrate with respect to g(x) 
is not necessarily either continuous or of bounded variation. Its discon- 
tinuities are accordingly not in general countable, and at each point of 
discontinuity we may have a plurality of limits on each side, which, how- 
ever, are the same on the right and on the left, except at a countable set 
of points. Instead of the three quantities therefore which occur in the 
case of g(r) we have to consider five quantities. In the present connexion, 
however, we do not need to consider the differences between all these 
quantities, but only the greatest of these differences, which will accordingly 
be called the discontinuity at the point x, and denoted by w,; this is the 
upper double limit of |[f(w+h)—f(r+h)| as k and k approach zero, the 
value zero being included in the range of values of / and of X. 


4, The integrands with which we start in the method (A) are functions 
which are constant in each of a finite number of completely open intervals 
into which the interval (a, b) of integration is divided by a finite number 
of points of division. At each point of division the value of the function 
is either always less than or equal to either of the values in the neighbour- 
hood of the point considered, in which case the function is called a simple 
l-function, or the value of the function at a point of division is always 
greater than or equal to either of the values in fhe neighbourhood, in 
which case the function is called a simple «-function. 

The graphical representation of these functions is a broken line, con- 
sisting of parallels to the axis of x, and dots at the points of division. 
The integral of such a function from a to b with respect to the indepen- 
dent variable x is the sum of the areas of the rectangles bounded by the 
parts of the broken line, the axis of x and the ordinates at the points of 
division, including a and b. Starting from such simple integrals the 
whole theory of integration follows by the Method of Monotone 
Sequences. 

The principle used in forming the above integrals of the simple func- 
tions is that the integral over (a, b) is the sum of the integrals of the 
function taken over a finite number of completely open intervals which 
with their end-points fill up (a, b); the integral of a function over an open 
interval throughout which it is constant being the product of the length 
of the interval into the value of the function, that is the product of tbe 
value of the function into the increment of the independent variable. 

The somewhat summary and arbitrary manner in which we have here 
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neglected the points of division is only justified by the fact that the incre- 
ment of the independent variable at a single point is zero. The same is 
true if we integrate with respect to any continuous function. If, however, 
we integrate with respect to a monotone increasing function g(x), and the 
end-points of the interval are points of discontinuity of g(x), or this is the 
case at one of them, the increment of g(x) at such an end-point is a 
positive quantity, and, when multiplied by the value of the function to be 
integrated at the point contributes a term which is as important as that 
contributed by the corresponding product in the case of the completely 
open interval. 

Thus in the division of (a, b) into a finite number of parts, we are led 
to regard these parts as consisting of completely open intervals and of 
points which together fill up (a, 5), and over each of which the function 
to be integrated is constant. In other words, if f(x) is a simple /- or «- 
function, whose discontinuities are among the points of division 


a= Ci, Co; e, Cr—ly Cn = b, 


| fee) dg) u X Sled [g (4-9) — g (2 J Af (e; +0 [g (c; 1 — 0) g (ci4-0)] 
+f leiad) [9 (Cis) —9 (Ci41—9)] |. (D 


5. Starting with simple l- and «-functions, we now build up the theory 
by the Method of Monotone Sequences. The underlying principle is the 
following :— 


(D A function is said to have an integral with respect to a monotone 
increasing function g(x), if it can be expressed as the limit (finite or in- 
finite with determinate sign) of a monotone succession of functions, be- 
longing to a class of functions whose integrals have already been defined 
with respect to g(x), provided only that the limit of the integrals of the 
functions of every such succession is the same, and this limit is then called 
the integral of the given function with respect to g (x). 


It is convenient to add the gloss that the integral is not to be regarded 
as existing unless it is finite. 


6. The functions which enter will therefore be included among those 
already discussed obtained from simple l- and u-functions by the Method 
of Monotone Sequences. It will be seen from the discussion given in the 
present paper (§ 17) that all such functions, provided they are bounded 
functions, have integrals with respect to any monotone increasing func- 
tion g(z). 


SER. 2. voL. 13. No. 1197. I 
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The limit of a monotone ascending sequence of simple l-functions is & 
general /-function, which is the same as the lower semi-continuous func- 
tion of Baire, and the limit of a descending sequence of simple w-functions 
is a general u-function, which is the upper semi-continuous function of 
Baire. The other kinds of monotone sequences of simple l- and w-functions 
do not have to be considered separately ; they lead to the same limiting 
functions as similar sequences of general l- and u-functions. 

The nomenclature which I have introduced now serves for a memoria 
technica of the facts underlying it. The letter Z prefixed to the name of a 
function denotes the limit of a monotone ascending sequence of such 
functions, and the letter u prefixed denotes the limit of a monotone 
descending sequence. Two adjacent /'s or w's are equivalent to one only. 
Thus we have for the limits of monotone sequences of l- and u-functions 
l’s and ws together with two further types of functions, lw's and w/'s. 
Monotone sequences of these lead to functions already considered, and 
two new types, dul’s and ulu’s, and so on. 

The nomenclature fails, and the properties of the functions become 
more complieated, when we get to transfinite orders of repetitions of 
monotone sequences. 


7. The theorem on which the above classification of functions is based 
is that* which states that the limit of a monotone ascending (descending) 
sequence of /-funetions (w-functions) is a function of the same type. That 
on which the theory of the integration of these functions, whether with 
respect to the independent variable or with respect to a monotone. in- 
creasing function, depends is closely connected with the above theorem, 
and states that if we have a sequence of the type specified, the upper 
and lower bounds of the constituent functions in any closed interval 
themselves describe sequences which are monotone in the same sense as 
the original sequence, and have for limit respectively the upper and lower 
bounds of the limiting function.t This latter theorem I call the Theorem 
of the Bounds. 


8. In order to pass from the integrals of simple l- and w-functions, 
already defined, to those of general l- and u-functions, whether, as we 
shall take in the first instance (88 8-23) these be bounded, or unbounded, 
but finite at the discontinuities of g(r), by the Method of Monotone 


* W. H. Young, ‘‘ On Functions Defined by Monotone Sequences and their Upper and 
Lower Bounds,’’ 1908, Messenger of Mathematics, pp. 148-154. 
t Ibid., p. 149. 
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Sequences, in accordance with the principle laid down in § 5, we now re- 
quire the following theorem :— 


THEOREM.—Given two bounded monotone ascending sequences of simple 
l-functions with the same limiting function f(x), the integrals of the two 
sequences with respect to a given positive monotone increasing function 
g(x) have the same limit. 


We need evidently only deal with the case when the functions of the 
sequence are all positive (> 0). 


Let b xb x... f, 


e 
ana Ash. 


be the two sequences, B and F the limits of the integrals of the constituent 
functions with respect to g(x). B and F are of course finite, since the 
sequences are bounded. 

Let B’ denote any quantity less than B, and let us determine N so 
that " 
| bx (x) dg (x) > B', 


and so that the values of by at the k points already considered (§ 8) differ 
from the corresponding values of f(x) by less than e, ; this latter is possible 
since the values of f(x) at the discontinuities of g(x) are certainly finite, 
J (x) being, like the sequences, bounded. 

Let us divide the interval (a, b) up at the points of discontinuity of 
by (x), ry say in number. The integral considered will then be (8 4) the 
sum of terms due to the completely open intervals, at most ry+1 in 
number, into which (a, b) is divided, and terms due to the remaining 
points, viz., the ry points themselves. 

Let d be one of these completely open intervals, h the corresponding 
increment of g(x), and L the lower bound of f(x) in the open interval. 
Then, throughout the interval d, since bx(x) is constant and < f(a), | 


óx(x) < L, 
so that f, bx (£) dg (x) « Lh. 


Take a fixed closed interval D inside d, so that the increment of g (x) over 

this closed interval differs from A by less than e, h/L ; this is possible, 

since the increment over an open interval is defined to be the upper bound 

of the increment over closed intervals in the open interval. The lower 

bound of f(z) in D is of course > L. By the Theorem of the Bounds 
I 2 
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(8 7) we can determine Mo, 80 that, for n > "y, the lower bound of f» (2) in 
this closed interval differs from that of f(x) by less than ¢,, and. is there- 
fore > L-—e, Thus 3 


| In (x) dg(x) >| file) dg (£) > e)(h —e hL) > Lh —2e, h. 
d D 


Hence | fala) 4g(à— | by (x) dg (x) > — eh... Di = Ng) 
d d 


. 
to, 


Corresponding to each of the intervals we get such an inequality. 
denote the greatest of the corresponding integers nọ Then, summing 
over all the intervals, we get for the part of the difference between th 
integrals of f, and by due to the intervals a quantity greater than 


provided n > n, . 
We have next to consider the contribution due to the points of division. 
Let x be one of these; the corresponding quota to the difference of the 


integrals is we (fale) — bya)" 


Now we can find 2, > n», so that, for n > na the values of f(x) at the & 
points differ from the corresponding values of f(x) by less than e,, and 
therefore differ from the corresponding values of by(c) by less than 2e.. 
Thus, if our point of division x is one of the A points, the corresponding 
quota is greater than 

— 2e, Wr, 


and the sum of all such terms is therefore greater than 
provided n z na 

If, however, our point of division x is one of the remaining discon- 
tinuities of g(x), the corresponding quota is numerically less than «w, Q, 


where Q 1s a finite quantity depending on the two sequences. and the sum 
of all such is accordingly numerically less than 


eQ. (3) 


If the point of division is a point at which g(x) is continuous, it contributes 


—— — 


* If a and b are among the points at which bx (x) is discontinuous, w, is to be roplaced 
by w,, for a, or wz. for b. 


en Ne A arti 
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of course nothing. Thus, finally, adding our results (1), (2) and (8), 
b b 
| f(x) aga- by(x) dg(x) > — 4e M—eQ man. 


Here the right-hand side is numerically as small as we please, and the 
second integral on the left is > B'. Hence 
b 

| fax) dg(z)—B' m0 (n> ng). 


Proceeding to the limit, and remembering that B’ is any quantity less 


than B, F>B. 

Similarly, reversing the roles of the two sequences, 
BSF; 

and therefore B=F, 


which proves the theorem. 


9. Similarly we can prove the following alternative theorem :— 


THEOREM.—Given any two bounded monotone descending sequences of 
simple u-functions with the same limiting function, the integrals of the 
sequences with respect to a positive monotone increasing function g(x) 
have the same limit. 


Again subtracting corresponding members of the two sequences, and 
remembering that a succession of zeros constitutes a monotone sequence 
of simple l- or w-functions with zero as limit, we get as an immediate 
corollary the following :— 


TuHeoreu.—If a bounded monotone ascending sequence of simple l- 
functions and a bounded monotone descending sequence of simple u- 
functions have the same limiting function, which is then of course con- 
tinuous, the limits of the integrals with respect to g(x) of the two 
sequences are the same. 


10. The preceding theorems form the basis of the theory of the integ- 
ration of semi-continuous functions with respect to positive monotone 
increasing functions, and hence with respect to functions of bounded 
variation. 


Derinition.—The integral of a bounded l-function (u-function) with 
respect to a positive monotone increasing function is defined to be the 
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limit of the integrals of any monotone ascending (descending) sequence 
of simple l-functions (u-functions) having the given l-function (u-func- 
tion) for limit. 


With this definition tlıe usual properties of integrals immediately 
follow, as long as the functions integrated are semi-continuous functions. 

We shall not here verify the fact that all monotone sequences of 
simple l- and w-functions whose limits are l- and x-funetions may be in- 
tegrated term-by-term. This proposition is, however, included in that 
of § 12. 


11. We shall require the following lemma in the proof of the theorem 
of the next article. 


Lemma.—If f(x) is a bounded l-function, it is representable as the limit 
of an increasing sequence of simple l-functions, and as the limit of such a 
sequence of simple u-functions. 


It is evidently only necessary to discuss the case when f(x) > 0, since, 
if this is not the case, it becomes so by adding a constant. 

Divide the fundamental segment (a, b) in successive stages into 
Ty Jw. parts, where 7), 72, ... is a succession of continually increasing 
integers. 

The points of division used at one stage remain points of division at 
all subsequent stages, and ultimately are to become dense everywhere. 

Consider the k-th stage. In each of the (r,4-1) parts into which the 
segment (a, b) is divided, we put the auxiliary function f(x) equal to the 
lower bound of f (x) in that part, including its end-points. At the points 
of division we assign the lesser (greater) of the two values in the adjacent 


parts. Thus fio < fo. (1) 
These auxiliary functions evidently form a monotone increasing sequence, 
fhile) Sha) S.. | 


each of them is constant in a finite number of stretches, and, at the points 
of division is lower (upper) semi-continuous ; that is, each is a simple [- 
function (4-function). 
Now in any closed segment there is a point at which the lower semi- 
continuous function f(r) assumes its lower bound. Thus, if z be any 
point, there will, by the definition of the function f(x), be a point x, in 
the segment, or one of the two segments, containing the point z, at which 
f(x) has the value f,(z); the point x, may, or may not, coincide with the 


E 


i m 


(1m 7 Á- — eee D eee l pares 
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point z, but, in any ease, as k — œ, the points r, have the point z as 
limit. Consequently, f(x) being a lower semi-continuous function, 


fios Lt fa< Lt fie) = Lt fkl), 
k—3 k—3o k^ 


using (1). This proves the Lemma. 


Cor.—The monotone sequences so constructed may be integrated term- 
by-term. 


It is clear that we only have to consider the values of the correspond- 
ing simple l- and u-functions at the points of division, since in the com- 
pletely open segments between these the functions at each stage are equal. 
A point of division which is not a point of discontinuity of g(x) contributes 
zero to both integrals. Let us, as in $ 8, divide up the points of discon- 
tinuities of g(x) into the k-points and the remaining points of discontinuity. 
These latter contribute less than Be to each integral, where D is & finite 
constant. At each of the k points the two sequences have the same finite 
limit, therefore we can confine our attention to such functions of the 
successions as differ at each of the k points by less than e/k; the contri- 
bution of the k-points to the corresponding integrals will then be less than 
Me. Hence the integrals of corresponding functions of the two sequences 
differ by less than (B+M)e, which is as small as we please. Thus the 
limits of the integrals of the two sequences differ by as little as we please, 
and are therefore the same. By definition the limit in the case of the 
sequence of simple /-functions is the integral of f(x) ; this therefore proves 
the corollary. 

Similarly, or as a direct corollary from the above Lemma, we have the 
alternative Lemma and Corollary :— 


Lemma.—If f(x) is a bounded u-function, it is representable as the 
limit of a decreasing sequence of simple u-functions and as the limit of 
such a sequence of simple l-functions. 


Cor.— These sequences may be integrated term-by-term. 


19. THrorEM.—Bounded monotone sequences of l-functions (u-func- 
tions), whose limits are l-functions or u-functions, may be integrated term- 
by-term with respect to a positive monotone increasing function g(x). 


We shall as usual assume the funetions to be all positive for the pur- 
poses of proof. 


Case 1.—Let bi < b: <... be a monotone ascending sequence of l- 
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functions ; the limiting function b(z) is then an l-function. Each 5, is 
then the limit of a monotone ascending sequence of simple /-functions, 
and we may so choose these that they form a doubly monotone scheme of 
functions, as follows :— 

by S On x bx. > Oy, 

AN A A A 

bn < bn < bas S ... -> b, 


In fact, if ba is not originally > bıı everywhere, we need only replace 5j, 
by the function which is at every point equal to the lesser of b,, and ba. 
The new function will still be a simple /-function and will be < big as well 
as « ba. If we proceed in like manner to adjust successively the func- 
tions bı, in the first row, no value having been introduced except values 
in the second row, the limiting fnuction of the first row will be at every 
point b, or ba and must therefore be b,, since we have nowhere raised the 
value of a function in the first row. Similarly we adjust each row in turn, 
till we have our scheme, as given above, in which each row and each 
column constitutes a monotone ascending sequence. 
It now follows immediately that 


by L ba L... Sa SK... b. 
Hence by the definition of the integral of an J-function, 


| d(x) dg(z) = Lt |b.) dge). 
nw 


But since b,» and b, are both /-funetions, and the former is not greater 
than the latter, 


| Bin (2) dg (a) < | 5.) dg (a). 
Therefore Lt | b, (x) dg (x) > | b(z) dg (x). 
4— 2 


But since 5, and b are both /-functions, and the former is not greater 
than the latter, the sign > in the preceding inequality is inadmissible. 


Thus 
Lt | 5. (x) dg (z) = | b (x) dg (x). 


This proves the theorem in this case. 


Casg 2.—Let the given sequence be a monotone descending sequence 
of w-functions. 


This may be treated in the same way as Case 1, or it may be deduced 
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from Case 1, since by changing the sigus of all the functions and adding a 
suitable constant, the same for all the functions, we make all the functions 
positive /-functions. 


Case 8.—Let f, « f; « ... be a bounded monotone ascending sequence 
of u-functions, whose limiting function f(x) is also an w-funetion. 


We may, by the preceding Lemma, regard each function f, as the 
limit of a monotone descending sequence of simple /-functions, which may 
be integrated term-by-term ($ 11). From among these simple /-funetions 
we choose one, say b„ (x), whose integral with respect to g (x) differs from 
that of f, (x) by less than 2^"^!e.* The succession of functions b, dg, ... 
is Dot necessarily monotone increasing, but we can change it into such a 
sequence as follows. Wherever b, > 5, we replace the value of b, by 
that of b,, retaining the values of b, at the remaining points. Let the 
modified function so obtained be c, (x). Then c, will still be an /-funetion, 
and it will still be > f2. We then modify 5, and so on. We thus get a 
monotone ascending sequence of /-functions, 


o = b Lo [Leo 
where for all values of n, 
e.) > fn; (1) 
and therefore, since both these functions are /-functions, 


| cn (2) dg (x) > | f.) dg (2). 


But the limiting function c(x) of the c,-sequence being an /-function, 
we can, by Case 1 of the present discussion, integrate term-by-term. ‘Thus 


| e dg (x) > Lt |) dg (2). (2) 


Moreover, by (1), proceeding to the limit with 7, 
cix) >fe); 
and therefore, since c(c) is an !-funetion, and f (x) is a u-function, 
| c(a) dg (x) > \f (x) dg (a). (3) 
Now at every point either | 


Cy (x) — falx) = bg (x) —falz), or bw) ha) « b, (0) — f (2). 


+ The choice of the functions b. (x) therefore depends on g (x). 
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Hence at every point 
hs (ba — f) + (6, — f). 
Both sides of this relation represent /-funetions, therefore 
| 6, —/9 dg (x) < | (0,—f9 dg (2) +] 6, —f) dg (x) < e(27?-- 279) < fe. 
A similar inequality holds for each value of n. Hence | 
| eG dg) < | fue) dg (x) +4e. 
Proceeding to the limit, and comparing with (8), 
[ f(x) age) < |e dag) < Lt |J, ( dg (X) +e. (4) 
Hence, remembering that, since f, <f, and therefore, both being u- 
functions, 
| ful) dg (2) < fo dg CD), (5) 
we get, proceeding to the limit, and using (4), 
Lt | File) dg (£) < |/ (x) dg(r) < Lt | Flt) dg (c) 4- 1e. 
ur x u— 
Since e is as small as we please, this proves the required result, viz., 


[je dg (x) = Lt | File) dg (x). 


Case 4.—If we are given a monotone ascending sequence of w-functions 
whose limiting function is an /-function, the proof in Case 8 still applies, 
since the fact that f(x) was an u-function only entered into the argument 
at the places italicized, in order to obtain equations (8) and (5), and the 
argument is equally true if in these places we make f (z) an /-function. 


Cases 5 AND 6.—If we are given a monotone descending sequence of 
l-funetions whose limiting funetion is either an /-function or an u-funetion, 
the argument used in Cases 8 and 4 applies mutatis mutandis. 


Thus in all cases the theorem is true. 


13. The limiting function of a monotone ascending sequence of l- 
functions is always an /-function, and the limiting function of a descending 
sequence of u-functions is always a u-function. Thus there is no restric- 
tion in assuming in Cases 1 and 2 of the preceding proof that the limiting 
function is an l- or u-funetion. In Cases 8-6, however, there is a re- 
striction. The nature of the limiting function, however, only enters in 


TE es ee, "o En o  ——— en we 
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two places into the argument, where it is italicized. If in the proof there- 
fore we replace the symbol | f(x) dg(x) by the symbol B, used to denote 


the upper bound of the integrals of w-functions less than f(x), the rela- 
tions (8) and (5) will still hold. This 1s evident at once in the case of (5), 
since f, is an «-function not greater than f, and appears after a moment's 
consideration in the case of (8), since c(z) is greater than any w-function 
less than f(x). | 

Thus it appears that the limit of the integrals of any bounded mono- 
tone ascending sequence of w-functions whose limiting function is f(x) 
is the upper bound of the integrals of w-functions less than (x). 
Similarly we see that the limit is the lower bound of the integrals of 
l-functions greater than f(z). 

Hence we get the following theorem :— 


THEoREM.—The limit of the integrals with respect to a positive mono- 
tone increasing function g(x) of all bounded monotone sequences of l- and 
u-functions having the same limiting function f(x), whether f (x) is or is 
not an l-function or an u-function, is the same. 


If the sequence is monotone ascending (descending) and contains an 
infinite number of /-functions (u-funetions), the limiting function f(x) is an 
l-funetion (u-funetion), so that the result follows at once from the preced- 
ing theorem. If the sequence contains only a finite number of l- or u- 
functions, these may be disregarded. Thus we are left with two kinds of 
sequences which have to be compared, namely monotone ascending 
sequences of «-funetions and monotone descending sequences of /-functions, 
and we have to consider separately the cases when f(x) is the limit of one 
only of these types of monotone sequences, or of both types. 

When f(x) is the limit of one only of these types, the required result 
has just been proved, and it has been pointed out that the limit in ques- 
tion is the upper bound of the integrals of w-functions less than f(x), and 
the lower bound of the integrals of /-functions greater than f(x), these two 
bounds being accordingly equal. 

There remains therefore only to compare two sequences monotone in 
opposite senses. 

Let a, < dg x; ... be a monotone ascending sequence of w-functions, 
and b, z ba >... à monotone descending sequence of /-functions with the 
same limiting function f(z). Then, if we write 


Cn = b,—a;,, 


the functions c,(r) form a monotone descending sequence of /-functions 
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with zero as limit, whieh may then be integrated term-by-term, by the 
case already disposed of. "Thus 
Lt fcr) dg) = 0. 


Nn FD 


Hence Lt | b,(x)dg(zr) = Lt | a, (c) dg (x). 
na n>x ` 


This proves the theorem in this final case, and so completes the proof. 


14. The funetions which are the limits of monotone ascending 
sequences of «-funetions are what I have called du-functions, and those 
which are the limits of monotone descending sequences of /-functions are 
ul-functions. The functions which are both lu- and a/-funetions are the 
functions of Baire's first class, that is the limits of continuous functions. 
The preceding theorem therefore gives us the definition of the integral 
with respect to a positive monotone increasing function g(x) of functions 
of these two types, as the limit of the integrals of any monotone sequence 
of l- or u-functions having the required integrand as limit, and shows that 
this definition is consistent. Moreover, it also shows that the integral 
may also be defined in the following manner. 


Derinition.—The integral with respect to a positive monotone in- 
creasing function g (x) of a bounded lu-function (ul-function) is the upper 
(lower) bound of the integrals with respect to g(x) of u-functions (l-func- 
tions) which are less (greater) than the function. 


With this definition we may express the result of $ 13 by saying that 
any bounded monotone sequence of l- and u-functions may be integrated 
term-by-term with respect to any positive monotone increasing function. 

We also have the following theorem :— 


THEoREM.—Bounded monotone sequences of lu- and ul-functions whose 
limits are lu- or ul-functions may be integrated term-by-term. 


The proof of this theorem is exactly parallel to that of $ 12, and is 
divided into similar cases. Wherever we had /-funetions, we now have lu- 
functions, and where we had «-functions we have ul-funetions. Wherever 
we had simple l- or 4-funetions we now have general l- and w-functions. 
In Case 3 we have no need for a lemma, such as that proved in § 11, since 
an wl-function is by definition the limit of a monotone descending sequence 
of «-functions. 

Similarly, by the argument of $ 18, we have the following theorem :— 


THEoREM.— The limit of the integrals with respect to a positive mono- 
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tone increasing function g (x) of all bounded monotone sequences of lu- aud 
ul-functions having the same limiting function f (zx), whether f(x) is or is 
not a lu- or an ul-function is the same. 


Here again the unique limit which we obtain for the integrals of the 
sequence is the upper bound of the integrals of u-funetions less than f(z), 
and at the same time the lower bound of the integrals of /-funetions 
greater than f(x). 

This theorem establishes the existence of the integral of f(z) in the 
case when f(x) is à lul- or an ulu-function, and gives us the same alter- 
native form of the definition as that already enunciated in the case of lu- 
and wl-functions. Moreover with this definition bounded monotone se- 
quences of lu- and ul-functions may be integrated term-by-term. 


15. It is clear that we might continue in this way stage by stage. But 
it is preferable to take a new departure, and prove certain theorems of a 
different kind, by means of which we are able to deal at once with the 
most general type of bounded function obtained from simple l- and u- 
functions by the method of monotone sequences, functions which, for 
brevity, I sometimes refer to as bounded functions of monotone type. 


THrorem.—Given a bounded lu-function, a bounded ul-function can 
be found, nowhere less than the lu-function, and having the same in- 
tegral with respect to a given positive monotone increasing function g(x). 


Indeed, if we examine the proof of Case 8 of the theorem of § 12, it 
will be found, as already remarked, that the fact that the limiting func- 
tion f (z) is there an u-function only enters in two places into the argument, 
where it is italicized. The assumption is indeed only used in order that 
the limiting function may be one whose integral is known to exist. If we 
omit the assumption, the limiting function is a /u-function, and, as such, 
has an integral with respect to g(x), according to our definition. The 
argument shows then how to find an ascending sequence of /-functions 


€; € C X C3 & ch 
whose limiting function c (x) is, of course, an /-function, such that 
c(x) > f(x), 
and Lt | Fila) dg (x) < le (x) dg (z) < Li | f(x) dg (z) + $e. 
That is, by the definition of the integral of f(x), 
| f(a) dg (a) < | cœ) dg (x) < | f) dg G2) +e. 
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Let us denote this function c(xr) by C,(x), and let us similarly define 
C(x), taking 3e instead of e, and so on. We thus get a succession of l- 
functions > f(x), and such that, for each value of 7, : 


[/6) dg (a) < | Cu) dg CO < | fa) dg (2 4-27". 


If this C,-suecession is not monotone descending, we can, in the usual 
way, make it so. Wherever C4 > C,, we decrease its value to that of Co, 
and similarly treat in turn the subsequent functions C,. We may there- 
fore assume that the C,-succession is a monotone descending sequence of 
l-funetions > f (x), and satisfying the double inequality last written down. 
The limiting function q(x)* of this sequence will be an u/-function, by defi- 


nition, and its integral, being the limit of [ C. (cx) dg(r) will by the last 
inequality, differ from | F(z) dg(z) by less than 2^"e for any value of n, 
and must therefore be equal t | f(x)dg(r) This proves the theorem. 


We also have the following theorem. 


THEOREM.— Given a. bounded. lul, we can always find an ul, nowhere 
less than the lul, and having the same integral with respect to a given 
positive monotone increasing function g(x). 


The argument is precisely the same as in the proof of the preceding 
theorem, except that the functions D, (x) ($ 12) are now general /-functions 
instead of simple /-functions. 


16. We can now prove the following general theorem :— 


THEOREM.—Given any bounded function, formed by any monotone 
process, such as those here described, we can find an ul-function not less 
than it, and a lu-function not greater than it,t each having the same 
integral with respect to a given positive monotone increasing function 
g (x). 


Suppose, for definiteness, that the monotone succession defining the 
function f(x) is an ascending one, say 


A «fax... 


Then, without loss of generality, we may suppose that the theorem has 
been proved to be true for each function f„(x) of the sequence. 


* It will be noticed that the construction of the function 4 (x) depends on the particular 
monotone function g (x) with respect to which we integrate, since, as pointed out in § 12, this 
is the case with the auxiliary functions b, (zx). 

T These functions depending on g (x), see footnotes to §§ 12 and 15. 
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Let us take a lu-function A;(x) < f.(r), and having the same integral 
with respect to g(z). Doing this for each integer n, we get a new 
succession, which, if not already monotone increasing, we modify as 
follows :—At any point where hi > h», let us increase the value of the 
latter to that of the former. Denoting the modified function by hg, it is 
still a /u-funetion ; and, since 


he < hg x fo 


it has the same integral as before, equal to that of fə We then proceed 
to similarly modify /i, and so on. Thus we have a monotone ascending 
sequence of /u-functions h,, whose integrals are equal to those of the 
functions f,. 

The limiting function h(x) of this succession is an llu, that is a lu, 
and is, of course, like every An., not greater than f(x) Also its integral 
may be obtained by term-by-term integration of the h,-sequence, and is, 
accordingly, the limit of | f.. (x) dg(x). Thus we have found such a lu- 
function as was required. 

Again, let us take an wl-function q;(z) > f,(z), and having the same 
integral. Doing this for each integer n we get a new succession, which, 
if not already monotone increasing, we proceed to modify as follows :— 
Let q,(z) be the function whose value at each point is the lower bound of 
all the functions q;,(z). This function is easily seen to be an wl-function, 
since it is the limit of a monotone descending sequence of wl-functions, 
got by taking the lower bound of & finite number of the functions gi (x). 
Similarly, let q; be the function formed in like manner from all the func- 
tions gr (X) except the first, and soon. We thus get a monotone ascending 
sequence of wl-functions qn (z), such that 


f» < In X Ins 


80 that the integrals of these three functions are the same. The limiting 
function of the q,-sequence being a /ul-funetion, which is nowhere less 
than f(z), and whose integral with respect to g(x) is, by definition, the 
limit of that of qn (2), that is, of f,(z), we can, by the preceding theorem, 
find an w/-function g (x), nowhere less than f(z), and having for integral 


with respect to g (x) the limit of | fs (x) dg (z), that is, J^ (x) dg (x). 
This proves the theorem. 


17. From the preceding theorem it follows that all the bounded func- 
tions obtained by monotone processes from simple l- and u-functions 
possess integrals with respect to a given positive monotone increasing 
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function. Indeed since an u-function less than the auxiliary function A (z) 
of the preceding proof is certainly less than f(z), it follows from the 


equation : 
Lt (fa (2) dgl) = | h(x) dg (2), 
hPa: à 


by 8$ 14, that the limit on the left of this equation < A, where 4 denotes 
the upper bound of the integrals of «-functions less than f(x). Similarly 
by means of the auxiliary function q (x), we see that that limit > B, where 
B is the lower bound of the integrals of /-functions greater than f(x). 
Thus, denoting the limit by F, 


B<F< N. 


But since an «-funetion less than f (zx) is certainly less than an /-function 
greater than f(x), the same is true of their integrals, whence, considering 
the upper and lower bounds of these integrals, we see that 


A < B. 
Hence B=F= A. 


Since A and B are defined with respect to f(x), and are independent of 
the particular sequence fi < f; « ... — f, this proves that the integral is 
uniquely determined, so that the definition we have given of the integral 
is consistent. At the same time this gives us a new definition of the 
integral of any bounded function of monotone type, that is any bounded 
function defined by means of monotone sequences, starting with simple Z- 
and w-functions :— 


Derinition.—Form the integrals with respect to g (x) of all u-functions 
less than the given function, and take the upper bound of these integrals ; _ 
form the integrals with respect to g(x) of all l-functions greater than the 
given function, and take the lower bound of these integrals; then, if the 
upper bound of the former and the lower bound of the latter agree, the 
function is said to possess an integral with respect to g(x), or to be sum- 
mable with respect to g(x), and the value of the integral is the common 
value of these two bounds. 


By the preceding tlıeorem it then follows that all bounded functions of 
monotone type have integrals in this sense with respect to g(x), and that 
such integrals are the same as those previously defined by means of mono- 
tone sequences. 

If the upper and lower bounds referred to in the above definition do 
not agree, we may call the former the upper integral (generalized), and 
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the latter the lower integral of the function with respect to g(x). This is 
a point of merely academic interest in so far as we are dealing with 
bounded functions, since all the bounded functions which actually occur 
belong to one of the classes which we have defined by means of monotone 
sequences. 


18. The mode of proof adopted in § 16 gives us a simple proof of the 
following important theorem :— 


THEOREM.—Any bounded monotone sequence of functions, formed by 
any monotone process, such as those here described, may be integrated 
with respect to a given positive monotone increasing function g(x) term- 
by-term. 


We may evidently suppose the functions of the sequence to be positive. 
Let then f, f, <, ... be a monotone ascending sequence of positive 
funetions, and f(x) thelimiting function. By the theorem of $ 16 we can 
find two auxiliary successions of functions, A, ha, ... consisting of lu- 
functions, each not greater than the corresponding function of the f,- 
sequence, and qı, qe. ... consisting of wl-functions, each not less than the 
corresponding function of the /„-sequence, the three functions with the 
same index having the same integral with respect to g(x). Moreover, as 
in the proof of $ 16, we can ensure that the two auxiliary suecessions are 
themselves monotone ascending sequences. 

Let h (x) and q (x) be the limiting functions of the auxiliary sequences ; 
the former is then a /u-funetion, whose integral is the limit of 


b 
| hy (x) dg (x), 


and the latter is a /ul-function, whose integral is the limit of 


b 
| qn (2) dg (2). 


h b b ig 
Hence | h (x) dg (x) -| q (x) dg (x) = Lt | Ina) dg (x). 


But, since f(x) is the limit of f,(z), and f, (x) lies between An (x) and q«(z), 
it follows that f(x) lies between A(z) and g(x), so that also the integral of 
f(x) with respect to g(r) lies between those of A(x) and q(x), and is 
accordingly equal to them. Thus 


b 
IE (x) dg (£) = „Li f fs (x) dg (a), 
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‚which proves the theorem in this case, and therefore, by the usual 
reasoning in the general ease of a bounded sequence monotonely ascend- 
ing or descending. 


Con.—Any bounded sequence of such functions may be integrated 
term-by-term with respect to g (x). 


For, if f,, fa ... be the given sequence, and f the limiting function, we 
ean form a monotone descending sequence of funetions* of monotone type 
having f as limiting function, by taking q,(z) to denote the upper bound 
at the point z of the quantities fr (2), frsi(t), .... Then, by the theorem. 


b b 
NI dg (x) = Lt | qa (x) dg (x). 


The functions q,(x) being by their definition not less than the correspond- 
ing functions f,(z), we get 


| F(x) dg(x) > nf fa (x) dg (2). 


Similarly, considering the lower, instead of the upper bounds, we get 
h b 
| fe dg (z) < Lt | f» (x) dg (a). 


Hence | F(z) dg(z) = Lt | f» (x) dg (x), 


which proves the corollary. 
19. Now let f(z) be a continuous function. Then we know that f(z) 
is the limit of a monotone ascending sequence of simple /-functions, 
a(z) < aalt) « ..., 


defined as follows :—a, (x) is the lower bound of f(x) in each of the closed 
intervals got by dividing the whole interval of integration into (n—1) 
equal parts at the points 


a = Cy Co; e.. Ca—1 Cn = b. 


We then know, by the property of uniform continuity, that given e, we 


can find n, so large that, whatever point z, we choose in the closed. 


* “ On the New Theory of Integration," p. 177. 
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interval (c,, ¢,+1), la (esf (ee: 

for all points x in that closed interval, provided only n > ne 
Henee, referring to the expression given in § 4, for the integral of 
a,(z) with respect to g (x), and denoting the upper bound of g (z) by M, we 
have i EE 
| an (x) dg (c) = = SF (xi) [9 (cis) -g(c)]+30eM, 


where —] <0 <1. 
Now we have seen that, as n—> œ, the left-hand side of this equation | 


b 
has a unique and finite limit, namely | f (z) dg (x) ; therefore the summa- 


tion on the right has, as n — ©, a limit or limits which differ from this 
finite quantity by less than 8e. Since e is as small as we please, this 
proves that the expression 


n-— 


l 
2 f (xi) [g (ci43) —9 (c) ] , (II) 


i=l 


b 
has as n—> œ a unique and finite limit, namely | f(x) dg (x); moreover 


this is true however the points z; are chosen in the corresponding inter- 
vals (Ci, C41). 

This proves that the integrals defined in the present paper by the 
method of monotone sequences coincide in the case of continuous fune- 
tions with the integrals of Stieltjes. Indeed the definition of the integral 
of a continuous function with respect to a monotone increasing function 
given by Stieltjes depends on the Lemma that the above summation (II) 
has such a unique limit as we have seen to exist, and this limit is defined 
to be the Stieltjes integral. 


20. The summation (II) used by Stieltjes suggests itself of course by 
analogy with the ancient definition of integration. The extension of the 
realm of ordinary integration by Riemann so as to include, not only con- 
tinuous functions, but also functions whose discontinuities, to use the 
modern form of expression, form a set of zero content, suggests that the 
summation (II) may be used for functions of a more extended nature than 
continuous functions. 

When we replace the independent variable z by a monotone increasing 
function g(z), the analogon of the content of a set of points is the varia- 
tion of g(x) with respect to the set of points in question, the variation here 

K 2 
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being of course the positive variation. Similarly when we replace £ by a 
function of bounded variation, the content is replaced by the total varia- 
tion of the function with respect to the set of points. 

The variation of a monotone increasing function over a set of points 
may, like the content, be defined in different ways. It has been defined 
as the lower bound of the variation of the function over a set of non- 
overlapping intervals containing the set of points;* this corresponds to 
the definition of the outer content.! It has again been defined; as the 
unique limit, when this exists, of the variation of the function over the 
sets of intervals of a sequence of such sets, each lying inside the preceding, 
and having the set for inner limiting set ; this assumes that the set is an 
i-set, and corresponds to the definition of the content of an i-set; it re- 
mains here to discuss whether the limit in question is unique for all 7-sets. 
In view of the classifieation of sets of points$ which I have recently given, 
we shall naturally discuss the variation of a monotone increasing function 
with respect to a set of points more completely, and answer all the ques- 
tions which suggest themselves. 


The variation of a monotone increasing function g(x) with respect to a 
set of points S will then be defined as the integral with respect to g(x) of 
the function which 4s unity at the points of the set and zero elsewhere, 
provided this integral exists ; if it does not exist we shall have an upper 
and a lower variation, namely, the upper and the lower integral of the 
function with respect to the set of points (vide supra, § 17). 


It then follows from $17 that « monotone increasing function g(x) 
possesses a variation with respect to any set of points which can be ob- 
tained from a finite number of closed or open intervals by means of mono- 
tone processes. For it has been shown in my discussion! of such sets 
that the function which is unity at the points of the set and zero else- 
where is a function which can be obtained from simple /- and u-functions 
by the method of monotone sequences. In particular this is the case if 
the set S is a closed set, a set of intervals, an :-set or an o-set. This 
answers the question indicated a few lines back. 


* W. H. Young, ‘‘On Functions of Bounded Variation," 1910, Quarterly Journal. 
Vol. 42, p. 71. | 

t W H. Young, ‘‘ Open Sets and the Theory of Content, 1904, Proc. London Math. Soc., 
Ser. 2, Vol. 2, pp. 16-57. 

[ Loc. cit., footnote *, supra. 

§ “ On Functions and their Associated Sets of Points," 1912, Proc. London Math. Soc.. 
Ber. 2, Vol. 12, pp. 260 seq. 

| Loc. cit., $ 8. 
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If the variation of the monotone increasing function g(s) over every 
set of points of content zero is zero g(x) is, by a theorem of Lebesgue's," 
a Lebesgue integral, and conversely, if f(z) is a Lebesgue integral, this is 
the case. Even if the function f(x), which we propose to integrate with 
respect to a general monotone increasing function g(x), has only discon- 
tinuities at a set of zero content, it will not usually happen that the varia- 
tion of g(x) over the set of these discontinuities is zero. It may, however, 
happen that the variation of g(x) over the set of these discontinuities is 
zero, without the set having zero content, and without g(x) being special- 
ised so as to be a Lebesgue integral; a simple example of this is when 
g (x) = x at the points of a set G of positive content, and is constant in 
the black intervals of G, while f(r) has all its discontinuities internal to 
the black intervals of G. | 

Corresponding to Riemann's extension of the notion of an integrable 
function, we now have a certain class of functions which may be said to 
possess a “‘ Riemann " integral with respect to the monotone increasing 
function g(x), that is to say a function such that the summation (II), used 
by Stieltjes, has a unique and finite limit, however the points x are 
ehosen in their corresponding intervals, and however those intervals are 
constructed, provided only the length of the greatest of them approaches 
zero as n—> ©. The necessary and sufficient condition that a function 
f(z) should belong to this class of functions is precisely analogous to 
Riemann’s condition of integrability, and the proof is closely similar to 
the proof of his result. 


THeorEM.—The necessary and sufficient condition that a function f(z) 
should possess a “ Riemann" integral with respect to the monotone in- 
creasing function g(x) is that the variation of g (x) over the set of points 
at which f(x) is discontinuous should be zero. 


Let us divide the closed interval (a, b) in any way we please into a 
finite number of parts, consisting of points of division 


Oy = q, Cas ...9 Cn-1 Cr = b, 


and completely open intervals. Let U; and L; denote the upper and 
lower bounds of f(z) in the completely open interval (c;, ci+1). 
The lower summation of f(x) with respect to g(x) for this division is 


* H. Lebesgue, ‘‘Sur la Recherche des Fonctions Primitives par l'Intégration," 1907, 
Rend. dei Lincei, Vol. 16, p. 286. 
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then the following expression 
n—1 
Uy (a) = 2 L; [g (ci. — g (c3], 
i=] 
while the upper summation v;(r) only differs from this by U; re- 
placing L;. 

Let v, and u; denote the upper and lower summations with respect to 
any other division, and u, and v the upper and lower summations with 
respect to the division whose points of division consist of all those belong- 
ing to the two former divisions. "Then, evidently 


uy x Wy X Ux Uk. 


Hence, if v denote the lower bound of all the upper summations, and u 
the upper bound of all the lower summations 


"xU: 
and therefore Un XC ux Ux Ux. (1) 
n=l 
Now vr—urk= 2 (Ui—L0[g Cin —9(c2]. 


=l 


But from the meaning of the term discontinuity, it follows that, corre- 
sponding to each point x, we can find a tile d; with z as point of attach- 
ment,* such that, if y; and yg are any two points in the tile, the difference 
between /(y,) and f(y4) is less than W,-+e, where W., is the discontinuity 
of f(x) at the point of attachment x. By the Heine-Borel theorem we 
ean find a finite number of these tiles, having the following properties :— 


(1) The length of each tile is less than an assigned quantity H. 
(2) Each point of (a, b) is covered by one or more of the tiles. 
Let h be the length of the smallest of these chosen tiles. Then, if 
each division (ci, c;41) 18 of length less than 7, it will lie at most in two of 


the chosen tiles, and therefore, if y, and y, are any two points in the 
closed division (c;, c;+1), 


fd —f Ya) | « Wi, + Wi, + 24, 


where W, aud IW., are the discontinuities at the points of attachment of 
the two tiles in question, so that the points x, and x, are internal to an 
interval of length 2H which contains (c,, ¢;+,). 

Now let 5, denote the closed set of those discontinuities of f(x) which 


* That is, an interval d, with z as an internal point of special character. 
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are ze. Then, since the variation of the monotone increasing function 
g(x) over the whole set of discontinuities is zero, it is clearly zero over 
the closed set S.. Also the set S,, being closed, is the inner limiting set 
as H — O0 of a set of intervals, each of length 2H with the points of S, as 
centres. 

These intervals tile over a finite number of non-overlapping intervals 
Ze, i, and S, is therefore also the inner limiting set of Z, n as H — O0, so 
that the variation of g(x) over Z., n has, as H — 0, for unique limit the 
variation of g(x) over S., that is zero. Thus we can choose H so small 
that the variation of g(x) over the intervals Z., 4 is less than e,, where e, 
18 as small as we please. 

Now, as we have seen, each division (ci, c;,j) either is internal to an 
interval of length 2H containing a point of S,, and is in that case internal 
to the intervals Z., n, or else it is such that, y, and y being any two of its 


ponasa | fy—Flys) | < 4e. 


Thus the summation representing vx—* may be divided into two parts, 
the first of which corresponds to divisions in which 


U;—L; < de, 


and the second corresponds to divisions which lie in the intervals Z,, 1, 80 
that the variation of g(x) over them, that is, 


2 [g (Ci+1) st] (cà | 


is less than ej. We have, therefore, denoting by M, the upper bound of 
y (x), and by Q the difference between the upper and lower bounds of f(x), 


0x v—u S vx—ux K AeM + Qe. 
Since e is as small as we please, and M and Q are fixed, this proves that 


u = vU. 


u—1 
Thus the expression | z fa) [9 (ci) —g (c:)] 


has, a8 *? — œ, a unique and finite limit «, however the points z; are 
chosen in the corresponding divisions (ci, C;+1), and however the divisions 
he made, provided only, as n— œ, the length of the greatest of them 
approaches zero as limit. | 

Now let a(x) be the function which in each completely open division 
(ci, Ci+1) is equal to the lower bound of f(x) in the corresponding closed 
division, and at the points of division is equal to the greater of the two 
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values in the neighbourhood, so that a (x) is a simple v-function < f (2). 
We have then by the definition of the integral of a simple funetion 


| a(x) dx = E [a(c)]Lg (ci4-0) — (c0 ]+a (ci +9) [g (6.1 — 9) —9 (e: 4- 0)] 
+a (ci41) [g (6:43) —9 (0i41— 0) ]. 


Dividing the summation into two parts as before, we see that this lies 


between T 
I Jx0[g(ci.0—9(c)] X 4eM+ Qe), 


and is therefore as near as we please. to u, provided the divisions are 
sufficiently small. Hence the upper bound of the integrals of upper semi- 
continuous functions < f(x) with respect to g(x) is not less than u. 

Similarly, taking instead of a(x) the function 5 (x) which in each of the 
completely open intervals (ci, c;+1) is equal to the upper bound of f(x) in 
the corresponding closed interval, and at the points of division is equal to 
the lesser of the two values in the neighbourhood, we see that the lower 
bound of the integrals of lower semi-continuous functions > f(x) with 
respect to g(x) is not greater than «u. Since this lower bound is clearly 
not less than the former upper bound, it follows that they are equal, and 
are both equal to x, and that therefore f(z) has an integral with respect 
to g(x), and this integral is equal to «. This proves the theorem. 


Cor.—Any function of bounded variation has a “ Riemann” integral 
with respect to any continuous positive monotone increasing function. 


In fact, if f(x) is a function of bounded variation, its discontinuities 
form a countable set. Therefore the variation of g(x) with respect to 
these discontinuities is the limit of the variation of g (zx) with respect to 
a finite number of points, which is zero, since the variation of g(x) with 
respect to a single point is zero, and therefore the same is true of the sum 
of its variations with respect to a finite number of points, that is, its 
variation with respect to a finite number of points. 

This argument shows that any function whose discontinuities are 
countable has a “ Riemann” integral with respect to a positive monotone 
increasing function. 


21. The preceding theorem allows us to prove the theorem of integra- 
tion by parts as follows :— 


THEOREM.—If w(x) and v(x) are both positive monotone increasing 
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functions, and each has a “ Riemann” integral with respect to the other, 


then 
| u de+| vdu = ur+const. 


In fact, we may then write 


n-—l 
| ude = Lt (= u (e) [vte —v(02]). 


i=] ; 


n—] 
fo du = Lt ( E (cis) lli) t (e) ; 
i=] ; 


n -—] 
whence J| vdu = Lt È [u(i v (Ci) ule) ven) | 
i=l 


i= 


= Lt [e (cna) v (Cn) — u (c1) v(ey)] 


= uv + const. 


Con.—4f u and v are both positive monotone increasing functions and 
one of them is continuous, the formula for integration by parts holds. 


This justifies Stieltjes’ use of the formula for integration by parts to 
define the integral of a monotone function with respect to a continuous 
funetion, which, in his ease, is extended so as not necessarily to be of 
bounded variation. 


22. We have now completely discussed the method (A) of detining the 
integrals of functions with respect to a positive monotone increasing func- 
tion. In the method (B) we start with continuous functions instead of 
simple /-functions and u-functions. The definition of the integral of a 
continuous function f(x) with respect to a positive monotone increasing 
function g(z) may be taken to be that of Stieltjes, which depends on a 
preliminary Lemma, a proof of which by the method (A) has already 
been given. The enunciation of the Lemma is as follows :— 


Lemua.—lIf f(x) is a continuous function and g (x) a positive monotone 
increasing function in the closed interval (a, b), then the summation 


n—1 
= fe» [g (ci —9 (c) ], (1) 


where Gi 55 05 Cor tens Ore Oe, 


and x; is any point in the closed interval (ci, ci41), differs from a deter- 
minate limiting value I by as little as we please, provided all the 
intervals (ci, ci,1) are conveniently small. 
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The limiting value I is then defined to be the integral of f (x) with 
respect to g (x). 


The original proof of this Lemma does not differ in any essential 
particular from that of the corresponding Lemma when the monotone 
increasing function is the independent variable itself, and is identical in 
form with the proof of the same Lemma when the function f(x) is not 
necessarily continuous, but is such that the variation of g(x) over the 
set of points at which f(x) is discontinuous is zero, a proof written out 
in $ 20, as the first part of the proof of the theorem there given. The 
fact that the above Lemma may be given this more general form shows 
that we may, if we please, begin, instead of with continuous functions, 
with functions whose discontinuities form a set over which g(x) has zero 
variation, using the limiting value of the summation (II) as the definition 
of the integral in this case. The integrals so defined, as well as the 
simpler case of them due to Stieltjes, have already been identified 
(38 9 and 20) with the integrals defined by the method (A). 

We may, however, if we please, avoid the use of this Lemma by using 
instead Weierstrass’s theorem that any continuous function is the uni- 
form limit of a sequence of polynomials. This enables us to reduce the 
problem of the integration of continuous funetions to that of the integra- 
tion of a polynomial, and therefore to that of the integration of a power 
of the independent variable. We may then use the formula 


h 
| x” dg (x) = [220] -[ xz" g(xde, 


as giving us the definition of the symbol on the left of this equation in 
terms of an integral of the same form with z"^! instead of x” as integrand, 


h 
and therefore, by repeated use of the formula, in terms of | g (x) dir, 


which, since g(x) is a monotone increasing function, may be regarded as 
a Riemann integral. The integral of a polynomial is of course defined to 
be the sum of the integrals of its separate terms. We then show without 
difficulty that any uniformly convergent series of polynomials when in- 
tegrated leads to a convergent series, and we take the sum of this series 
to define the integral of the sum of the original series. We have thus 
defined anew the integral of any continuous function with respect to the 
monotone increasing function g (x). 

The method of monotone sequences can now be employed as in 
method (A) remembering that it has been proved* that any bounded u- 


* W. H. Young. ‘‘On Monotone Sequences of eee Functions,” 1908, Prec. Camb. 
Phil. Soc., Vol. xiv, p. 523. 
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function or /-function is the limit of a monotone sequence of continuous 
functions. We thus arrive at the definition of the integrals of the same 
functions as by method (A) with respect to the monotone increasing 
function g(r), and the integrals so defined are the same as those defined 
by the other method. 


23. In the third method (C), which combines in a certain sense the 
advantages of the methods (A) and (B), we start with those simple l- and 
u-functions whose discontinuities are only at points of continuity of the 
monotone increasing function g(x). If f(z) is such a function we may 
define its integral by a simpler summation than the general formula (I) 
of § 4, namely, 


| fed dg) = X fetogi gle], (ID 


which is, in the case when f(x) is such a function as is here considered, 
formally identical with the summation (IT) used by Stieltjes. 

It is easily verified that this expression for the integral is the same as 
that given by the formula (I) under the circumstances specified. 

We have now only to show that any simple l- or u-function is the 
limit of a monotone sequence of such special l- and «-funetions. 

Let f(x) be a simple /-funetion having its discontinuities at the points 
P,, Ds, ..., P,, some or all of which may be discontinuities of g(x). 

Taking any monotone descending sequence of quantities with zero as 
Hae ei> Cp nn 930, >, 
we can then, within a distance e, of the point P, on either side find points 
P., and Pj, respectively, such that between them there is no discon- 
tinuity of f(x) except P,, and that the points P; ; and Pl; are not them- 
selves among the countable set of points at which g (x) is discontinuous. 

Let us find a pair of such points for each value of s from 1 to 7, k 
being fixed, and let us define a function f;,(z) to be in the closed interval 
(Pix, Pex) equal to the lower bound of f(x) in that interval, for each 
value of s, and in the remaining intervals to coincide with f(x). Then 
f(x) is evidently a simple /-funetion less than or equal to f(z), and de- 
scribes as A.» « a monotone increasing sequence, having f(x) as limit, 
except at the points Pi, P5, ..., Pr at which this is not evident. Now at 
P. the limit off;(zy) as k — o is the limit when k— œ of the lower 
bound of f(x) in the closed interval (P,,, P'a), and is therefore equal 
to f(P,), since f(x) is lower semi-continuous at P,. Thus at the doubtful 
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points also f(x) is the limit of the monotone ascending sequence of 
special simple /-functions constructed. 

Similarly any simple u-function is the limit of a monotone descending 
sequence of special simple w-functions. 

It follows therefore from the theory of these integrals as defined by 
the method (A) that, starting with these special simple l- and «-functions, 
and defining their integrals by the formula (III), we arrive by the method 
of monotone sequences at the same theory of integration with respect to 
the monotone increasing function g (x) as before. 


24. We now come to the integrals of unbounded functions. The method 
we have adopted enables us to treat these very simply. Writing 


f(x) = |fe| — 6| — Fe), 


we have expressed f(x) as the difference of two positive functions (> 0), 
of which the second is not greater than twice the first. It will at once 
appear from the definition to be given of the integral of a positive function 
with respect to g (x), that a positive function is summable with respect to 
g (x) if another function can be found which is not less than the first, and 
is known to be summable with respect to g(x). Hence it follows that, if 
| f(x)| has an integral with respect to g(r), so has [|f(x)| —f(x)], and 
therefore so has f(r) itself, the latter integral being the difference of the 
two former integrals. In this case f(x) is said to have an absolutely con- 
vergent integral with respect to g(x), or to be summable with respect to 
g(x). In the discussion of absolutely convergent integrals therefore it is 
only necessary to consider positive functions, and we shall in future re- 
strict ourselves in this sense. 

The positive functions to be considered may or may not assume the 
value + at certain points. It must, however, be clear that, in order to 
obtain a finite value for the integral with respect to g(x), the function to 
be integrated must not be infinite throughout any interval, or at any 
point at which g(x) is discontinuous. We shall therefore further restrict 
the class of functions to be considered, assuming that these incon- 
veniences are excluded. l 

This being so, we next remark that a function f(x) such as we are 
considering can always be considered as the limit of a monotone ascend- 
ing sequence of bounded functions 


Ah « fa x ... f, 


where, for instanee, as in de la Vallée Poussin's definition of the improper 


ite — er A a VT d 
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integral, f, (z) is the function which is equal to f(x) wherever this is less 
than z, and is equal to n elsewhere. Moreover, if f(r) is a function of 
monotone type, f, (x) is a bounded function of the same type. 

If f(z) is defined as the limit of a monotone descending sequence, the 
constituent functions will be unbounded functions, and will therefore not 
at present have satisfactorily defined integrals. Thus in defining the 
integrals of unbounded positive functions in accordance with the principle 
of § 5, we shall only consider monotone ascending sequences of bounded 
functions, the integral of f (x) being defined as the limit of the integrals of 
any monotone ascending sequence of bounded functions having f(x) as 
limit, provided this limit is finite, it being shown as a preliminary that 
this limit is independent of the particular such sequence chosen. We 
shall in this way have a definition of the integrals of unbounded /'s, ws, 
lu’s, ul’s, and so on, as well as of the more complicated functions of trans- 
finite types. It will then be necessary, in accordance with the principle 
of § 5, to show that with our definitions monotone sequences, both ascend- 
ing and descending, of positive functions, bounded and unbounded, may 
be integrated term-by-term, this being understood with the gloss that, if 
the limit of the integrals is infinite, the limiting function is non-summable 
with respect to g(x), and vice versa. 

In order to prove that the proposed definition of the integral is con- 
sistent, it will only be necessary to establish the definition in the case of 
an unbounded Ju-function and lul-funetion, and to show that ally mono- 
tone ascending sequence of unbounded Ju-functions and ul-functions may 
be integrated term-by-term ; we can then apply the reasoning of § 16 to 
show that whatever function of monotone type f(x) may be, the value of 
its integral is independent of the particular sequence of bounded functions 
used to obtain it. This is done in $$ 25-28. 


25. Now if we examine the proof of the theorem of § 8, we shall see 
that the hypothesis that the sequence is bounded only enters in order to 
establish the following points :— 


(i) B and F are finite quantities. 
(i) f(x) is finite at each of the points of discontinuity of g (x). 


In the case we are assuming (ii) is hypothecated to be true, and though 
B and F need not be finite, they are necessarily positive, the assumption 
of a quantity B' less than B therefore makes B’ finite, which is all that 
is required in the argument. We have thus the following extension of 
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that theorem :— 


THvorEM.—Given two monotone ascending sequences of positive simple 
[functions with the same limiting function, the integrals of the two 
sequences with respect to a given positive monotone increasing function 
g(x) have the same limit. 


Hence, as in § 10, we give the following definition :— 


Derinition.—The integral of a positive l-function, which is not infinite 
throughout any interval, nor at any of the points of discontinuity of g(x), 
ws defined to be the limit of the integrals of any monotone ascending 
sequence of simple l-functions having the given l-function as limit, pro- 
vided the limit of the integrals is finite. i 


The Lemma of $ 11 evidently holds when f(z) is positive but un- 
bounded, provided it is not infinite throughout any interval, since the 
lower bound of f(z) in any interval being finite, the auxiliary simple /- 
function f; (x) is properly defined. Thus 


Lenma.— Any positive l-function is representable as the limit of an 
increasing sequence of simple l-functions, and as the limit of such a 
sequence of simple u-functions. 


We now come to the theorem of $ 12, Cases 1 and 4. The argument 
in Case 1 is valid as it stands, so that we may at once assert that mono- 
tone ascending sequences of positive /-functions, whose infinities are re- 
stricted in the manner already mentioned, may be integrated term-by-term. 
In Case 4 we must of course at this stage assume that the w-functions 
are bounded «-funetions, since we have not yet defined the integrals of 
unbounded w-functions. The Lemma of $ 11 may therefore be applied in 
the alternative form given at the end of that article, and the whole argu- 
ment holds verbatim. The argument of $ 18 holds as it stands. We 
have therefore the following theorem :— 


The limit of the integrals with respect to g(x) of all monotone ascend- 
ing sequences of positive bounded l-functions and u-functions having 
the same limiting function f (x), whether f(x) is bounded or unbounded, 
is the same. 


This establishes the proposed definition of the integral of an unbounded 
lu-function, giving as a special ease that of an unbounded w-function and 
including that of an unbounded /-funetion. It also gives us the following 
equivalent definition corresponding to that given in $ 14 :— 


Derinition.—The integral of a positive lu-function f(x) with respect 
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to g(x) is the upper bound of the integrals with respect to g(x) of all 
positive bounded u-functions less than f(z), provided this upper bound. 4s 
finite. It is also the lower bound of the integrals with respect to g(x) of 
l-functions not less than f (a). 


Moreover the preceding theorem may now be stated in the following 
form :— 


THEOREM.— Monotone ascending sequences of bounded l- and u-functions 
may be integrated term-by-term. 


This statement has to be interpreted with the gloss already noticed 
S 24). 
26. We also have the following theorem :— 


THEOREM.—Monotone ascending sequences of positive unbounded lu- 
functions may be integrated term-by-term. 


Here the same gloss has to be applied. 


The proof is moulded closely on that of § 12. We express the given 
sequence by means of a doubly monotone scheme of functions, all but 
those in the last column being bounded «-functions, and those in the last 
column being unbounded lu-functions. We then get the limiting function 
J (x) expressed as the limit of the monotone ascending sequence of bounded 
4-funetions which form the diagonal, 


fu Sfa S. of. 


By a theorem already proved we may integrate here term-by-term, 
interpreting this expression with the proper gloss. Thus 


jfendgto = Lt | f. dg (x). 
But, since fun < fu, by the definition of the integral, 
| f dg (a) < | fa (x) dg (2). 
Hence | Ja) dg (a) < „Li | In) dg (x). 
But, since f, « f, we have similarly from the definition of the integral, 


| fale) dg (æ) < | f@) dg (o. 


Hence proceeding to the limit & — ©, we see that the sign < is inad- 
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missible in the preceding inequality. That is, 
jtodgto = Lt |f) dgw), 


understanding this equation with the proper gloss. This proves the 
theorem. 


97. Similarly, by the argument of Case 8 of § 12, we have the follow- 
ing theorem :— 


TukonEx.— Monotone ascending sequences of positive bounded ul- 
functions having the same limiting function, have the same limit for their 
integrals, and this limit is at the same time the upper bound of the im- 
tegrals of all bounded u-functions less than f(x), and the lower bound of 
the integrals of all unbounded l-functions not less than f (x). 


In fact, in the argument of Case 3 of § 12, we have only to change 
simple /-functions to general bounded /-functions. The functions b, and 
c, are then bounded /-funetions, and c(x) is an unbounded /-funetion, 
while f(x) itself is an unbounded u/-funetion. As in § 18 we then inter- 


pret the symbol | Fix) dg(x) in either of the two senses suggested by the 


enunciation, the whole argument now holds, and the theorem is proved. 
We thus establish the consisteney of the definition of the integral of 
an unbounded «/-function, and obtain the equivalent form :— 


DeFinition.—The integral of a positive ul-function f (c) with respect 
to g(x) ts the upper bound of the integrals with respect to g(x) of all posi- 
tive bounded u-functions less than f(x), provided this upper bound is 
finite. It is also the lower bound of the integrals of all l-functions not 
less than f(x) with respect to g(x). 


With this definition the same argument adapted from Case 3 of § 12 
enables us at once to prove the theorem at the beginning of the present 
article without restraining the constituents of the sequence to be bounded 
functions. This establishes the definition of the integral of an unbounded 
lul-function and gives us the following theorem :— 


THEOREM.—Monotone ascending sequences of positive unbounded ul- 
functions may be integrated term-by-term with respect to g (a). 


This has to be understood with the usual gloss. 
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28. We can now remove the restriction to bounded functions in the 
theorems of $$ 15 and 16. We have accordingly the following theorem :— 


THEOREM.—Given any positive function, formed by any monotone pro- 
cess from simple positive l- and u-functions, we can find an unbounded ul- 
function not less than it, and an unbounded lu-function not greater than 
ut, each having the same integral with respect to a given positive monotone 
increasing function g(x). 


This theorem establishes, as in $ 17, the consistence of the definition 
of the integral of f(z) with respect to g(x), or the non-summability of 
g(x) with respect to g(x), according as these auxiliary functions are or are 
not summable, and at the same time verifies the fact that, in the case of 
positive unbounded functions of monotone type, the integral exists in the 
sense given in the definition of $ 17, provided the common value of the 
upper and lower generalised integrals is finite. 

We have thus completely established the theorem of the integration of 
positive functions with respect to g(x). This gives us at the same time 
the definition of the absolutely convergent integral with respect to g(x) of 
any function f(z), whether positive or not, which is summable with respect 
to g(x), that is to say which is such that | f(z) | has an integral, finite of 
course in value, with respect to g(z). We see also that the term-by-term 
integration of monotone sequences is allowable for all summable functions 
with respect to g(x), this being interpreted with the proper gloss; for, if 
f(x) denote the typical constituent of the sequence, and we write 


Tn (x) — Un (x) -- im), 


where wu, (x) = f.(x) wherever f,(r) zm 0, and w,(z) = 0 elsewhere, both 
u, (x) and v, (X) are positive functions, and, as n increases, they describe mono- 
tone sequences, which may accordingly be integrated term-by-term, and 
whose limiting functions u (x) and v(x) bear the same relation to f(x) that 
u,(r) and v,(z) do to f,(z). Thus, if the monotone sequences described 
by | us (x) dg (£) and D (x) dg (x) have finite limits, these limits are the 


integrals of u(x) and v(x) respectively. Hence u(x) and v(z), and therefore 
also their difference f(x), are summable with respect to g(x), and 


| f(x) dg(x), being the difference of | u(x) dg (x) and | v) dg(x), is the 


limit of | f(z) dg (@). 

If, on the other hand, one of the auxiliary v and v sequences is such 
that its integrals have infinity for limit, we notice first of all that it is 
then impossible for both the sequences to have this property. For, if the 

SER. 2. vor. 18. No. 1199. L 
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f-8equence is monotone ascending the v-sequence is monotone descending, 
and if the /-sequence is monotone descending, the w-sequence is monotone 
descending. Suppose then it is the w-sequence which is monotone ascend- 
ing and has for its integrals the limit infinity; then the limiting function 
u(x) is non-summable with respect to g(x), and therefore the same is true 
of f(z), which is not less than «(z). Similarly when it is the v-sequence 
which has for its integrals the limit infinity, f(z) is non-summable with 
respect to g (x). 

Thus we may say that the term-by-term integration with respect to 
g (x) of monotone sequences of funetion which are summable with respect 
to g(x) is always allowable; this being, as usual, interpreted with the 
gloss that if,and only if, the limit of the integrals of the sequence is 
infinite, the limiting function is non-summable with respect to g(z). 


29. Returning to the integral of a simple l- or w-function f(z) given 
in $ 4, we see that if the function g (x) is continuous, the expression on 
the right reduces to 


n—1l 
2 fato) [g (cic) —9 (c)] ; 


and if g(x) is the integral of a function y(x), this may be written 


n 


p =} Cigo b 
| F(x) dg (x) = 2 FI (eT 0) i y (z) da | = | fæ) y (az) dz. | 


i= a 


Hence it follows that if f(z) describes any monotone sequence, or any 
succession of monotone sequences, so that f(x) y(z) remains summable, 
not only during the sequences themselves but also in the limit, we shall 
continue to have 


b 
| fe dg(z) = | F(z) y (x) dz, 


a relation which accordingly holds for all functions of monotone type f(z), 
when 


b 
g(z) = | y (zx) da. 


90. It only remains to add a few words on the definition and proper- 
ties of an integral with respect to a function of bounded variation. If 
h(x) be a function of bounded variation it is expressible as the difference 
of two positive monotone increasing functions, say gi(z)—gs(z). We may 
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therefore WY that a function f(x) is summable with respect to h(x) if it is 
summable with respect both to g,(z) and to g(x), and define the integral 
of f(x) with respect to A(z) as | f(x) dg; (x)—| f(x) dg,(z). With this def- 
nition it is evident that when f(z) is a simple l- or w-function the form of 
the integral given in § 4 is unaltered, we have indeed only to change g 
into À on each side to obtain the equation which now holds. Hence it 
follows that the integral of a simple l- or u-function f(x) with respect to 
a function of bounded variation A(z) is independent of the particular way 
in which we express h(x) as the difference of two positive monotone in- 
creasing functions. Thus, as long as we confine ourselves to bounded 
functions f(z), and bounded monotone sequences no difficulty will occur. 
When, however, we have to deal with unbounded monotone sequences of 
bounded functions, or with unbounded functions, the theory as here 
developed can only be applied in so far as the results when we divide up 
h(x) into g;(z)—g,(zx) are not illusory, through the appearance of the inde- 
terminate form o» — o. 


81. In conclusion one application of the present theory may be 
given. 

Let f,(z) be a function which as n approaches f(x) as limit, and let the 
integrals of f, and f respectively with respect to the independent variable 
be denoted by F„(x) and F(z). If then F,(x) converges boundedly to F(z) 
we may integrate term-by-term with respect to a positive monotone in- 
creasing function g(x), and write 


„ut | F. (x) dg(x) = | Fo dg (2). 


Since F,(x) and F(z) are continuous, we may integrate by parts, which 
gives (§ 21) 


u [roro —\lamaro} = [Foso] ware}. 


Hence, since F'„ and F are both integrals, 


Lt | oc 8. (x) dz = i g (x) f(x) da. 


We have in this simple manner by the use of integration with respect 
to a monotone increasing function reproved a theorem stated and proved 
in my paper on “The Application of Expansions to Definite Integrals,” 

L 2 
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the direct proof of which required delicate and lengthy handling. This 
theorem is as follows :— 


If | Fılz) dx converges boundedly to | F(x) dx, and g(x) is any function 


of bounded variation in the interval considered, then 


Lt [5 (x) g(x) dx = | f(x) g(x) da. 


This is only one of a number of cases in which the present theory may 
be used with a gain of clearness and simplicity in the proof of results 
whose enunciations do not themselves involve the concept of integration 
with respect to a function of bounded variation. 


82. In conclusion we may give the following theorem as an instance 
of theorems in two or more dimensions in which the present theory 
may be used :— 


Taeoreu.—If f(z, y) is a function of monotone type in the two inde- 
pendent variables x and y for (0 Kz «za, O xz y « D), then the repeated 
integrals of f(x, y) with respect to a positive monotone function g(x) and 
to y are equal, provided these integrals exist. | 


It will be at once seen that the proof of this theorem by the method 
of monotone sequences is immediate ; we have only to convince ourselves 
that the theorem is true when f(z) is a simple l- or u-function of (x, y). 
Assuming in the first instance that this has been proved, we proceed by 
induction. l 

Let fa(x, y) be the constituent function of a monotone sequence with 
F(z, y) as limit. We then have 


b a b a 
| ay | f(x, y) dg (c) | dy Lt NS y) dg (x) 
0 ‘JO 0 nc JO 


h u 
Lt | ay | fale, y) dg (x), 
0 0 


n— un 


since the last inside integral describes a monotone sequence. Similarly, 
a b e U 
| do) | F(a, y)dy = Lt | dgco | In(z, y) dy. 
0 0 n JO n 


Assuming therefore the theorem known to be true for all the functions 
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f, (£, y), this gives 


b a a b 
| dy | f(a, y) dg(z) = | dg (4) | F(x, y) dy. 


This proves the theorem by induetion, supposing it known to be true 
when f(x, y) is a simple l- or u-funetion of (x, y). It will evidently only 
be necessary to discuss the case when f(z, y) is a simple /-function of 
(z, y). 

The simple /-function f(x, y) determines a set of completely open 
rectangles throughout which f(z) is constant, and which, with their 
boundary points fill up the closed fundamental rectangle. Let us project 
the sides of these rectangles on to the axis of x; we thus have a finite 
number of points, 


Cy = 0, Co, ..., C41, Cn = A. 


Now whatever point z we take in a chosen completely open interval be- 
tween two of these points of division the ordinate through the point x 
will meet the same rectangles ; it is only when we pass from one of these 
completely open intervals to another that the rectangles met by the ordi- 
nate will vary. Consequently 


b 
F(x) = | I, y)dy, 


which is—since for fixed x, f(z, y) is a simple /-function of y, constant in- 
side the rectangles—a simple /-function of z, constant in each of the com- 
pletely open intervals between the points of division c, Ca ..., Cn; that it 
is an l-function is known* and may easily be proved. - 

Hence, by the definition of the integral of a simple /-function, 


a i-u-—l i 
| F(x) dg (x) = = { F(c;) [g (ci +0)—g (ci) | 
+ F(ci+90)[g (ci+1—0) —9 (c: +0) ] 
T Fri) [g (ci) = (ci+ı—0)] L (1) 


On the other hand, for y constant, f(x, y) is a simple l-function of x, whose 
discontinuities are among the points c,, Ca ..., Cne We shall therefore 
make no error if we write down the expression for the integral using all 


* W. H. Young, ‘‘On Parametric Integration," 1910, Monatshefte f. Math. u. Phys., 
Jan., pp. 1-24. 
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these points c, cs, ..., c, a8 points of division. We then have 


« t=n-1 
f F(z, y) dg (£) = I {flex y) [g (ci +0) —9 (c2] 
+/(c:+0, yg (ei«1—90) —9 (c: +0) | 
+fler, [g(cic0—9(0—9]1, (2) 


where the right-hand sides of (1) and (2) only differ in the substitution of 
f for F. It follows therefore, from the meaning of F(z), that when we 
integrate the left-hand side of (2) with respect to y we get the right-hand 
side of (1). This proves the required result, viz., 


b a a 
[af se, n aot — [arto | fe, nav. 
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THE SKEW ISOGRAM MECHANISM* 
By G. T. BENNETT. 


[Received August 18th, 1918.—Read November 13th, 1913.) 


1. A closed chain of n rigid bodies, each connected with its two 
neighbours by a hinge-line, has in general n—6 degrees of internal 
freedom; and so when n = 4 the chain is in general triply stiff. There 
are three cases in which, exceptionally, one degree of freedom exists: 
namely, (i) when the hinge-lines are parallel, (ii) when the hinge-lines 
are concurrent, (iii) when the hinge-lines, taken in order, have common 
normals which are consecutively intersecting and alternately equal in 
length. The first two cases are now long familiar. The last case seems 
to have been first published ten years ago, by the author (Engineering, 
December 4th, 1908, p. 777, “ A New Mechanism "). It was found also 
independently by Borel (Comptes Rendus, December 19th, 1904; and 
Mémoires, Tome xxxi No. 1, p. 56). It has since been noticed by 
Bricard (Nouvelles Annales, 1906, p. 78). In this present paper some 
properties of the deformable skew isogram will be given, and some com- 
pound mechanisms will be exhibited in which the skew isogram occurs as 
a basis of their construction. 


2. Let the consecutive hinge-lines be h, k, h’, k' ; let the common 
normals intersect on these at A, B, A’, B'; let AB = A'B' =a and 
BA' = B'A =b (Fig. 1). The quadrilateral ABA’B’ is a skew isogram, 
and the hinge-lines at the corners are normal to the adjacent sides. The 
four rigid links lie each along one side of the isogram, with hinges normal 
to the link at its two ends. The figure is symmetric about a line z which 
perpendicularly bisects the diagonals AA’, BB’. The alternate interior 
angles at A, B, A’, B' are equal, say 0, ¢, 6’, ¢'. The consecutive incli- 
nations of the hinge-lines, to be called the twists of the links, are also 
alternately equal, say a for AB and A'B’, and 8 for BA’ and B'A. 


AL ln m —————————————— m 


* The term ''isogram '' is used to describe any four-sided figure, whether plane, spherical 
or skew, which has its alternate sides equal in length. 
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The freedom of the mechanism appears as a consequence of the 


Fic. 1.—( Vide 88 1-8). The skew isogram, seen from infinity on its axis of symmetry as a 
parallelogram ; the angle-bisectors at its vertices appearing as two sets of four parallels. 


symmetry of the tetrahedron ABA’B’ about the axis z. The volume of 
any tetrahedron may be written as 2AAÀ' sin a — a, where a is an edge, 
A, A' the triangles meeting in the edge, and a the inclination of their 
planes. Here the two triangles are of the same dimensions for each side 
of the isogram in turn, and hence a/sin a = b/sin8 = p, say. If the 
isogram were merely articulated at the vertices, then a and 8 would be 
separately variable. The formula shows that both are constant if one 
is, and so proves the hinged mechanism deformable. The length p, 
taken as a scalar quantity, will be called the “index” of a link. The 
The links which compose the skew isogram consist of two congruent 
pairs all with the same index. It is to be observed that links of equal 
length and of the same index may have twists either equal or supple- 
mentary ; so that they are either twins or images of each other. 

The spherical indicatrix (Fig. 2) of the skew isogram is formed by 


K’ 


e 


hr 


Fic. 2.—Spherical crossed isogram. 
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taking vertices H, K, H', K' representing the directions of h, k, h’, k'. 
An arbitrary sense is given to h, and those of k, h', k' are derived by 
the successive twists, all measured in the same sense. The figure is a 
spherical crossed isogram with constant sides, and deforms simultaneously 
with the skew isogram. 

Conversely, starting from any spherical quadrilateral, a skew quadri- 
lateral of determinate form may be drawn with its sides in directions given 
by the vertices of the reciprocal spherical quadrangle; the sines of the 
solid angles of the four triangles giving the ratios of the lengths of the 
skew sides. For the case of the spherical isogram with constant sides 
a, D, a, B, these sines are equal to sin Ó sin $ sin a and sin Ó sing sin f, 
each occurring twice. The skew figure is an isogram with sides a, b, a, b, 
where a/sina = b/sin 8 ; and so a and b may both be constant and the 
deformability is again proved. 


3. Any one side of the quadrilateral H K H'K' being omitted, Napier B 
formula for the remaining triangle gives 


tan 30 tan 39 = sin 3 (a—B)/sin 4 (a 4-8). (1) 


When 0 = 0, then ¢ =, and the links of the skew isogram are in one 
straight line AB’BA’, normal to all the hinge-lines; and when 0 = 7, 
then ø = 0, and the links lie in a straight line B’AA'B, normal to all 
the hinges. If 0 increases continuously m— $ increases continuously, and 
if AB is fixed AB’ and B’A revolve continuously as cranks, with the skew 
connecting rod B'A’ transmitting the motion between the non-parallel 
and non-intersecting crank-axes h, k. The two rectilinear zero positions 
give neither “ change-points " nor “ dead-centres" as with parallel cranks. 
(For the mechanical aspects of the mechanism reference may be made to 
the article above quoted.) 


Special cases of the mechanism occur :— 


(i) a = -—D, a=b. The isogram is equilateral. The four 
links consist of a twin pair, and another twin pair, images of the 
first. The diagonals AA’, BB’ are perpendicular and the figure is 
symmetrical about the plane through either diagonal and the axis 2. 
Opposite hinges h and h’ intersect at a point 4, on z; and hinges & 
and k' intersect at a point By on z. The formula (1) in this case 
gives 44,4. BB, = p° cosa, so that the product of the normals keeps 
constant during deformation. 


(ii) a= 8, a = b. The four links are congruent. The motion 
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is discontinuous; 6 = 0 allows any value for ¢, and ¢ = O allows 
any value for 0. 


(ii) a — 0, 8 — 0. The plane crossed isogram. 
(iv) a = 0, 8 = v. The plane parallelogram. 


It will be convenient later to use a notation which associates analogous 
mechanisms of the plane and spherical and skew varieties. Of those now 
being considered the plane isogram (whether a parallelogram or crossed) 
shall be denoted by (A1); the spherical isogram (whether crossed or not) 
shall be (A2); and the hinged skew isogram (A3). The mechanism (A2) 
occurs as the spherical indicatrix of (A3); and (Al) is a limiting case of 
either (A2) or (A8). (It is to be observed that a spherical crossed isogram 
becomes an uncrossed isogram if adjacent vertices are replaced by their 
antipodes.) 


4. As a converse to the foregoing, if two rigid bodies revolve about 
fixed axes h and k, distant a apart and inclined at an angle a, and if the 
angles of rotation 6 and ¢ are connected by any equation of the form 


A tan 40 tan $¢+B tan 40+C tan 39 4- D = 0, (2) 


then a link of length a and twist a may connect them, consistently with 
their relative motion. For the equation (2) can be rewritten in a unique 
form 


tan 3 (0—0) tan 3(6— $9 = sin 3 (a—A)/sin 3 (a+), (8) 


differing from (1) only in the zero lines of the bodies from which the 
angles are to be measured, and thus determining the sides BA’ and AB’ 
of the isogram as lines of the bodies. The twist 8 satisfies the equation 


tan? 48 cot? 4a = [(4 4-D)*--(B— O]/[(4 —DY--(B--CP], (9 


and the only failing ease occurs when the bodies rotate through equal 
angles; for then B= C, A = — D, B=0, b=0, or B= —C, A =D, 
B = v, b = 0, and the cranks are of zero length. If, however, the axes 
of rotation are parallel in this case, and rotation takes place in the same 
sense for the two bodies, then b is indeterminate and the isogram is a 
parallelogram. 


5. Some useful formule connected with the geometry of rotating 
bodies may here be inserted. If two rigid bodies have a hinge line A, 
and if k and k’ are any two lines, one of each body, then during the 
relative rotation about À the lines k and k’ have a variable inclination y» 


a d E 
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and a variable distance 6, and these two variables are related. The rela- 
tion is not simple unless, as will be supposed here, the common normals 
of h with k and k’ meet on h. Projecting the closed pentagon ókabk' on 
to 6, we then obtain a relation of the form 


ô sin Y = P—Q cos v», (5) 

where P and Q are constants given by 
P = a eos B/sina+b eos a/sın ß, (6) 
Q = a eot a+b cot B. (7) 

The following special cases occur :— 

(i) acota = — b cot B, Q = 0, dsiny = P; (8) 
(ii) «/sin 2a = — b/sin 28, P — 0, édtany =—Q; (9) 
(ii) a/sina = bjsinß, po. ócotij = P: (10) 
(iv) a/sina = — b[sin B, P=-—Q, öteandv= P. (11) 


In each case the condition for the constant value may be got by equating 
the values corresponding to the two zero positions, those for which a and 
b are in one line. In case (i) the constant product is the mutual moment 
of the lines. In case (ii) the constant is what may conveniently be called 
the relative pitch of the lines: it is the pitch of the screw having either 
line as axis and the other as a ray. Cases (iii) and (iv) are virtually the 
same, and they apply to the case of the hinged skew isogram. They 
show that the relative pitch of z and h, or z and kh’, is constant, and given 


by (z, h) = ip (eos a+cos 8). (12) 


The relative pitches (z, A) and (z, &') have the same value. 


The axis z has also a constant pitch relatively to any one of the sides 
of the isogram. ‘The distance of z from a is half the common normal be- 
tween the sides a, a; its length is therefore 4bsin OY (Fig. 2). The 
inclination of z and a is 3KOH’, and from the figure 


sin OY tan 3KOH" = (cos 8—cos u) /sin B. 
Hence (z, a) = ip(eos B—cos a) | (18) 


and similarly (z, b) = ip(eos a—cos ß) j | 


6. The figure of the skew isogram has certain quadric surfaces inti- 
mately associated with it. So much of their geometry as is connected 
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with the kinematies of the mechanism may be conveniently enunciated 
here. To the isogram are added first the internal angle bisectors at the 
vertices A, B, A’, B', namely, /, kı, hi, ki, and also the external angle 
bisectors khaka. The following theorems then occur :— 


(i) Two hyperboloids of revolution R,, R; contain the sides of the 
isogram and touch each other at the vertices. The axes 7, »; meet z 
normally at the respective centres C,, Co. 


(ii) The lines A, hj kak are meridian tangents of R, and meet r,: 
and A, Ask, kj are meridian tangents of R, and meet 7. 


(iii) The lines A, hik,k; and z are generators of a rectangular 
hyperbolic paraboloid II, and have a common normal >; parallel to rz: 
and A, h;k,k; and z are generators of a rectangular hyperbolic para- 
boleid II; and have a common normal 7; parallel to 7. 


(iv) The meridian plane C,/, of R, and the meridian plane C,h, 
of R intersect perpendicularly in %, and pass respectively through 7, 
and 7. Similarly for 2’, k, A. The orthogonal hyperboloid Q 
generated by the line of intersection of perpendicular planes through 
rı and 7, contains the four hinge lines A, h’, k,k'. It has z as one 
axis, 7], 79 a8 generators at vertices C,, Ca, and centre coincident with 
that of the sphere through the vertices A, B, A', B’. The tangents 
from C, or C, to the sphere have constant length (z, a). (18). 


(v) Planes perpendicular to 7, cut R, in latitude circles, and cut 
Q in one set of circular sections. Planes perpendicular to 7, cut Ra 
in latitude circles, and eut Q in the other set of circular sections. 


7. The kinematics of the finite displacements may now be considered. 
First, with 4B supposed fixed, consider the screw displacement which 
will take A’B’ to its zero position, given by 0 = 0, p — v. This may be 
got by compounding rotations (in succession) 0 about h’ and $—7 about 
k; as equivalent, half turns on hj, A'B, A'B, k,; as equivalent, therefore, 
half turns on hi and k, alone; and so [$ 6 (iii) ] the screw has axis 73, with 
shift and turn double of those which would take A; to ky Alternatively 
the same displacement of A’B’ is obtainable by taking rotations $— on 
k' and Ó on h; as equivalent, half turns on k» AB’, AB’, h; as equi- 
valent, therefore, half turns on As, A, alone; and so the screw has axis 
r as before, and has the same shift and turn. The screw displacement 
of A'B' to the other zero position is found, similarly, to have 7; as axis. 

Conversely, the screw displacement of A’B’ from a zero position to 
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any other may be considered. The geometry is simple, and may usefully 
be put in a form independent of all that precedes, as follows:—Take any 
rectangular hyperbolic paraboloid with ¢ as one of the generators through 
the vertex, A any other of the same system, and u, a’, v, v' generators of 
the opposite system, normal to ¢ and cutting A in points A, A’, B, B’. 
Let u and u’ be equidistant from y, the second generator through the 
vertex, and let v and v’ be also equidistant. So AB = A'B' = a, say; 
and BA’ = B'A =b. Let the normals at A, B, A', B' be h, k, ', k' ; 


and let their inclinations be a = hk = h’k’ and B kh’ = Kh. Let u 
and u’ cut A at an angle 10, and let v and v’ cut A at an angle 4(7— 4). 


A 


Fic. 8.—(Vide §7.) Rectangular hyperbolic paraboloid seen from infinity on a 
principal generatcr. 


(Fig. 8. Regard then AB, BA’, A'B', B'A as four links in one line, with 
the normals h, k, h’, k' as hinges. The following results appear :— 


(i) The four points 4, B, A’, B' of the generator À have the same 
cross-ratio as the tangent planes at the points. Hence 


a?/b? = sin? a[sin? 8 ; 
and the four links have all the same index. 


(ii) Half-turns on 4' and v are equivalent to half-turns on &'AXv, 
and so to rotations 0 on A’ and -—4 on k. Hence, if AB is fixed, 
and 4'B' moves, the link AB’ may connect them without preventing 
these rotations. Similarly half-turns on »' and u are equivalent to 
half-turns on »/'AAu, and so to rotations z —4 on k' and 0 on h. The 
link A'B allows these. Further, in virtue of the symmetry of uu'n’, 
with € for normal, the two screw movements are the same. 


(i) Any rectangular hyperbolic paraboloid has a property ex- 
pressed by the formula tan x sin V» = cote; where, for any generator 
meeting A, x is their angle of intersection, V is the angle the normal 
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makes with the normal at An, and e is the angle AC. For A’, x = 10 
and y= i(a4-8); for B', x — i(r—4) and y = 1(a—f), and 
hence the formula (1). 


(iv) A single infinity of rectangular hyperbolic paraboloids can be 
drawn with A as generator and with given normals (A, k, A’, k' and 
so all others) along A. Each provides a principal generator 6, a 
screw on which takes A’B’ from the zero position to one of the skew 
positions. One paraboloid, specially, has ¢ coincident with A; and 
the screw on A leads to the other zero position. 


8. The relative motion of a pair of opposite links may now be con- 
sidered. 

Let AB be supposed fixed, and let A’B’ have continuous motion. In 
any one of its positions a half-turn about z brings it to coincide with AB, 
end with end and hinge with hinge. Hence all positions of A’B’ are ob- 
tainable from the fixed piece AB by making half-turns about the different 
positions of the line z. The pitch of z relatively to h and k and AB are 
all constant (12)-(18) ; hence z generates a hyperboloid z. It has AB as 
one axis and the middle point of 4B as centre. Any point P' carried by 
the moving link is derivable from the corresponding point P of the con- 
gruent fixed link by a half-turn on z. Hence the locus of P' is got by 
taking the doubled generator-pedal of the point P with regard to the 
hyperboloid Z. Specially, any point P of h gives a circular locus for P' 
on A’, and any point P of k gives a circular locus for P'on k’. The 
geometry of any quadric Z, which associates itself with this property, may 
be briefly stated :— 


(i) Taking one system of generators z, and one system of circular 
sections y, planes through the points of a circle y drawn perpen- 
dicular to the generators z all meet in a point P. 


(ii) The locus of P for different circles y is a line h normal to an 
axis a of z, and perpendicular to the planes of the other system of 
circles. 


(iii) Taking either system of generators and either system of 
circles four such lines are obtained. They are generators of a con- 
focal quadric, passing through its vertices on a. 


(iv) The relation between the confocals is mutual, and the genera- 
tors through the vertices of each are perpendicular to planes of 
circular sections of the other. 


To find the axis of the small screw displacement for consecutive posi- 


4 
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tions t&ke adjacent generators z, z. Half turns on these are equivalent 
to the screw displacement, and its axis is the common normal o of z and 
7. It touches the hyperboloid Z at a point of the line of striction and is 
perpendicular to z. It is also normal to the moving cranks b, b; for 
small rotations about À and k’ give a screw motion with axis normal to 
A B', and small rotations about k and A’ give a screw motion with axis 
normal to BA’. (The identity of these two screws demands that A, A, k, k’ 
should be generators of a quadric. The quadric is Q.) The line a, 
normal to AB’, is at distances b,, bz, say, from A and k’, and makes angles 
B, B, with them; so that b,+0,= b and 6,+8, = 8; and, from the 
pitch formule of a cylindroid d,cot 8, = b4cot/0,. These are equally 
true for ø in relation to h and k (in place of k’), and suffice to define the 
locus of o independently of the hyperboloid. The surface locus generated 
by c is the space axode for the movement of the link A’B’. The body 
axode is similarly found, and is congruent with the first, the two being 
images in z. They have contact along o and screw motion about it during 
the movement. 

The familiar analogues in the case of the plane crossed isogram (A1) 
and the spherical isogram (A2) are these :—the instantaneous centre for 
the connecting link is the point of intersection of the revolving cranks ; its 
loeus is & conie (or sphero-conic) with the ends of the link for foci, either 
for the connecting link or the fixed; and the locus of any carried point is 
the doubled pedal of the corresponding fixed point with regard to the 
space-centrode conic. 


9. Some compound mechanisms constructed by use of the skew 
isogram will now be described. To each one corresponds a spherical 
mechanism given by the directions of the hinge lines, and also a plane 
mechanism obtained as a degenerate case of the spherical mechanism. In 
cases where these are not already known they will be described in advance, - 
and the skew mechanism afterwards. 

A plane mechanism of twelve pieces (B1) composed of crossed isograms 
shall be described first.* Take (Fig. 4) concentric circles of arbitrary radius, 
centre O. Start from any point A on one circle and pass by any zigzag 
track A B’CA’, visiting the two circles alternately, from A to A’. Each 
step subtends an angle at O, and the resultant step subtends an angle 
equal to their sum. Retaining the angles but permuting their order six 
different tracks may be made from A to A’, as in the figure. The four 
lengths BC’, B'C, AD’, A'D are equal, and similarly for two other sets of 
four: AB'DC' and A'BD'C are a pair of crossed isograms, and similarly 


* But see also Bricard, Nouvelles Annales, January 1913. 
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for two other such pairs. If these twelve lines are made links, and 
hinged at the eight points, the resulting mechanism (B1) has two degrees 
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Fic. 4.—(Vide S9.) Plane mechanism of twelve links hinged by threes at eight points, 
with two degrees of freedom. 


of freedom ; for the radii of the circles may vary independently. (The 
normal freedom for such a system as this would be unity. The figure is 
the reciprocal, with respect to its centre, of the deformable double-four 
described in a paper on “ Deformable Octahedra ” [Proc. London Math. 
| Soc., 1911, Vol. 10, pp. 809-848, hereafter referred to as (D.O.)]. 

The figure depends for form and size on five parameters, and may be 
drawn, without any use of the circles, by starting with three concurrent 
links, inclined at arbitrary angles, as data. The rest of the figure is ob- 
tained by the drawing of crossed isograms. Changing the notation, let a 
base point O be taken, and three other points 1, 2, 89. A crossed isogram 
with consecutive vertices 1,0, 2 gives for its fourth vertex a point 12; 
points 18 and 28 are obtained similarly. Next a crossed isogram with 
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consecutive vertices 12, 1, 18 gives a fourth vertex 123; and three points 
obtained and named in this way are all identical. It may conveniently be 
said that the addition of three vecters by crossed isograms is commutative. 
Addition by parallelograms is of course intuitively commutative by virtue - 
of the idea of direction. 

Reverting to the mechanism and its notation, it is clear that the quad. 
rangles ABCD and A'B'C'D' have corresponding-opposite sides parallel, 
such as BC and A'D'; and their product is constant and equal to 
CA" BA”, with the same value for the product B'C'. AD. Any four 
equal links, such as BC’, B'C, AD’, A'D touch a cirele with centre O; 
and there are three such cireles. 

For the kinematics, consider the instantaneous centres of relative 
motion of four equal links BC’, B'C, AD', A'D. The relative centre for 
BC' and AD! is the intersection of C'A and D'B, that of B'C and 1’D is 
the interseetion of CA’ and DB’, that of BC’ and DA’ is the intersection 
of C'D and A'B, that of B'C and D'A is the intersection of CD' and AB’. 
By stiffening the isogram to which they belong any consecutive two 
of the cycle of four BC’, AD’, B'C, A'D may be made to move as one 
piece, leaving one degree of freedom in the mechanism. Hence, as the 
instantaneous centres of three pieces taken in pairs are always collinear, 
it follows here that all four centres are collinear. They are the intersec- 
tions of corresponding-opposite sides of the isograms BA'CD' and B'AC'D. 
- There are three such axes of perspective, and they may be shown to be 
concurrent. They correspond to the three centres of perspective found 
for the reciprocal figure (D.O., $$ 8, 9). Further, the relative centre for 
BC' and B'C is somewhere on the first axis of perspective, its position 
depending upon the particular motion selected from those possible with 
the two degrees of freedom available; and similarly for AD’ and A'D. 
The six relative centres of four pieces are in general the vertices of a 
quadrilateral ; they are here collinear, and are hence three pairs of points 
in involution. 

The mechanism with one degree of freedom got by stiffening one 
isogram, as a fixed base, leaves the companion isogram moving with its 
. vertices connected to fixed points by four equal links. It occurs among a 
class discussed by A. C. Dixon. (Messenger of Mathematics, Vol. xxix, 
p.18. Very specially the stiff isogram may be given either of its recti- 
linear forms. The doubly-free mechanism may come to have all its links 
in one straight line in four different ways. 
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10. The commutative addition of vectors by plane crossed isograms 
may be extended to any number. 

Take, at starting, vectors joining a point O to points 1, 2, 8, 4. At 
the first stage of erossed-isogram addition there arise six points 12, 18, 14, 
23, 24, 84; and at the second stage four points 123, 124, 184,284. Then 
any pair of these lead to a point 1234 which is the same as for any other 
pair. For consider the three points 128, 124, 184; they belong to a 
three-vector figure, with 1 as a starting point, from which vectors are 
drawn to 12, 18, 14; at the next stage the points 128, 124, 184 are ob- 
tained ; and the three-vector figure completes itself (§ 9) in three coinci- 
dent points here termed 1234. The six possible points 1234 are therefore 
coincident in sets of three, and are therefore all one point. 

The corresponding mechanism has thirty-two links, equal in sets of 
eight, hinged by sets of four (all unequal) at sixteen hinge points, and has 
three degrees of freedom. (It would normally be quadruply stiff.) It may, 
in four ways, be regarded as composed of two mechanisms of class (B1), 
made of the same material, with the hinge-points connected in pairs by 
an additional set of eight equal links. If one of the two (B1) mechanisms 
were stiffened there would remain one degree of freedom. 

The proof of the commutative addition may be extended by induction 
to any number of vectors n. Combined n—1 at a time, by crossed addi- 
tion, they lead (by hypothesis) to a unique point. For each vector entirely 


omitted there is one such point. Taking the three terminals arrived at - 


by omission of any one of the first three vectors, there are then con- 
structible three isograms which all give rise to the same final point: 
for they complete a three-vector figure whose own starting point is 
arrived at by the entire omission of all three vectors. The final points 
are therefore coincident by threes, and are therefore all one single 
point. 

The corresponding mechanism (C1) has 2""1.n links, 2"~' of each 
length; they are hinged at 2" junctions, » at each junction. There are 
n—1 degrees of freedom. [The normal freedom would be (4— n) 2^7! — 3. | 
In 2"^! ways the links may come all in one straight line. From each of 


these rectilinear forms the mechanism may pass into the figure represent- . 


ing the ordinary commutative addition by parallelograms. 

Two hinge points may be termed “‘ opposite " when either is the final 
terminal corresponding to the other as starting point: they are the 
terminals of unclosed polygons with sides consisting of one link of each 
length. Two equal links are then “ opposite " when their terminals are 
opposite. If = 4, opposite links have complete (three degrees of) 
freedom relatively to each other. If either is fixed the other may be 
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brought to any position (within a limited range) by adjustment of the | 
angles made by the fixed link with the three revolving links at either end. 


11. The method of $ 9 used in establishing the mechanism (B1) with 
two degrees of freedom is equally applicable to spherical geometry and 
produces a figure and mechanism (B2). It is composed of three sets of 
four equal arcs, hinged in sets of three at eight points. The eight points 
lie four on a small circle and four on another concentric small circle. 
There are three pairs of crossed isograms. The mechanism has two 
degrees of freedom. The six instantaneous centres of relative motion of 
any four equal links lie on a great circle, the axis of perspective of a pair 
of isograms. The figure is the spherical reciprocal of the spherical double- 
four. (D.O., § 26.) Ä 

In other terms, spherical addition of three vectors by crossed isograms 
is commutative. Further, the proof of § 10 holds good for the sphere; 
and hence addition by crossed isograms on the sphere is commutative for 
any number of vectors. A mechanism (C2) is given by such a figure, the 
spherical counterpart of (C1), with n—1 degrees of freedom. 

It is noticeable that for crossed isograms addition is commutative for 
both the plane and the sphere: but for uncrossed isograms commutative 
addition is intuitive for the plane and is non-existent for the sphere. 


12. The plane and spherical double-fours composed of crossed iso- 
grams, giving mechanisms with one degree of freedom (D.O., §§ 26, 27) 
will here be denoted (D1) and (D2). They are special cases of more 
general mechanisms (El), (E2) which are reciprocal to (C1) and (C2), and 
may be derived from the figure of (C2) as follows. 

In a spherical crossed isogram with angles 0, ¢ and sides a, 8, the 
equation 


tan 3a/tan 38 = cos 3 (0— ¢)/cos 4 (0+ ¢) (14) 


is equivalent to (1) of § 3. Hence, if the sides are altered in length, but 
the tangents of their halves preserve the same ratio, then the angles may 
remain unaltered. It follows that in the figure (C2), showing commutative 
spherical crossed-isogram addition of vectors, the figure may preserve 
the angles at all the junctions unaltered while the tangents of the halves 
of all the vectors are altered in & fixed ratio. A new figure which is its 
spherical reciprocal will therefore have constant lengths and variable 
angles, and gives a mechanism (E2) with one degree of freedom. When 
the sphere becomes a plane the corresponding mechanism (El) arises. 

The figure (E1) may be constructed (cf. $ 9) by starting with a line 0, 
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and lines 1, 2, 8, ..., n crossing it. To each line a sense is attributed. 
A crossed isogram with consecutive sides 1, 0, 2 is completed by a line 12; 
the line 12, with sense included, being obtained by reflecting O in the 
external angle bisector of 1 and 2. The same process continues through- 
out. The same method applies to (E2). The mechanism has 2" links 
with » hinges on each, 2"-!.» hinges in all, and has one degree of freedom. 
[The normal freedom would be (3—n) 2"— 8.] | 

If the lines 1, 2, 8, ..., n are made tangents to a circle, then a special 
case of (E1) arises, in which half the system of lines touch this circle and 
the remaining half, including the line 0, touch a concentric circle. 
Similarly also for (E2). 


13. A skew mechanism (B3) is now to be described. Take four points 
A, B, C, D with cylindrical coordinates (E, z, 0) consisting of a common 
radius F, and heights and azimuths given by the table 


A $177 429— 2g i 0, —0,— 0, 


B | —2,+2,—23 | — 0, 4- 0, — 0, 


C | —2,—2Zgd 23 | — 0, — 0; 4- 0; | 


| D 2+ Zad- 23 | 0, 4-0, 4- 0; 


and four points A’, B’, C', D' with common radius R’ and heights and 
azimuths got by reversing all the signs in the table. The points B’, C’, 
A, D have heights and azimuths exceeding those of C, B, D', A’ respec- 
tively by 2z, and 20,. The four lines BC’, CB’, D'A, A'D have all the 
same length a, ; and two other sets of four have lengths a, and a4. The 
first four are rays of a screw with pitch æ and the axis z for axis, if 


RR' gin 20, = 22,2. 
So if z,/sin 20, = z,/sin 20, = z,/sin 20, = RR'/2e, (15) 


then the twelve lines joining the vertices of the tetrahedron ABCD to 
non-corresponding vertices of the tetrahedron A'B'C'D' are rays of the 
same screw, and the two tetrahedra are mutually inscribed. Rays AB’, 
AC’, AD’, concurrent at A, are coplanar; and so for all the eight points. 
The normals at A, B, C, D make the same angle p with z, given by the 
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pitch equation R cot p = æ, and the normals at A’, D', C', D' make an 
angle p' with z given by R'cotp' = w. The normals at B', C', A, D 
make equal angles a, with the normals at C, B, D', A' respectively ; and 
similarly for angles a, and ag. The spherical indicatrix given by the 
eight normals is the figure (B2). 

Projecting BC’ on to z gives 


27, = a, sin p sin p' gin 20,/sin a,, 
80 w/cos p cos p! = a,/sin a, = a,/sin ag = a,/sin ag = p, (16) 
and R=psinpcosp, R'=pcospsinp’, m=pcospcosp, (17) 


The figure (B2), with a,, ag, ag all constant, has two degrees of freedom. 
Hence, if p is constant the above equations keep a, a5, dg constant in the 
skew figure. The line BC’ may be made a link, with the normals at B 
and C’ for hinges, and has constant length a, and constant twist a. 
Similarly for the rest. The mechanism (B8) so obtained has two degrees 
of freedom. (Its normal freedom would be —14.) It contains three 
pairs of skew isograms. Their axes are three pairs of lines normal to z, 
with coordinates (z,, 0), (—2,, —9,), .... The material of which the 
mechanism is composed consists of twelve links, with lengths and twists 
a, and a, ad, and az, ag and ag, four of each sort, and all with the same 
index. 

The figure is such that (i) its orthogonal projection on any plane perpen- 
dicular to the screw axis is a figure of type (Bl) with its centre on the 
axis, (ii) the twelve lines of the links are all rays of the screw. These two 
conditions alone suffice for the description and construction of the figure. 

The figure is determined, in size and shape, by six parameters. 
Starting with three links 4B’, AC’, AD' of equal index, with a common 
hiuge at 4, and arbitrary angles of inclination for the links, the figure 
may be completed by the successive construction of skew isograms, formed 
with links congruent with the three given links. The final point A’ is 
reached by three different isograms and is the same for all three; and the 
same is true of the hinge-line associated with A’. It may be said, briefly 
but sufficiently intelligibly, that skew isogram addition is commutative for 
three skew vectors of arbitrary lengths and twists if their indices are 
equal. 

The relative motions of four equal links may be treated as for (Bl) in 
$9. Taking in cyclic order the links BC’, AD', CB', DA’, any consecu- 
tive two are opposite sides of an isogram, and have a relative motion on a 
screw whose axis is the common normal of the other two sides: and as 


166 Mn. G. T. BENNETT [ Nov. 18, 


any one of the four isograms may be stiffened (cf. $ 9) the four serew axes 
have all a common normal. Hence common normals of corresponding- 
opposite sides of the isograms AC’DB' and A'CD'B have a common 
normal. It is (D.O., § 4) the axis of a polarizing screw which reciprocates 
these two tetrahedra. There are three such polarizing screws, each re- 
ciprocating a pair of isograms. 


14. The last theorem may be extended to the case of n vectors and 
gives a mechanism (C3). The argument proceeds as for (C1) in § 10. 
The coincidences of vertices are accompanied by coincidence of the hinge 
lines associated with them, in virtue of the property of the figure (B3). 
The commutative addition for skew vectors of equal index holds good for 
^ vectors. The mechanism (C3) has » —1 degrees of freedom, the number 
of links and hinges being the same as for (Cl) and (C2). [The normal 
freedom would be of degree (5—2n)2"—6.| In 2"-! ways the links may 
all come into one straight line. 

Pairs of hinges and pairs of links may be termed “ opposite” as for 
(C1) in $10. If 2 = 7, and one link is fixed, then, by suitable rotation 
of the six links hinged to it at either end, the link opposite to the fixed 
link may, within a limited range, be brought to any position in space. 


15. A skew isogram double-four (D3) may now be constructed. Take 
points A, B, C, D with coordinates as in § 18, and draw lines 1, 2, 3, 4 
perpendicular to R at a slope p to the plane z = 0: and draw similarly 
lines 1’, 2’, 3’, 4’ through A', B', C', D' perpendicular to E' at a slope p’. 
By suitably relating the coordinates these lines may be made to intersect 
so as to form a double-four. Let the lengths along 1, 2, 8, 4 from 4, B, 
C, D up to the intersections with 1’, 2’, 3’, 4’ be given by the table 


| r9 8 | @ 

1 | | a, | —a | a 

(2 /-|  |-« a 
ey -a|-«| | a | 
Pa falala! | 


with a similar table in af, az, ai for lengths on 1’, 2’, 3’, 4'. For the 
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intersection of 2 and 3’, 


a, cos p-]-a1 cos p' = (R—R’) cot 0, (18) 
—a, cos p+ ai eos p' = (R+ fF’) tan 6,, (19) 
—a, sin p+a sin p' = 2z,, (20) 


and the same conditions hold for points 2'8, 14’, 1'4. With three such 
sets of conditions satisfied the lines form a double-four. The quadri- 
laterals 12'8'4 and 1'284' are skew isograms, with the lines z = z, 
0 = 060, and z=—z,, 0— —0, as axes; and similarly for two other 
such pairs. 

Let the normals at the intersections on 1 with 2’, 8', 4' make twist- 
angles —ag, —a,, a, with the normal to 1 and Rat A; and similarly for 
the other normals, precisely as in the table for the lengths a,, a, a3. The 
normals give rise to a spherical double-four (D2); and if it deforms with 
ai, Gy, a3 all constant, then (D.O., § 26) 


cos p’/cos p = cos a,/cos a, = eos az/COS ag = cos ag/eos as, (21) 
and tan 0, tan (a, taı) = sin4(e—p’)/cos4(p +p’), (22) 
cot 6, tan (a, —ai) = — sin 4(p+p’)/cos $(p—p’). (28) 


The skew figure becomes a mechanism if the equations can be satisfied by 
constant values for a,, ai, ...; and this may be secured by putting 


R =æ cosp sinp', — R' — w sin p cos p, (24) 
a, = —wían ai, ai = —wiana, ete., (25) 


where @ is constant. 

The mechanism has one degree of freedom. (The normal freedom 
would be —18.) During the movement the points of contact of the links 
with the coaxial cylinders E, R’ are permanent points of the links, and 
the normal to link and cylinder is also permanently the same line of the 
link. At two stages of the movement it happens that p = +p = 7/2, 
and the links come all in one line. (D.O., $ 26.) 

The present mechanism (D8) and the skew deformable octahedron 
(D.O., §§ 28-80) both have a spherical double-four (D2) as indicatrix. If 
this last is made to be the same in the two cases, then the octahedron 
and the skew double-four may deform simultaneously so that each tri- 
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angular face of the octahedron keeps perpendicular to a link of the double- 
four ; and the hinge-edges of the triangular face keep parallel to the hinge- 
lines of the link. The octahedron flattens into one plane on each of the 
two occasions on which the double-four straightens into one line. 

A special case of the mechanism occurs if p — p'. Then 


R = R' = w sinp cos p, 
and a=— a, a,— —aj-— wiíana, ete. 


The links are eongruent in pairs, and all touch the same circular cylinder. 
Another ease resembling the last in some respects is got by taking 


p =p, —RH-H'-weootp, a =—a, a, =a, = cota, ete. 


These satisfy the equations (18)-(28) and make z, 2, 2, all zero. The 
lines of the double-four are then generators of a hyperboloid of revolution, 
four of one system and four of the other. The twelve hinge-lines are 
normals to the surface. Each pair of links are images of each other. 
The axis of each of the six isograms is an equatorial diameter of the 
hyperboloid. (Cf. § 6, i) When p= O or 7/2, the links are in one 
straight line, lying along the equator of an infinite hyperboloid, or along 
the axis of one with zero equatorial radius. 


16. The isogram 1'284' of the skew double-four (D8) has on each of 
its sides a point of intersection with a side of the companion isogram 
12'8'4. The product of the ratios in which the sides of the first are 
divided is equal to 


22) (A | (02 92) a2 at. 
(a, —a)) (a4 —a,) | (a,— a) (a —a,); 


and this is equal to unity in virtue of (21), (25), § 15. Hence the four 
points 23’, 2'8, 14’, 1'4 are coplanar. There are three such sets of co- 
planar points. 

For any double-four of rods which are merely articulated, and not 
hinged, it is known (Fontené, Nouvelles Annales de Mathématiques, 1904, 
p. 105) that two degrees of freedom occur if these three sets of four points, 
as above, are coplanar. The mechanism (D8), therefore, gives a figure 
with two degrees of freedom if the hinges are replaced by articulations. 

A few comments may be added applicable alike to the above special 
double-four and to the general articulated double-four. The figure has 
twelve diagonals consisting of three sets of four; such as the four which 
join the vertices of 18'42' to the corresponding-opposite vertices of 1'84'2. 
These four are in any case consecutively intersecting lines: but they are 
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also alternately intersecting in virtue of the points 81', 8'1, 24', 2'4 being 
coplanar and the points 12’, 1'2, 8'4, 84' being coplanar. Hence these 
four diagonals are concurrent: and similarly for the other two sets of 
four. The double freedom of the figure becomes thus kinematically 
apparent; for if the first set of four diagonals (the squares of whose 
lengths are obviously linearly related) are kept constant, the rods 1, 2, 8, 
4 make constant angles with 4', 8', 2’, 1' respectively, and the whole 
system reduces virtually to four rigid plates 28’, 2'8, 14', 1'4 hinged con- 
secutively along the diagonals. The concurrency of these shows that 
there is one residual degree of freedom. 

It is noteworthy that the eight lines of this double-four together with 
its twelve diagonals constitute a complete configuration, consisting of 
twenty lines meeting by sets of three in fifteen points. A simple metrical 
instance of such a configuration is afforded by taking eight lines to be 
mutual images in three orthogonal planes; they meet each plane in the 
corners of a rectangle; and the twelve sides of the rectangles and the 
eight lines themselves constitute the configuration of twenty. 


17. If in the formule relating to the skew double-four (D8) of § 15, 
each set of three symbols are extended to a set of n symbols, then a more 
general mechanism (E83) is obtained. A link touches a circular cylinder 
of radius R at a point with coordinates 


Z1-234-234-...-dFz, and 0,+0,+0;+...+4,; 


it is furnished with hinges at points distant ai, dg, Ay ..., a, from the 
contact point, and with twists (measured from the normal to the link 
which is also tangent to the cylinder at the point) aj, ag, a5, ..., ane For 
any other link of the same system any even number of symbols of each 
set, with the same suffixes, have their signs reversed. For the second 
system of links the cylinder radius is R’: an odd number of symbols with 
the same suffixes have their signs changed, and the symbols for the 
lengths and twists are accented. The common slope of the first system is 
p and of the second is p'. Then any two links, one of each system, with 
only one sign different in their specifications, have the corresponding 
points and hinges united, in virtue of equations of the same form as 
(18)-(25) in $15. The whole forms a mechanism with one degree of 
freedom. There are 2"~' links of each system and each has » hinges. 

It is to be observed that the spherical indicatrix is not the most 
general type of (E2), but is the case, noticed in $ 12, in which its links all 
touch two concentric circles. 
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18. The case of the hyperboloid of revolution of § 15 may be extended 
in the same way, giving another (E3) mechanism. Generators of one 
system 2”-' in number cross the equator in longitudes given by 
6,1+-6,+6;+...+6,, together with all other values got by an even 
number of changes of sign; and 2"-! of the opposite system cross in 
longitudes got by any odd number of changes of sign. Then any two 
generators with only one sign different are furnished with a hinge normal 
to both (and to the hyperboloid) at their intersection. The hinges fall 
in north and south latitudes corresponding to longitude differences 
20, 20, 20, ..., 204. The mechanism has one degree of freedom. 
During the deformation R tan p isconstant. (The length of the imaginary 
axis is constant. Any two such hyperboloids may have contact along a 
generator.) 

It may be added that if the hinges are replaced by mere articulations 
there are then two degrees of freedom, R and p being independent. If 
any one other point of intersection is articulated the one freedom then 
left gives the well-known confocal deformation, for which R secp is con- 
stant; and all the other intersections may be then articulated also. For 
both the hinged and the articulated hyperboloid the longitude differences 
vary, the ratios of tan 0,, tan 0,, ..., keeping constant. Two generators of 
the same system differ in longitude by the sum of an even number of the 
differences + 20, + 20, + 20, .... If this sum passes through the 
value 0 (mod 27) the two generators pass each other. 

A simple case for a model of the articulated hyperboloid with two 
degrees of freedom may be suggested. It is made by arranging, in a 
plane, eight rods to cross eight, draught-board fashion ; with articulations 
as shown in the figure (Fig. 5). For this model the central generators 
first pass one another, and next the outermost come into line. 


Fic. 5.—(Vide § 18.) Articulated rods giving hyporboloids of revolution of all sizes 
and shapes. 


19. A very general type of skew isogram mechanism (F3) is derivable 
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from the converse method given in $ 4. Suppose a fixed body A, and ro- 
tating bodies B,, Bz, B3, ..., B, hinged to A and turning through angles 
whose halves have their tangents homographically related. Then B, and B, 
may be linked together by a piece Cia and so for any two of the pieces B. 
Consider then C.a and C44. The bodies B,, A, By, Cia form a skew isogram 
mechanism, and so the rotation of Cj, relatively to B, is the same as that 
of B, relatively to A: and similarly, for B,, A, Bs, Cj, the rotation of C; 
relatively to B, is the same as that of B, relatively to 4. Hence the 
pieces C, and C, may be connected by a link D. All the pieces 
Cro, Cig, -.., Cin, hinged to B,, may be linked in pairs as were, originally, 
all the pieces B,, Ba, ..., Bn hinged to 4; and similarly for all pairs of 
C's hinged to B4 or to B4, .... The process may be continued. Plane 
and spherical mechanisms (F1) and (F2) may be similarly constructed. 
The process is subject to modification by the possibility of bodies which 
are to be connected having (i) equal rotations, or (i) having no relative 
movement. An instance of the last has occurred in the case of the skew 
double-four (D3): to the piece 4’ are hinged pieces 1, 2, 3; and these are 
connected in pairs by 1’, 2’, 8’; then the three connectors of 1’, 2’, 3’ 
in pairs are one and the same piece 4. | 


20. Finally, and briefly, some skew isogram mechanisms may be con- 
sidered in which some or all of the sides of the isograms become infini- 
tesimal in length. 

A ladder-work of » isograms may be taken, for which the rungs 
PoQo P,Qy PoQa ..., P.Q, are all congruent links of length a and 
twist a. The side-pieces forming polygons P,PıPaP; ... Pa and 
QQQ ... Quo may, conveniently, also be made equal, with length b, 
twist 8, and index p = a/sin a = b/sin 8. The system has n degrees of 
freedom, and one degree of freedom remains if either polygon is 
stiffened. 

If now all the lengths b are supposed infinitesimal, the polygons be- 
come twisted curves, and the following results appear :— 


(i) The curves have equal ares and constant torsion T = 1/p; the 
binormals being the hinge-lines of the isograms. 


(i) The curves have their osculating planes cutting at a constant 
angle ain a chord PQ of constant length a, joining corresponding 
points and making equal angles with the curves. 
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(ni) The isogram formula (1), § 8, leads to the equations 
Kı —K = 27 cot da sin 0, 


dé 
Ky d- Kg = 2 ds ; 
where «;, «9 are the curvatures. 


If either curve is kept stiff the other assumes a series of forms all re- 
lated in this same way to the fixed curve. If, specially, the fixed curve is 
made a straight line or a helix, the moving curve has a wave motion, and 
remains as a whole invariable. 


21. If a set of m identical ladders each made of n skew isograms are 
united, side by side, to form a skew quadrilateral sheet of mn isograms, 
the mechanism has m-++n—1 degrees of freedom. It is made stiff if two 
adjacent polygonal edges of the quadrilateral are made one rigid piece. 

Suppose now that the isograms, kept of finite index p, are made equi- 
lateral and infinitesimal and nearly plane parallelograms. Then the sheet 
becomes a curved surface, with the following properties :— 


() The normals of the surface are the hinge lines of the iso- 
grams. 


(ii) The curves given by the sides of the isograms have their 
oseulating planes tangent to the surface ; they are the inflexion lines 
of the surface, and have constant torsion + 1/p. 


(iii) The hinges of the isograms are normals to the surface, and 
they consecutively intersect (§ 3, 1) along any line of diagonals of the 
isograms. The diagonal lines give the lines of curvature of the 
surface. 


(iv) The product of the lengths of the intersecting hinges at pairs 
of opposite vertices of an isogram (§ 8, i) gives «ıkı = — 1/p! for the 
product of the principal curvatures. 


(v) In virtue of (ii) or (iv) the surface is of constant negative 
curvature and remains so for all deformation of the mechanism. 


(vi) The surface stiffens if two intersecting inflexion lines are 
given curves. 


The mechanism thus verifies mechanically some of the known results 
of differential geometry. If the isograms are not equilateral, the diagonal 
lines are no longer lines of curvature ; but the sides of the isograms still 
give the inflexion lines, and (i), (ii), (v), (vi) still hold good, and the deform- 
ing mechanism is capable of giving any form of pseudospherical surface. 
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Note added January 26th, 1914.— The commutative addition of $ 14 
and the differential methods of $ 21 may be brought into simultaneous use. 
If the vectors commuted are aa... a, 0,54... On, the restriction may be 
introduced that the order of the a's is fixed by the suffixes and also that of 
the b's. So much of the complete mechanism as is then retained may be 
described as consisting of a skew quadrilateral sheet S, composed of ma 
isograms, each isogram having its sides given by an a and a b. If an 
additional veetor c is now introduced, with no restrietion of order, the 
mechanism consists of two separate mechanisms S, S', composed of the same 
material, with the corresponding hinge-lines connected by (m+1)(n+1) 
equal links c. If S is kept stiff, S' and the links c have one degree of 
freedom. If the a's and b’s are made infinitesimal and c remains finite, 
S becomes a pseudospherical surface of arbitrary form; S' is of the same 
type and of the same curvature and has its asymptotic curves equal, are 
for arc, to those of S, and with the same constant torsion. The links c 
give all the common tangents of S and S', each with tangent planes inter- 
gecting in c at the same angle y, the twist of the links c. A single in- 
finity of such surfaces S' are associated with S in virtue of the one degree 
of freedom ; and if c and y (subject to c = psin y) vary also, there are a 
double infinity of surfaces S'. In the special case when y = 7/2 and 
c — p, the surfaces S and S' constitute the two sheets of the surface of 
centres of a Weingarten surface with its principal radii of curvature having 
a constant difference p. In this case, therefore, there occurs a mechanical 
presentation of the theorems of Ribaucour and Bianchi in regard to sur- 
faces of constant negative curvature. If, very specially, the mechanism S 
takes a degenerate rectilinear form, then S' becomes a screw tractricoid or 
a tractricoid of revolution, with S for axis. 

As a further generalization it may be observed that the introduction of 
additional skew vectors c'c" ..., unrestricted as to sequence, like c, gives a 
mechanism consisting of a number of sheets such as S, S', ..., all com- 
posed of the same material a,a, ...a,,0,04 ... b,, united in commutative 
sequence by sets of equal links, each set being given by one of the vectors 
c, €, C", .... The whole, compared with a complete mechanism given by 
the commutative addition of c, c', c", ... alone, has a sheet in place of 
each junction point, and a set of equal links connecting two sheets in 
place of a single link connecting two junctions.* 


* Mention may here be made of two recent papers dealing with the skew isogram 
mechanism. Bricard (Comptes Rendus, January 12th, 1914) has found independently the 
mechanism of $18, and gives a concise and simple proof of its two degrees of freedom. 
Keenigs (Comptes Rendus, November 24th, 1913) treats of movements in two parameters that 
are doubly resoluble, with the skew isogram as an instance. 


174 Mr. G. H. Harpy and Mn. J. E. LITTLEWOOD [ Nov. 18, 


TAUBERIAN THEOREMS CONCERNING POWER SERIES AND 
DIRICHLET'S SERIES WHOSE COEFFICIENTS ARE 
POSITIVE* 


By G. H. Harpy and J. E. LiTTLEwoon. 


[Received October 3rd, 1913.— Rcad November 13th, 1913.) 


1. The general nature of the theorems contained in this paper re- 
sembles that of the “ Tauberian " theorems which we have proved in a 
series of recent papers.t They have, however, a character of their own, 
in that they are concerned primarily with series of positive terms. 


Let f(z) = Lanz” 


be a power series convergent for z|< 1. Weshall consider only positive 
values of x less than 1. 


Let Sa = lotat... F a5, 
L (u) = (log vw)" (log log W* ..., 
where the a's are real. Then it is known that, if 


S, ~ An? L(n), 


where A £0, as n >», the indices a, aj, aj, ... being such that n*L(n) 
tends to a positive limit or to infinity, then 


fie) ~a SY 1 (+), 


1— z)**! 1—ı 
as x— l.i 


* A short abstract of some of the principal results of this paper was published under the 
title ** Tauberian Theorems concerning Series of Positive Terms "' in the Messenger of Mathe- 
matics, Vol. 42, pp. 191, 192. | 

+ Proc. London Math. Soc., Ser. 2, Vol. 8, pp. 301-320; Vol. 9, pp. 431-148; Vol. 11, 
pp. 1-16 and pp. 411-478. 

+ The first of the a's which is not zero must be positive. If a = a — a; — ... = 0, the 
theorem reduces to Abel’s well known theorem, The special theorem in which a, = a, —...— 0 
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The principal object of this paper is to prove that the converse of the 
theorem is true when the coefficients a, are positive. We shall prove, for 
example, that tf a, > 0, and 


f(z) = Banz’ ~ (A >0, a> 0), 


_A 
(1— z)" 
An” 


then Sn Pao 


This result is a very curious one, largely because it lies much deeper and 
is much harder to prove than a first impression might tempt one to 
believe. Its appearance is that of a ''special"* (or * o”) Tauberian 
theorem. In reality, as will appear in the sequel, it is a theorem of the 
* general" (or ‘‘O”’) type, and left-handed’’+ in addition. It is, in fact, 
of the same order of difficulty as the theorem “if a, > —K/n, and 
f(x) A, then Xa, converges to the sum A.’ { The proof therefore 
naturally involves all the apparatus of repeated differentiation on which 
the proofs of such theorems ultimately depend.§ 


2. We begin by proving some subsidiary theorems which are interest- 
ing in themselves. It is hardly necessary to remark that all variables 
and functions considered in them are real. We suppose first that z is a 
variable which tends to infinity. 

We shall begin by proving a theorem which is due to Landau, and on 
which nearly all our subsequent analysis depends. The theorem is of 
great interest in itself, inasmuch as its general character is that of an 
“O” Tauberian theorem, and it was the first theorem of this nature 
stated explicitly. 


THEOREM 1.—Suppose that (i) f(x) is differentiable, and (ii) xf'(x) 


was proved by Appell, Comptes Rendus, Vol. 87, p. 689. The substance of the general 
theorem is due to Lasker, Phil. Trans. Roy. Soc., (A), Vol. 196, p. 444: Lasker does not 
actually state it, but it is a trivial deduction from the theorem which he proves. The theorem 
was first stated explicitly in the form we have adopted by Pringsheim, Acta Mathematica, 
Vol. 28, p. 29. Pringsheim, however, proves à more general theorem, inasmuch as he con- 
siders paths of approach of x to 1 other than the real axis. 

* Cf. Hardy and Littlewood, Proc. London Math. Soc., Ser. 2, Vol. 11, p. 413. 

T L.c., p. 416. 

t We stated this theorem without proof at the end of our paper already quoted (l.c., 

| p. 478). 

§ Littlewood, *'' The Converse of Abel's Theorem," Proc. London Math. Soc., Scr. 2, 

Vol. 9, pp. 434 et seq. 


X 
& 
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steadily increases. Then os 
involves f(z) ~ 1.* 


Suppose that the theorem is untrue. Then it must be possible to find 
a number A different from 1, and a sequence (z,) of values of x tending to 
infinity, such that fost 


AS r— 0. Let us suppose, for example, that h>1; and let ô be a 
positive number. Then, as v — c, 


fie, +6x,)—f(z) _ 1 Ll TRAE TAS pre 
Se, gc NI x 9 


EU dr _ hlog(1--9) 
x r ô ` 


Ò 


But, since f(x) ~ z, 


fix, +62.) — f(x.) —1: 


ox, f 


and these two results are contradictory if ô is sufficiently small. The 
hypothesis that h < 1 may be disposed of similarly. 


3. THeorem 2.— Let p(x) be a function which tends to infinity with x 
and has a continuous and positive derivative, and suppose that 


Q4 $90) _ 
ud a 


(ii) wf'(x) steadily increases. 
Then f(x) ~ dw) 
involves [dr PM. 


This theorem follows at once from Theorem 1 by means of the substi- 


tution ze) 


* The converse inference may, of course, always be made. Theorem 1 was proved by | 
Landau (Rendiconti di Palermo, Vol. 26, p. 218). We insert a proof for the sake of com- 
pleteness. | 


P4 


- 
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By means of one or other of the substitutions 


— ee 


— “ee r= 


y—c' c—y 


we deduce 


THEOREM 2a.—Let $(x) be a function of x which tends to infinity as 
T tends to c from above or from below ; and suppose that 


a $0 op 
(1) 4 (2) (c— c), 
(ii) (a—c) f'(x) steadily decreases or increases.* 


Then f(x) ~ Bla) involves f'(x) ~ $' (x). 


Suppose, in particular, that 
pa = FL), 


(1—2) 1—z 


where 4 20, a>0, and z>1 from below. Then 1—z ~ a¢/¢’- 
Hence we have 


THEOREM 8.—If fæ~ aos L (A) 


where A > 0, a 2- 0, and (1—2) f'(x) increases as x — 1, then 


b oe _ aA (i) 
f'G) (1—2)*! L 1—z/' 
4. From Theorem 3 we can deduce & preliminary theorem concerning 
DOwer series which seems of considerable interest in itself. 
TmHEoREM 4.—If f(x) = a,x" is a power series with positivet co- 


eficients, and 4 i 
fe) ~ qb (r5) (A > 0, a> 0), 


t hen fe? ( x) ix 


Ia?) 4 (d 
I (a) ir? (=). 


i * (x—c) f (x) must be an increasing or a decreasing function according as x tends to its 
limit from below or above. 
t We use ‘* positive ” to include ‘‘ zero.” 


SER. 2. vor. 13. No. 1201. 
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We have 


g(x) = ra" = 


f(z) " A ( 1 Ji 


1—rz  (1—2y*! 1—x 
Also 
(1—.7)g' (à) = (1—2) Ens,z" ^! = sı + (255— 5) £ + (853—259) ^ +... 


has all its coefficients positive, since s, increases steadily with ». Hence 
(1—2)g'(x) increases with x, and so, by Theorem 8, 


ern (er) 


g (x) ii (1—2) +? —r 


Fosio Oa en ( 1 ). 


(1—2)?! 1—z 


A repetition of the argument leads to a complete proof of the theorem. 


It is important to observe that this process of differentiation is not legitimate when 
a — 0, Suppose, e.g., that 


We cannot infer that f'(z) ~ ——; 


all that the argument leads to is 


remo | ihm (d) 


We can show, moreover, by actual examples, that the suggested inference would be invalid. 


Suppose, for example, that s: 
ud z i) = 22" (a> 2). 


Then it 1s casy to see that s, ~ logan, and so 


But it is not true that (1—2) f'(x) leads to a limit as z-»1. This is most easily proved by 
means of Theorem 8 below. Since 


zf' (x) = Zarx" 
is a series of positive terms, f’(x) ~ 4/(1—2) would involve 


t= Z a'-—4Av; 


n 
a xv 


and this is obviously untrue, since whenever y passes through a value equal to a power of a, a 
new term is introduced into £, which is greater than the sum of all which precede.* | 


* Sce Hardy, Quarterly Journal, Vol. 38, pp. 279 et seq., for analytical formul® which 


show in an explicit manner the behaviour as x —1 of the series 22°", X(—1)" z^" and their 
dcrivatives. 


| 
| 
| 


ic. TERR 555 = aaa aT, SE, 
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In the sequel we shall use not Theorem 4 itself, but the theorem into 
which it is transformed by the substitutions 


z-—e' f(r) = Fit). 
THEOREM 4a.—If a, > 0, and 


F(t) = Xa,e^" m At^*L (+); 
as t>0, then 
(a+r) l ( 1 ) 
—]Y0 po wu BEA —a-) p 
(—1) FO (0) Tio At L "E 
5. Theorem 4 is capable of various interesting gencralisations. 


THEOREM 5.—The condition that an > O of Theorem 4 may be replaced by the more 
general condition that tar = 0; [n*L (n)}, 


i.e., that Nan > — Kn?L (n). 
Let g(x) = 2b„2" = = {an+ Kno") L(n)} x". 
K 1 1 
Then b, > 0, and g) ~ {A+ da] uobis 
Hence, by Theorem 4, g'(x) ~ (4 * £ } zer (, \-) ; 
T(a)J (1—x).*! 1—2z 
Aa / 1 
d á OF = = SE L E al 
and so f' (x) i-a Pu 


THEOREM 6.— Te condition that a, > 0 of Theorem 4 may also be replaced by s, > O, or 
by sà > 0, where sh is any one of Cesáro's means formed from the series Xa,; or, more 
generally, by s» = Or (n*L (n)] or 


sk = Or Ín-** L (n)}. 


In the proof of Theorem 4, the condition a, > O is used only to justify the differentiation 
of the asymptotic equality 
A 1 
z) = Zs, ~ ao el (. S ji 
9e) da \1-: 
And the result of the theorem shows that s, > O is a sufficient condition for this. Repeating 
this argument we see that s; > O is a sufficient condition. 


The more goneral results may be established in the same way, if we appeal at each stage 
to Theorem 5 instead of to Theorem 4. 


6. Suppose that the conditions of Theorem 4 (or of one of its generalisations) are satisfied. 
Then da 1 
ng” = d Ai N a N, 
SES ay" (x) (l—.z)**! fron] 


Operating repeatedly in this manner, we see that 


En aux” ~ T(a+r A L | 1 ) 


T(a) (1-z)*" 1-x 
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for all positive integral values of r. We shall now show that this result holds 'for all values of 
r greater than —a. 
It is plainly enough to prove this when r = —8, 0« B< a. We write 


z=e', f(x)- F(t), 
A 1 
so that r()- 4 L(1). 
as (— 0. Then 


1 1 f 
Zn"n-8a,e"!--——— f. w-lsa,e—" +" du = £z | ws-I F(t+u) du. 
T (8) Jo r (8) Jo ire 


-1 
Al "Em és u? L( 1 Ja 
SO x F(t+u)du A|, gear is u 


~ AT (8)T (a—8) gsar, (4)* 
T (a) t | 

The result is thus established for —« < r « 0; the general result then follows by using the 

special result in which r is a positive integer. We have thus proved 


THEOREM 7.—If f (x) = Za,x" is a power series with positive coefficients (or subject to the 
more general conditions of Theorems 5 or 6), and 


4 1 
f(a) ~ il, (A>0,a>0), 


T(a+r) A r 1 
T (a) (1-2 7 Tu 


then fr (zx) = iwa,z"- 


for any value of r, integral or not, greater than —a. 


7. We pass now to the proof of the principal theorem of the paper. 


THEoREM 8:—IJf f(z) = Zar" is a power series with positive co- 
efficients, and en A : ( 1 ) 
(1—rx)* 1 í 


— T 


where A 29 0 and the indices a, a, ag, ... are such that m*L (n) tends 
to a positive limit or to infinity as n — œ, then 


A 
Sn ~ Tar n L (n). 


We suppose A = 1, and write x = e~', so that £— 0, and 


(1) fa) = F(t) = Tanne" ~ t-*L (1/0). 


* These transformations, of course, merely express the general lines of a straightforward 
proof, the details of which will easily be supplied by anyone accustomed to work of this 
character. 
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In the first place, we have 


Sn<e Y ae "? < eF(1/n), 
0 


and so, from (1), 


(9) Sa = O |n*L (n)]. 
Next, we have 
(8) Zen t AL(JtQ. 


Differentiating this relation r times, as we may do in virtue of Theorem 4, 
since a+ 1 > 0, we obtain 


ama MC lan) a ( 1 ) 


(4) Xs,n'e Tit) — 


rje 


We shall now prove that, ¿if any positive e ts given, we can choose, 
first r and €, and then psp gos 


in such a way that 


= he V(at+7+1) ,_,-._ 1 
5 > " ? nt t a—ı 17, (+), 
(5) (1+¢)(a+r)'t s = I (a4- 1) t 
(1— (a + r)/t Tiatr+1), (2) 
r4—nl ma EA a-r—1l E 


for O<t< tt 


We shall suppose that 7 and ¢ are functions of one another such that 
Cr — œ and (?r — 0 as r— œ and (— 0. We may suppose, for example, 
that CE’ = 1. The condition that (?r — O will not be used until $ 9. à 


8. It follows from (2) that the left-hand side of (5) is of the form 


O È ntt L(n)je™™.} 
(00 9)(«4 7)t 


The maximum of the function under the sign of summation, considered as 


* r will be large, (small, and / small; and r and ¢ will be connected in a way which 
will be defined precisely in à moment. 

+ The limits of summation are not in general integral. The extreme terms, considered 
as functions of ¢, are not of higher order than ¢-*-"Z(1/t), and the argument is in no way 
affected by including or excluding an additional term or two. 

t Here and in the sequel the constant implied by the O is independent of r, Ç, and t. 
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& function of n, occurs for a value of n given by an equation 
at7r+e, = nt, 


where e, is a function of n only which tends to zero as «-— o. Hence 
the function decreases steadily throughout the limits of the summation, and 


eo x 


E m'U'L(nme-^" < vt Lh eet] u*** I (u) e^" du, 
(14-2 (a4 1)t (l+g)(a+nr)t 


where » — v corresponds to the first term of the sum. The isolated term 
may be neglected.* 
The integral we write in the form 


|. wet LT (u)e- (14$) eg $us) du. 
(1$) (a t v)/t 


The maximum of the function u^*"L(u)e^"**9 ig given by an equation 


of the form 
(1+¢)(a+r+e,) = ut. 


Writing (1+¢)(a-+7+e,)/¢ for u in the first three factors of the subject 
of integration, and observing that the functions 


e, \etr (A+0(atr+e,)) 
(1+ b A t ) 


are, when 7 is large enough and £ small enough, certainly less than con- 
stant multiples of 1 and L (1/¢) respectively, we see that our integral is 
of the form 


O E aroet Sure, (=) ena? | e- 6t Q0 du | 


) (l+¢)(at+r)¢ 


= O Es (uf r)2*" e-(&* nu *£-log Qe adu D A (+) ] 
( 


¢ 
ʻi t (a4 7») ** e7*7* t7 (+) l ; 


since (—log(1+¢) > 0 when £2 0. Our conclusion now follows from 


* See the last footnote. 
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the faets that 
T(a+r+1) — (a4 )****5e-*7"*A/ (2), 
as r— o , and that (^r œ. 


The inequality (6) may be established in the same way. We write 


ut — 4—w"t(1— '(1— 
e u = e '( I oSv! ( $) 


and have finally to observe that ¢+log(1—€) <0. Otherwise the argu- 
ment is practically the same. 

From (4), (5), and (6) it follows that when e ts given, we can choose r, 
Ç, and tyle, r, €) in such a way that 


m a-a TEED perry, (1) 


I'(a-4- 1) t 
< M NC < (14-9 rete Ju ELE P (=) i 
for 0< t< t.* Hence, as s, is an increasing function of n, we obtain 
ONE EE MN NA nem" < (14 o Eee 1 (=), 
(9) wa NN ne > (1— €) an parer], (+) zT 
9. Now write n= a +A, 


so that [A| < ¢( CESA The next step in the proof consists in showing 
that we may replace »'e^", in the inequalities (8) aud (9), by 


(E) exp [oen nn |: 


We have here to make use of the second relation between r and ¢, 
namely that ¢°7 is small. We have 


Ne = (y exp | —a—r—At-4-r log (1+ 2). 


ars Er --- — -= - = -m cr —————— — — 


* We do not imply that 7, (, tẹ have the same values as before. 
t We may interpret s,, when x is not integral, as meaning 82}. But the truth of the 
inequalities would not be affected by the inclusion or exclusion of an additional term or two. 
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Also, as | A | < €(a+7)/t, we have 


At ore 2X ant 
r log (1+ 2 TUST Ta acr 
= rv . l 
= 73d +0’) +00; 
and the factor e0 (Fr) +0(¢) 


tends to 1 as 7» tends to infinity and ¢ to zero. If now we make this 
substitution in (8) and (9), and also substitute for I(a+r+1) its asymp- 
totic equivalent given by Stirling’s theorem, we arrive at the following 
conclusion. Given any positive e, it is possible to choose first r and €, 
and then A = éle, r, €), in such a way that 


—ArA30 (a+r (1 ) (2 ) a —-a— 1 
(10)  so-p«í.5: DETR MEOH < ei en i xm (+). 


eee (1—e) (2r) ee senec 1 
(11) Sastre Ze, er (at r^ ** t7* 1T, (+), 


for O0 «— 6 x ty, the values of X included in the sums being those which 
differ from (a+r)/t by an integer and are less in absolute value than 


€(a4- )] t. 


10. In the inequalities (10) and (11) we may suppose that A ranges 
from — o to +æ. For, when this is so, 


(12) Zora _ — Jr). 


r 


as t—>0. On the other hand, 


[^.^] 


(18) E e RNP GH = O (e7?) «| gh emt dh, 


à » C(nr)t S(a+r)'t 


The integral is 


C(a+7) \, — tr er (a+r aer | 
TR N T 
As (”r is large, the sum (18) is small compared with the sum (12). 
À similar argument may, of course, be applied to the terms for which 
A is large and negative. We may therefore suppose that A ranges from 
— œ to + in (10) and (11). 
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We now use the asymptotic relation (12) to transform these inequalities. 
Observing that r ~ a+r as r— æ, and that, when r is fixed, 


LG) ~2 (F) 


as (—0, we see that given e it is possible to choose r, €, and tile, r, €), 
so that 


(13) S0-9(«0t S «T ext (=), 
(14) Sa «Qni fers (ctr " 5 7) 


for O<t<t. Taking n = (1—4)(a4-D/t and n = (1+O(a+7)/é in 
turn, and remembering that ¢ is small, we see that when e is gen it is 
possible to choose ng so that 


(1—6) »*L (»n) < T(1+a) s, < (14-9 n*Z (n), 


for n zn, Thus Theorem 8 is proved. 


11. Theorem 8 has, as we remarked, in $1, the appearance of a 
“special " (or “o ") Tauberian theorem.* But we can at once deduce from 
it a theorem of an obviously “ general " (or “ O ") character. 


THEOREM 9.—If we suppose, in Theorem 8, that a > 0, then the con- 
dition that a, z» 0 may be replaced by the condition that 


na, = Or |n*L(n)'; 
i.e., that na, > — KnL (n). 


For let g(x) = È {anr} Kn^^!L()| x" = Xb,z".* 


‘Then b, > 0, and 
A 4- KY (a) 1 ) 
en 7 s i 


* When all the a’s are zero, the theorem really is an ‘fo ” theorem, This may account 


for its having this appearance in general. 
T We may suppress enough terms at the beginning to ensure that L (n) is defined for all 


values of n in question, 
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Hence, by Theorem 8, 


= " A 4 K T (u) 
a—1 P : ü 
È la, +K L (v)} SOR D n°L (n), 
and so 4 n*L (n). 


^ "TGtrD 


It is also easy to see that, in all the theorems which we have been 
discussing, the function L (t), instead of having the special form 


(log 0)“ (log log «)** ..., 
may be any logarithmico-exponential function,* such that 
uw? «X La) <u. 
Hence we deduce 


Tueoren 10.—7f an z 0, and 


fe 2 ) 


£ 


where  (u) is any logarithmico-ecponential function such that 
; A 
] ~ L(u) Xu, 


so that * (u) = wL(w, where a>0 and u^? < L (u) < u, then 


Sx x (72). 


Rue aes 
I'(ad-1) 


12. Theorem 9 may be proved by another method which possesses 
considerable interest. It is less direct than that which we have followed, 
and involves an appeal to a theorem of which we have not published any 
proof. But it exhibits the relations between Theorem 9 and some of our 
former theorems in a very interesting light. 

We suppose, for simplicity, that 


0; — a3 — ... — 0. 
It is easy to see that it is enaugh to prove that if 
f(x) = o(1—x)~, 


— — a nn — ——— -m 


* For an explanation of the terminology and notation of the next few lines see Hardy, 
‘¢ Orders of infinity,” Camb. Math. Tracts, No. 12. 
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and Cy = OLY, 
then . S, = 0 (n°). 
We write g(x) = È (arp En’) = Xb, 2". 


Then b, > 0 and g(z) = O(1—x)"*; and it follows, as at the beginning 
of § 7, that 


X b, = O(n’, 
0 
and so that s, = O(n?. But, from the equations 


Sn = O(n’), Zur =ol—-), 


it follows, by Theorem 26 of our last paper,* that 
on = Sots yt... tn = o(n?*)). 


Now we know that if ¢(z) is a function of x which has a continuous 
second derivative $"(x) for all sufficiently large values of x, and 


p(x) = o(r**),  Q"(x) = Ola), 
then $' (x) = o(z?).* 
It is possible to generalise this result by writing 

p" (x) = Or) 
for Dr) = O(r**!). 
And this generalised result possesses an analogue for series, namely : if 

Sots; t... +n = o(n**), ay = OL m), 

then 8, = o(n?). 


From this it is elear that we can deduce the result required. It must 
not be supposed, however, that in this proof we really dispense with the 
process of r-fold differentiation. This is involved in our former Theorem 
26, by an appeal to which we covered the most difficult transition of our 
proof. 


* L.c., p. 443. 
t This follows from Theorem 1 of our last paper if a > 1, aud from Theorem 5 in 
any case. 
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13. The analogue of Theorem 9, in the case in which 


a = 04 = d$5 = ... = 0, 


is as follows. 


Tugonkw 11.—If f(x) >A as z— 1, and a, 2 — K[n, then Xa, con- 
verges to the sum A. 


This theorem is true, and constitutes & very interesting extension of Littlewood’s 
generalisation of Tauber's theorem. But a special proof is required.* 


We have, as z — 1, f(x)24-*o(1, 
and f" (z) = n(n—-1)a,2-? > -KX3(n—1) z"-? = O; (1n—a)-3, 
From this it may be deduced that f'2otll-z)! 
We write y for 1— 2, so that y — 0, by positive values. The theorem we wish to prove is 
that the equations . Fy) =A+o(l, F" (y) = Orlljy)® 
imply F' (y) = oy). 
Suppose first that, if possible F' (y) > Hy, (H> 0), 
for an infinity of values y, of y whose limit is zero. We have also F" (y) > — K/y?, and so, if 


yY > Ys = 
F' (y) = F"(y.) + ý F” (u) du > TE K(y—yJ. 
Jy Ys 


Vs V 
It is clearly possible to choose a positive number 3, so that 
F'(y) > 8H ys, 
for y, L y S 7, = (1+8) y. 
And then Fin) -F (y) = L F' (y) dy > int = 18H, 
which contradicts F (y) = A +o (1). 


Similarly we can show that it is impossible that 
PFuy)«-—Hjy., (H »0). 
In this case we start from the fact that, if O < y < ys, 


Fy) = F(y) -|^ F'(u)du «— - + TM, 
«y Jr 


and argue in the same way. Hence F” (y) = o (1/y). 


* If we write g(x) = (a, + x" = Zb, 2x", 


g (x) is of higher order than f (x). Hence we cannot prove that s, = O(1) in the way in which 
we proved s, = O (n°) in 812. 


1918. ] TAUBERIAN THEOREMS. 189 


Hence Ina, xv" =0 (; EL 
l-r 
and Nan = O; (1). 
Hence, by Theorem 9, a, + 2dat... ANA = 0 (n); 


and the convergence of Za, now follows from Pringsheim’s generalisation of Tauber's 
theorem.* 


14. In Theorem 9 we supposed that a > 0. An argument similar to that of the last 
section enables us to remove this restriction. 


THEOREM 12.— The result of Theorem 9 holds even when a = 0.f 


We have f(«)-^L |) 
and f'(x)»-Kzx(n-1)L(na"-?- Or dcs L (=) ; 
From this we deduce}; f (x) =o | s L (ia) | i 

Hence Zna,x"—0 | E (=) : 


and therefore, by Theorem 9, a, + 2a, +...+7a, = 0 {nL (n)}. 


That s, ~ L(n) now follows from Theorem 45 of our last paper.§ 


15. Before leaving power series and passing on to Dirichlet's series we may add one 
further remark. The theorems which. we have proved are all of what we have called an 
** Abel-Tauber" type; in all of them we start from (i) a hypothesis as to the behaviour of 
f(x) -Za,z" as x—>1, (ii) an inequality satisfied by an, and deduce information as to the 
behaviour of s,. There are, of course, corresponding theorems of a '* Cesaro-Tauber’’ type, in 
which the hypothesis (i) is replaced by a hypothesis as to the behaviour of one of Cesäro’s 
means formed from Za,. These theorems are naturally easier to prove. We may content 
ourselves with enunciating the simplest analogue of Theorem 9, viz., 


* See Bromwich, Infinite Series, p. 251, Ex. 28. 

t This theorem contains Theorem 11 as a particular case. 

I The proof is similar to that of § 13. 

§ The argument by which Theorem 9 itself was proved would only lead to the result with 
an unnecessarily severe restriction on an, viz., that 


Qn = Or [v (p, 
where f y (u)du ~ L(n). 


Thus, if L (u) = log u, this argument would require a, = Or (1/n), whereas the real condition is 
a, = Or (log njn). The reason why a more elaborate argument is needed when a = 0 than 


when a > O lies in the fact that 
du 


i: n°L (u) 5 


is of order n*L(n) when a > 0, but of higher order when a = 0, 
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THEOREM 13.—If (S,#S,+...+5,)/(n+1) ~ Ans {4 >O, a> 0), 
and Nad, = Or (ne), 
then sm An. 


It was substantially this theorem which was assumed at the end of §12. The reader 
will have no difficulty in framing further theorems of this type and of a more general 
character. 


16. We conclude by a brief statement of the analogues of the most 
important of the preceding theorems for ordinary Dirichlet's series. There 
are corresponding theorems, for Dirichlet’s series of the general type 
2a,e~™*, which it is our intention to publish elsewhere, and we shall 
therefore not enter into the details of the proofs. 


Tarorem 14.—If f(s) = Za,n^* is an ordinary Dirichlet’s series with 
positive coefficients, convergent ul s>1, and 


Fo ~ mil) @>o, 


as s—> 1, then 


- I (a+r) A 1 
—]y f(s) = T usan EU S NUN MTM 
(—1y f(s) = Za, (log n)' n Ia col L (- ;) 


The argument by which we prove this theorem is substantially the 
same as that which we used in proving Theorem 4. We have only to 
observe that, if g(s) = f(s)/(s—1), then 


(s—Dg'() —f'(9)— pen 7 —Elogna,a- (— — Ean- 


steadily decreases as s — 0. 

Theorem 14, though interesting in itself, does not give us precisely 
what is required for the proof of the analogue of Theorem 8. This is 
contained in 


THEonEM 15.—A result similar to that of Theorem 14 holds for series 


of the form 
l 1l — 
Zan 


i 
n" (n41y) rs 


The proof of this theorem is very much the same as that of 
Theorem 14. 


17. From Theorem 15 we can deduce the analogue of Theorem 8, viz., 


TnuEonEM 16.—7f f (s) = Xa,n^* is an ordinary Dirichlet’s series with 


u xA eiie 


ae 
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positive coefficients, convergent for s> 1, and 


jr) 


the indices a, ay, ... being such that (log n) L (log n) tends to a positive 
limit or to infinity as m — o, then 


_ & 1 03 Qn 
S =- + 2 +... +4 — - > Farm ET (log n)“ L (log n). 


We have first 


$ ay —s log vilog n ( 1 ) 
& < eke g < ef log »/' 
and so Sa = O | (log n)* L (log %)}. 
-y s a ND DRE. (>) 
Next f(s) = is, in^ 1 (n+ 1)*- 1j. Sec pet s—1 , 


a relation which takes the place of (8) of $ 7. We differentiate r times, as 
we are entitled to do in virtue of Theorem 15; and the rest of the argu- 
ment follows the lines of the proof of Theorem 8, no new difficulty of 
principle occurring. 


17. We do not propose to write this argument out at length, nor to 
discuss in detail the analogues of Theorems 9 et seq. It may, however, 
be observed that the left-handed condition which now occurs instead of 


Nan = Or |n*L(n)| 
i8 log? an = Or { (log n)*L (log n)}. 
Further, the analogue of Theorem 11 deserves a separate statement. It is 


THEOREM 17.—If f(s) = Za,n*—>A as s— 1, and a, > — K/log n, 
then Z(as[n) converges to the sum A. 


This is the “left-handed” form of Littlewood’s* generalisation of 
Landau's* analogue of Tauber’s theorem for ordinary Dirichlet’s series. 


* Littlewood, l.c., p. 433. As we are supposing s to tend to unity instead of to zero, our 
. condition is a, >—K/logn instead of a, > — K/n log n. 
t Landau, Monatshefte fiir Math., Vol, 18, p. 8. 
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NOTE ON LAMBERT’S SERIES 


By G. H. Harpy. 


[Received September 25th, 1913.—Read November 13th, 1913.] 


1. In a very interesting memoir “ Über Lambertsche Reihen," pub- 
lished recently in Crelle's Journal,* Herr K. Knopp proves the following 
theorem :— 


Suppose that the series 


are convergent, so that the series 
o n 
x 
2 An Tz 


is certainly absolutely convergent for r —|z|-« 1. Let f(x) denote the 
sum of the latter series for v < 1, and let 

qc yp sque 
where x is prime tok. Then 


; er _ 5 Am 
lim (1 r) f(x) =2 E 


In its simplest form, when k = 1, this theorem is the analogue for 
Lambert’s series, that is to say, series of the form 


n 


T 
UT. 


of Abel's theorem on the continuity of power series. I gave a proof of 


* Journal für Math., Vol. 142, p. 283. A less general theorem of the same character 
was provéd by Franel, Math. Annalen, Vol. 52, pp. 543 et seq. 
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) 
this special form of the theorem in a paper published some years ago in 
these Proceedings ;* land in a later papert I stated without proof a 
generalised form of thé result, in which the hypothesis of convergence is 
replaced by that of summability by some one of Cesaro’s means. It is 
naturally suggested that Knopp’s theorem should be capable of a similar 
generalisation, in which the hypothesis is that of the summability of the 


various series 
Crv+l 


kv4-U 


That the theorem thus suggested is, in fact, true will appear in the 
sequel. It is not, however, precisely that which I propose to prove. A 
little reflection, in fact, shows that Knopp's hypothesis may be replaced 
by another which is more natural and also slightly more general. His 
theorem consists in reality of two parts. Let us write 


k-1l o 


fe) = San et E È am uen = ft È fie, 


the first series containing those terms which become infinite a8 x — 2p. 
It is clear that the limit assigned by the theorem arises solely from /,(z) : 
the theorem is, in fact, equivalent to two theorems, expressed respectively 
by the equations 

Qkv 


(1) lim (1—7) fo(z) = È Ly 


(9) lim (1— ) fi(z) = 0. 


Conditions for the truth of (1) are naturally expressed in terms of the 
series on the right-hand side; but there is nothing in (2) to suggest the 


introduction of the series 
5 Akv+l 4. 


kv--U* 


I propose therefore to modify Knopp's condition. The condition 


* Proc. London Math. Soc., Ser. 2, Vol. 4, p. 253. 
T Math. Annalen, Vol. 64, p. 91. 
t The denominator ky arises from the fact that 


But | lim [E =, 
-z 
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which I shall suppose satisfied is that 


mM 


2 Cy 41 = o(m). 


v= 


This is more appropriate and also more general:* we shall find, moreover, 
that the adoption of the more general hypothesis leads to a simplification 
of the proof. 

This modified form of Knopp's theorem is a particular case ofjithe 
theorem which follows, and the proof of which is the object of this note. 


2. TugonEM 1.—Let ayy. = 0,1, and suppose that an integer p exists, 
such that (i) the series 


is summable (C, p), (ii) the p-th Cesaro sum Bi, formed from the series 
23b, satisfies the relation 

BY , = o(v?*'). 
ak 


v4 
kv 


Then lim (1—7) f(x) = È 
r—1 


3. This theorem, like Knopp's theorem, is really equivalent to two. 
We first consider f(z), and write y = z^ (so that y is real), and c, = 5, o/v. 
Then it is clear that what we have to prove is 


TuEoREM 2.—If Èc, is summable (C, p), then 


lim Ec, a = Ec. 


y>1 


* If s, is the sum of the first n terms of a series Zu, the convergence of Z (w,/n) involves 
s, = 0 (n), whereas the converse is not true. 

f That the series which represents f(x) still converges absolutely for r « 1 is trivial. 
That the hypothesis (ii) is more general than the hypothesis that 5 er is summable (C, p), 
follows from Theorem 14 of Mr. Littlewood's and my paper ‘‘ Contributions to the Arithmetic 
Theory of Series,” Proc. London Math. Soc., Ser. 2, Vol. 11, p. 435. 

The least values of p for which (i) or (ii) is satisfied may differ according to the value 
of |. If one of them is satisfied for any special p, it is satisfied for any greater p; thore is 
therefore no objection to supposing all the p's the same. 
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This is the theorem which I stated in my paper in the Math. Annalen 
already referred to. It may be proved as follows. 


mru —e-") 


Write y = e™, ,(u) = Lg 


The result will follow from Theorem 8 of the paper quoted, if we can 
show that 

(1) the differences Ap, (u) (0OxAxp-1 
can be divided into q, groups of successive terms of the same sign, where 
qa is a number which may depend upon v, but remains less than a con- 
stant as u > 0; 

(2) the absolute value of 

|A gpu | 0AP) 

is less than a constant for all values of v and u in question. 


e £u 


Let DO = uil =v. 
Then it is easily verified that 


A An rei 
WY (£) = = (—w* {fat c T ep k 1)? Fa F Goat , 


A) — (__»,\A-l [Ada 1,1— 43, iy AA,-ı 2— A, o&u 
dx (£) m. ( u) e" — 1 (ef — 1)? 


Aa- a Aa ru _ A, A+l1 eu | 
(ef" — 1) (ef! — Dij , 


+ 


where the A’s are positive constants and 4,,;- 1, Aa a41 =A! for all 
values of A. If 4$9(2) = 0, we obtain 


(A— fu) ev... +... —0 


an equation in £« whose remaining terms contain powers of ef" lower than 
the A-th. It is plain that the number s of positive roots of this equation 
depends only on A. Let us denote these roots by 7, 5s ...,5". Then 
the roots of 6” (£) = 0 are 


= nlu, ft, ... mu. 
Now pl) = 1—67") 9 (v), 


Ap) = (1—6e7*) Ab) = (—1) (le OME), 
o 2 
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where v L £ xz v. -A. Choose u small enough to ensure that no two of 
n/u, nafu, ..., n/u differ by less than A, so that the interval (v, v+A) can 
include at most one root of P(E) = 0. As v increases from 1 onwards, 
A*¢,(u) remains of fixed sign until v+A > £,/u. After this alternations 
may occur, but they must cease as soon as v œ> Zj/u. The total number 
of possible changes of sign associated with the root £;/u is at most A 4-1. 
Proceeding in this way we see that A*9, (u) cannot change sign more than 
(A+1)s times in all. This proves the proposition (1). 
In order to prove (2) we must show that 


| (1—e7)»^ A^ P(r) | 
is less than a constant; and this will be so if the same assertion is true of 
iuf BO (£)|. 
Referring back to the explicit formula for EN), we see that what we 
have to prove is that the functions 


A 
(ei —1)* 


"(eL \A41 
(x. eau MED 


are less than constants, aud this is obvious. Thus (2) is true, and the 
proof of Theorem 2 is accordingly completed. 


i. In order to complete the proof of Theorem 1, we have to show that 
kv 4l 1 
A(z) = 2 b,, E = ]—."" = O (+). 


The series may be written in the form 


ar^! 


1 — ayer tt , 


Zb,1: 


where a = e”*"*, Hence our theorem will follow as a corollary of 


TnuEonEw 8.—1f 
jr 


g (7) = zc, 1—ar"*" 


where a is any number other than a positive number not less than 1, and 
the p-th Cesaro sum C, formed from Èc, satisfies 


p 
C, = O0 (y+), 


1 
then g(r) =o i 


as r i. 
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The proof of this is simple. Let p — »* and 8 — ar. Then 


WE ee (1 — p) p" 
1—ar*’*! co 1— 8p "XXE Bac Bp»? 
j ge _ (1—p)” pri + Bp" *!) 


A [=a BB A 
and generally 


(1—pY'*!p v ii 
(1— — Bp" )1— — p" *!).. . (1— Bp" *?*!) ? 


Art! p 

1—ar"* s 
where xp+ı 18 a polynomial in p aud 8 whose coefficients depend only 
on p. As f satisfies the same condition as a, the factors in :the Zde- 
nominator are all greater in absolute value than a constant. Hence 

i T" 
Art am = (1—p)?*!p v() (1); 
v 7v l v 

and so 2, = 26, Am = ODE — 


ar^" +1 77 a) 


= O(1—7)?*! Bot) = o (+). 
5. It is easy to verify that all our conditions are satisfied Zif 
a, = (—1)'w, 
where s is any number real or complex, and k is odd. Hence, when 
x approaches the point e**7** along a radius vector, 


lniz” n 


fe) = > — = i=; (— 1)" ys}, 


If k is even, the series on the right is no longer summable; and f(x) is, 
in fact, of higher order than 1/(1—7). Suppose, e.g., that s is positive, 
and k= 2, «=1, so that z — —1. Then 


yes ay" — Pst) g(s+)) 


—y" a (1—3y*! , 
as y=-ı>1* 


6. It is natural to suppose that Theorems 1-3 retain their validity 


— a u M LE = ai roe 


* See Knopp, Dissertation, Berlin, 1907, p. 34. 
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when £ — x along any “ Stolz-path," 2.e., any curve which has a con- 
tinuous tangent and does not touch the unit circle. Knopp* has extended 
his theorem to this case, but only under a narrower hypothesis, viz., that 


An 


the series X is convergent. It is quite easy to see that Theorem 8 


is still true under the more general hypothesis; but to make the corre- 
sponding extension of Theorem 2 (and so of Theorem 1) appears to be a 
less simple matter. The proof would presumably be based upon a 
theorem of Dr. Bromwich! which includes as a special case the theorem 
of mine used in § 8. 


* L.c., $1, p. 300. 
T Math. Annalen, Vol. 65, p. 359. 
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CLOSED LINKAGES AND PORISTIC POLYGONS 
By Col. R. L. Hırristey, C.B., R.E. 


[Received September 20th, 1913.—Read November 13th, 1913.) 


In the Proc. London Math. Soc., Ser. 2, Vol. 11, pp. 29-89, there is 
an article on “ Closed Linkages " in which the author has pointed out the 
simplest way in which the connection between them and Poristie Polygons 
can be established. The present article deals with some consequences 
which arise from this connection. They are interesting on account of the 
importance of the angles, presently to be introduced, with reference to 
the theory of the trausformation of elliptic functions. These ¢ angles are 


the amplitudes of the elliptic arguments w+ a or u+ ue as the case 


may be, the argument S of the article quoted being related to u by the 
equation u = K —S—1y. 

Fig. 1 gives a diagram of a poristie polygon obtained from a third 
class linkage O, 4,D5 O' calculated to close in 11 cells. The tangents to 
the A circle through the points A, Ag, ... intersect upon another circle 
because A,B: is equal to O,4,* S,S,... is the poristie polygon so 
formed. It has been shown by Prof. A. C. Dixon! that S,S3; and S45, 
touch a coaxial circle at the points where 4,43 cuts them, or in other 
words S, S touches this circle where A,,4, and 4,44 meet. Similarly 
S,S, touches another coaxial circle where 4,,434 and 4,4, meet, and so 
on. When the polygon has n sides (2 being odd) there are therefore 
3(n—1) interior circles 4,45 ..., B,D,..., C,C,..., &e., all coaxial with 
Si S2... eireumseribing à similar number of polygons; and the tangents 
at the vertices of these polygons, taken in the order in which the points 
are numbered on the diagram, intersect on the same circle S,S,.... 

Since 44 B5 and A; Bs (sce Fig. 2) are both equal and parallel to O, A,, 
therefore 451; is parallel to B; D$ and consequently the polygon BaB; D, ... 
(Fig. 1) is similar to the BBs polygon. This latter may be said to 
generate the A polygon by means of the linkage O, A B'O', and in the 


——— 0€ MM a e er ——— ——— o o M  — en 


* Proc. London Math. Soc., Ser. 2, Vol. 11, p. 38. 
T Quarterly Journa! of Mathematics, Vol. xr1v, No. 4, 
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---t 


present article the notion of generation is restricted to the case when the 
generated polygon has tangents intersecting on a circle. 

Suppose the radial angles of the points A, Ay, ... from the centre O, 
are denoted by aj, a, ..., and those of the points B,, Ba, ... from the 
centre O, by Bı, Pa, ..., while those of the points S,, Sa ... are represented 
by 24, 29s, ..., then 


a= oth a = pathy Kr; Bi = pıt ha Be = patos: ke. ; 
and therefore O'B; is perpendicular to SS, (Fig. 2. Hence we see that 
the A polygon whose angles are pia pat $s: ... is generated by a 
polygon B’ which is similar to the B polygon aud whose radial angles are 
ıs: pato, Since the tangents at the vertices of the B polygon also 
intersect on a circle, it too is capable of generation by a linkage in the 
same way. In fact, if we complete the rhombus B,O,B, (O, being the 
centre of the B circle) in the point U, U will describe a circle; for this is 
the converse of the proposition already proved,* viz., that B: describing a 


— 


e SE a E X i o aa. - — ee 


* Proc. London Math. Soc., loc. cit. 
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circle and O, 44D; A, being a rhombus, the tangents at A, A, ... inter- 
sect on a circle. In the same way that BiB: is parallel to A, Ax so 18 
U,U, parallel to B,B;. B,C,C,Bz are collinear like A,B,B,Az3 are. 
Hence the radial angle which U, makes at the centre of its circle will be 
the same as C, makes at Og the centre of ¿ts circle, namely ¢,+¢,;; and 
the polygon which generates the B,B,... polygon will be similar to 
the Ci, C,,... polygon whose angles are ¢,+4;, ptp .... In like 
manner the C,C, polygon is generated by one similar to D,D, whose 
angles are pit pgo Pst dm -s ten Pit $9 $5- 4o, ..., and the D,D,... 
polygon by one similar to £,E,... whose angles are pit pip pot Pas .... 
Le, $i. do Pot Par ++ - 

Now the H,E,... polygon whose angles are pipo det i ... 18 
generated by a polygon whose angles are P+, pet pio -s Len 
dit du, Pots, .... These are clearly those of the 4 polygon taken in 
the order 11, 5, 10, 4, .... 

Fig. 3 gives these linkages combined in one diagram, and to recapitu- 
late we have 


A B B C 

Pit py ditds pit 4s (Pit ds» 

pat pz - generated by | patho Pat $5 ; generated by «4 $3-4- 44, 

ds d da du. bot dn | s+ ds 

C D D E 
pit 9; $t $e Git Po ed $e Es Pit $1 
Pst 9» ; generated by < ps + pa Pat ds generated by - pyt gs, 
pot $a! ten dot os! Pet $1; 
E A 
dn s | | d Ti t.e., $i Pas; 


Ds + Su 4 generated by : $6 + 5, 
$i $s | $1 Pro 
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Denote the radial angles of the C, D, and E polygons by y, 6, «; the 


radii of the A, B, C, D, E and a circles in Fig. 8 by ri, rs, rg, Ty Yo T6; 
and the distances O, Os, O, Og, 0,0, O, Os, O; Os, Og O0, by dy, dy, ds, da d;, 


FIG. 


o 


' 
[ 
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ds (negative if so directed), then 
dg = d td, +d;+d,+d;. 


In the linkage 0,4, B,,C; Ds E,4a40$, Ag Bi is inclined to the axis at an 
ig ag, ByyC,; at By, C5 D, at yy, Dg Ey at 0, E,9a, at +e. Hence we 
ave 


Tı COB ag +7, COS agt? cos By+7'3 cos yat T, COS 05 —7'5 COB egt rg COS a4 = de, 


f (1) 


and from the linkages O;44,B,0, O,B,)C;03, OCeDz0, O,D,E,0;, 
O; Esa, Os, 


ra CO8 By = r4 COS ag+ 7} COS ay —d, ^ 
rg sin By = 7, sin ag +7, sin a, 


T3 COS Yg = T3 C08 Ba -+ ra cos 8,9 — da 
1s sin ys = To sin Batra sin Bio 
1,CO8 Ôg = r3 COSY; + 73 COS yg —dg | (2) 
. . . > 
T, sin 6; = 73 BiN y;+7'3 Sin yg | 
—'5 COS e, = r, COS 65-- r, cos 6, — d, 


—7; Sin e; = 74 sin 6,4+7, sin 6, 


re COS ds = 75 COS +7, COS eg +d; | 


Tg SIN a; = r5 Sin €; +7; sin eg 


and similar equations by changing the subscripts of the angles of the first 
four pairs of equations as follows :—, 


21:2. 1 — D, 
2 — 8, 4, 8 = 4, 5, 
8 = 5, 6, 9 — 5. 7, 
4=7,8, 10—8,9, 


— 9, 10, 11 — 10, 11, 
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and those of the fifth pair according to the sequence 


11. 1, 2, 5 = 2, 3, 
10 = 8, 4, 4 — 4, 5, 
9.225. 6. 3 = 6, 7, 
8 = 7, 8, 2 — 8, 9, 
7 = 9, 10, 1 = 10, 11. 
6— 1T. 1; 


Making in (1) the substitutions contained in (2), we get 


37, È COB a—, COB a+ 7g cos ag = 16d, +8d,+4d,+ 2d, -- d,, 


and as È cosa is a constant by Weill's theorem, therefore rẹ = r). 


In addition to the above formule we have 


r, co8 B, +7; cos ag+7, cos 6,, = const. 


ra sin 8, +7, sin ag+7, sind, = 0 


— r, CO8 ô}, 4-7, COS a,— r4 cos y, = const. 
—r, sin ôy +7, sin a— rg sin y, = 0 
rg COS y; +7 c0o8a,+r,cose, = const. 
"4 Bin y, +7, sin a+r; sine, = 0 


T5 CO8 €i, +7, COS an+ 4 COS yi = const. 


r; sin du +7, sin aq4- 7, sin y, = 0 


— $308 yj 7i COS ag— r, cos 6, = const. 


—38in yj +? sin ag—r, sind, = 0 


r, cos ô 4-7, cos ag - 4 cos 81, = const. 


rsin 6; +7, sin ag+r, sin B,, = 0 j 


and others by the interchange of subscripts in rotation as they occur in 
Fig. 8 (not cyclically). These may easily be verified from equations (2), 
and indicate that linkages exist on the diagram to correspond. For in- 
stance, if a line be drawn through C, parallel and equal to D,E, its 
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extremity will always be at a fixed distance from A, in a direction parallel 
to the axis. Links may be added to Fig. 3 to secure this without inter- 
fering with the mobility of the framework. In other words, 7,797, will 
form a linkage closing in 11 upon a base equal to the constant in the 
above equation which will be found to be 


$ (di + 2d,+ dg+ 2d, td). 


If all the links were drawn in Fig. 8, it would be too confused to be 
intelligible. It is, however, worthy of notice that independently of the 
extra linkages just alluded to it consists of 72 joints and 182 rods, or 41 
more than are necessary for rigidity by Maxwell's rule. 


Translating the above results into the $ notation, we have 


1, COS (Pı + p ) +r cos (da +, )—r2 cos ($+ 95 ) = const. ! 
7, sin ($, + pa ) -r, sin (pa +3 )—72 sin (dit) = 0 

ra COB ($4-]- $5 ) d- , cos (fg +, ) —r, cos (6, +f, ) = const. 
ra Sin (P+ pg ) - ", sin ($5 +4, )—7, sin (hith) = O 

r4 CO8 (6, + h, ) +r cos ($4 +4; )—73 cos ($4 +H ps) = const. 
r, sin (pıt $4) 4-7, sin ($, +45 )—7s sin (dit) = 0 

Tg COB (di H- $5 ) - 7, cos ($5 + $5) —7; cos (pips) = const. 
rg 810 (f+ $5 ) H- 7, sin ($5 4-95) —7; sin (dt $4) = 0 

15 COB (dr td ) 3-7, cos (de +4, )—7; cos (pi H- $4 ) = const. 
rs sin (pit $6 )+7; sin (de +47)—75 sin (dit) = 0 

r5 COS (i + $4 ) tri cos (dy + $5) —73 COS (4, + ps) = const. | 
rs sin ($+ $4) +r sin ($4 + og) — rs sin (pı Hp) = O 

r3 COB (f+ pg ) +r cos (Py + $9 ) —r, cos (f; + ) = const. 
rg Bin (i+ $4) tr sin (hg +g )—74 sin (J, + 99) = O 

1, CO8 ($1 + Pa ) Hri eos (py + 19) — ra COS (Bd, + dio) = const. 
7, Sin ($i d- $9 ) #7; sin (Py + $19) — ra sin (di tu) = O 

T COS (Pi + $419) +71 COS (Pig + $1) — r cos (di +ou) = const. 
ry SIN (Py + $49 £71 sin (piot pu) — r sin (dito) = O j 


TEMO 
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which, when added together, give 
ri2 cosu = const, risina = Q. 
Multiply the first pair by 


cos sin 


sin tete) and cog (i di pa), 


add 


respectively, and a eee 


treat the second pair similarly with 


COS 


sin C + $3 + $4. 


the third with oe CETTE TAF 


and so on, and we obtain 


cos (pi H pet 99 = F, cos $i, +f, cos pot F4 COS 9, 
sin (pı +a + $9 = Fi sin gpi +F; sin pat F3 sin gg, 


cos (¢, + $5 d- $9 = G, eos dit Gg cos pat G, COS Q, 
sin ($, +p +p) = G sin $,4- Gs sin pat G, sin g, 


cos (pıt dit 99 = H, cos pı +H, cos @,+ H; cos ds; 
sin (pı +p tp) = H, sin ¢,+ HA, sin ¢,+H, sin ¢,, 


the series ending with p+ pot pio for dıt Pit Yı is formed by cyclical 
changes in $,4-$s-- 4," These are the formule upon which Prof. A. C. 
Dixon bases his demonstration that the centroid of the S polygon describes 
a circle whose radial angle is È (29), and from which he has derived a very 
large number of valuable relations between the ø angles. Among the 
most important of them are those expressing the fact that the cosine or 


* If we start with the chain BCDEA instead of the chain ABCDE, we should arrive at 
the series pı + $3 + $5, $1 t 6; t $7, ... ; and if with the chain CDEAB at the series $ + , $s, 
01+ ¢9+ $2, ..., and so on; and taking into consideration the cyclical variations of these 
angles, we shall have formule for the sum of any three $ angles. 
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sine of the sum of any odd number of angles can be expressed as 
multiples of the cosines or sines of the angles themselves. 

AA; (Figs. 1 and 2) envelopes a conic which is the polar reciprocal of 
the S circle with reference to the A circle. O, will be one focus of it.* 
If we form its equationt we shall find that its other focus is at O'. m the 
mid-point of 415.43 describes a circle? which must be the auxiliary circle of 
this conie, for it is the foot of the perpendicular O, B; from the focus on 
the tangent. If h be the point where O'B$ cuts A34, A will be the point 
at which 431, touches its envelope, for from the symmetry of the rhombus 
O,A3B3A,, O,h and O'h are equally inclined to A,A,. It is also true that 
B; By touches its envelope at p, the point where O, A, cuts it, although 
O'B, A,B; is not a rhombus; for denoting the links O, 4,, AgBs, BO’, 
O'O, by a, b, c, d, and O'A; by z, then 


z? = a?-F2ad cos agt a’, 
. asın a a cos aat} d 
sin 4500, = ———, cos 4,0'0, = 2999 std, 


The perpendicular from O' on B; B; = 


2 ENT 9 72) ,2 
ceos A, 0 B = TEKH PH VF AAA Bad cos a. 
22 2z 
therefore the perpendicular from O, on B; B; is 


4P4P ad cosa _ dia cosatd) _ dI Ue d 
2 ET 


Therefore the equation to BiB, is 
x(a cos ag+d)+y a sin a, = à (à? — bH à — d?), 
the origin being at O,. Differentiating with respect to ag gives 
y = x tan ag, 


* Salmon’s Conic Sections, 1900, § 308. 

+ Ib.. $ 319, or see below. 

+ Weill, “Sur les Polygons, &c.," Journal de Mathématique (Liouville), 8rd Series, 
Tome 1v, 1878. 
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and the elimination of a, gives the envelope 


a? — i? —d? 
— %atdeos§) ' 


a conie whose eccentricity is d/a. But the coordinates of p are given by 
the substitution of y = z tan ag in the equation to B-B. Hence p is on 
the envelope. Since the perpendicular from O, on B;D; multiplied by z 
is a constant, the locus of v is the inverse of the locus of A, i.e. it is a 


circle, which must be the auxiliary circle of the conic. Hence O, is a 
focus. 


If O,A, cuts O'B; in k, 
O,kO' = A,0,2— B50'O, = a,— 8, = $,— ds, 
A,0,h = Ag Rik = BIkA, = 0,k0". 
Therefore NOT = ast $,— fy = 29,. 


Therefore p+ p; and 2$, are the focal angles of the point A, and the 


ET . . 8inli($,—929,4- pr) 
ii E of the conie is sin 1(944-29,-- 4)" 
Weill shows* that the perpendicular from A, upon 454, passes through 
the focus O' of the envelope of 44,45, and that if w be the foot of this per- 
pendicular, w describes a circle. As BB; envelopes a conict so does 
B, B, and therefore w which is on the line 4,3, BA, (Fig. 1) must 
describe the auxiliary circle of the envelope of B,B,, and O' must be one 
focus: of it. v and w must therefore be corresponding points on the 
auxiliary circles of two similar and similarly situated conics, and the inter- 
section of vee with the axis will be the centre of similitude. As the tri- 
angles B>A, B; and 4,0,4, are equal and similarly situated, the rectangle 
q43 is equidistant between v and O, and O, A, and vw are equally inclined 
to Ov. Therefore 450,r and vO,O, are the focal angles of the point 
where BB; touches its envelope, and from a property of a conie, vw 


passes through the centre of the two conics which is therefore the centre 
of similitude. 


Since v0, A4 — a3 — $ (aat a4) = O vw, 
the inclination of vw is 


vO,z — O vw = ag—agd- a, = fot ps 


which is therefore a con- 


* Liouville, loc. cit. 
t Proc. London Math. Soc., loc. cit. 
SER. 2. voL. 18. xo. 1203. P 
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and vw is perpendicular to S; S,. Hence the focal angles of the point 
where B5B; touches its envelope are ¢,.+¢, and ¢3+¢,, and we have 
gin i ($3— $3 — fat Ps) 
sin 4 (pat pat ost $5) 


the eccentricity of this envelope. 


= a constant, 


Dealing with the focal angles of the envelopes of the remaining poly- 
gons, we get the following results for the eccentricities of the conics :— 


Polygon. Focal Angles. Eccentricity. 


A, Ay | Pita — 29, sin 39, E29, d) 


sin 3($; — 2ps t $s) 
B, By $i os 2 og ins EQ Eu) 


CC. | bith — 24s | sin i2 390750) 


: | sin $(¢,—2¢9+ pr) 
D,D: | pit $,*. 29, | IC D 
EE, | Pit Pan” 29 sin FGF pnt pa) 


(6) 


- —— um. 


sin $($1— 4$: — dst dy) 
sin $ ($; + pat oat oy) 
sin $($1— $3 — $5 + 44) 
 &in (fi + 94 4- pst oy) 


i 2 1$1— $5 — 99 Pig 
CiO, or DiDi | td ehh Taye TT 


| sin 1($,— de put Gas) 
Pa Pa OEE PA OI PT ON ee 


| indigens dab da) 
us Eh l ee pi | 33 4 
143 OF AyAs | Pit fg Pit dss | sin $ (pı + pirt pat $49) 


Polygon. | Focal Angles. | Eccentricity. 
i 
| 


A,A, or BB, | dit, da Hos 


BB, or GC; | piton ps +45 


IAEA — — is iS mM —— — —— À— M un u — — —À fae aE, Ps 


* It is best to leave these subscripts as they stand because $;; and 9, are not interchange- 
able without the precaution that the vertices are taken in such an order that $,; = $4 4 rs, 
where r is even, All the subscripts are, of course, cyclically interchangeable. 
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It has also been shown by Weill* that O'w, O'A, is constant. If 440' 
(Fig. 2) be produced until it again meets the A circle in a, 430’, O'a4 is 
a constant. Therefore O’a;/O'w is a constant, and the a polygon is similar 
to the w polygon. The vectorial angle of w with reference to the centre 
of its circle is ¢,.+¢;, which is that of the point D, Hence the A polygon 
inverted with reference to the focus of its envelope, which is the centre of 
the polygon which generates it, gives rise to the D polygon. If B;O, be 
produced till it again meets the B’ circle in b;, the b’ polygon is similar to 
the S polygon ; + i.e., the inverse of the B’ polygon with reference to the 
focus of its envelope which is the centre of the polygon it generates is the 
S polygon. As all the polygons 4, B, C, D, E and a (Fig. 8) are con- 
nected in an endless chain of linkages, they are all equally generating and 
generated polygons. All of them invert into one of the others with refer- 
ence to one foeus and into the S polygon with reference to the other. 


A inverts into D 


B : E 
C : AN (8) 
D " B 
E g C 


A, inverts into Sip Ùe., So 


B, " So 
C, » S3, 
D, T Ss» 
E, » So 


The polygons are therefore also connected together in an endless chain 


of inversions A, D, B, E, C, A, .... 


If we take a polygon A and its inverse D (Fig. 2), of which A, and D; are 
corresponding vertices, O' being the centre of inversion, and complete the 
rhombus O, 4,D4e and join O'e, then these lines together with O, O' will 
form a Peaucellier cell of which the side O, O' is fixed. e will describe a 


* Liouville, loc. ctt. 
t Proc. London Math. Soc., lec. cit. 
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circle about O', and g, which is the mid-point of both O,e and 4, Ds, will 
describe a circle about the mid-point of O,0'. If 20,4,= a, and 
£'O'D, = 63, O,A,e = a,—ó,, and O,O'e = a,4-ó,. Therefore the radial 
angle of g is a,+63. gis the centroid of A, and D The centroids of 
the 4 and D polygons are both fixed points in the axis by Weill's theorem. 
Therefore the centroid of the polygon formed by the various points g will 
also be & fixed point in the axis. Applying this result to the various 
polygons 4, B, C, D, and E, we have the following series of angles, the 
cyclical sum of whose cosines is constant, and the cyclical sum of whose 
sines is zero 


aot, or $,--$s- hs th 

Baten » pit pat 95 + oy 
6-8 » — $i $4 $4 +40 >. (10) 
yata » Pit Pst $9 +r 

ety » $rvt$ct $ud ds 


If we take the polygons and their inverse S polygons, we obtain in a 
similar manner the series 


Pit 29, - ps 
dit 203 - $5 
pit 29; 9, }- (11) 
pit 29, Be 
$1294 ou 


If the locus of the centroid of the S points is a cirele of which the 
radial angle is È (29), and the centroid of its inverse polygon is a fixed 
point in the axis, the centroid of the combination of the two will be a circle 
of half the radius situated half way between the fixed point and the centre 
of the locus of the S centroid. The radial angle of the combined centroid 
will be the same as before. Hence the cyclical summation of the cosines 
of the angles in (11) will be of the form A+B cos 2(2¢), and the cyclical 
sum of their sines of the form B sin 2 (29), where A and B are constants. 

As regards these constants, we have 


sin ($;4-29,-- $) = 2 sin 1(9, 2-29, 4- $9 cos 3($ 3-29, + pa) 
= = sin 3($, — 2+ fs) cos # (r+ 2 te) 
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from (6), where n is the eccentricity of the envelope of 41,4, in this 
case d/c; therefore 


sin (Jy 4-99, + 49) = {sin (fı + $9 —sin 2g}, 


and as 2 sin (dı +9) = 0, 
by Weill’s theorem ; therefore 


> sin (9$; tH 299 + 43) = — E 2 gin 29. 
Similarly Zcos($;--29,4- 4) = E {1—2 sin? 3 (6 29, 4- 99)! 


= 1 1 (cos (qi -- 99 —cos 29 | , 


and if the constant summation of cos(¢,+¢,) be denoted by L, and 
2 cos 29 by H+K cos È 29, 


2 cos ($2- 20,4- 93) = — (wL—H)—-—-K cos È 29, 
Z sin ($44-29,4- 49) = — KR sin È 26. 


If we regard the link O'B$ of the quadrilateral O'B;4,0, as fixed 
instead of the link O, O', we have a new linkage of which the a link is 5, 
the b link a, the c link d, and the d link c. This linkage will be of the 
fifth class, and since 


die = bH Il bd, 


and ac = Ir bd, 
1—s 


in virtue of the closing of the original linkage,* therefore 


47 
3 — 2 2 — » 
+d = alte 7,4 
1—s 


and bd = IFs ac. 


These two last conditions show that this fifth class linkage closes in 2n* 
(a fifth class linkage never closing in an odd number of cells). 


nn ———MM À— a  — M M a — € À—' n À € a  — M MÀ à HI en 


* Proc. London Math. Soc., loc. cit. 
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Now since O, kO' = A,0,z— B50'O,, 
and O kO’ = A,B:0' ; 
therefore A,B. 0 eu == pit ps — pa — ds = $,— Pr- 


This linkage will therefore give rise to a generated polygon of twenty-two 
vertices whose vectorial angles are 


— pit $» ds dr  —$ut$v ddr — poton 
Pads — 9r Ths $i Pa — petor $1— Pr 
dtp ddr de Hes Pr Pas 
$1—95 — pa t $i $3 — Po —Pat do 
— $s $e Pio Pi — Ps Ts $9 — Pio» 


which is symmetrieal with reference to the axis, being formed by the first 
eleven vertices and their reflections in O'B». It will be generated by a 
polygon whose vertices are the various positions of the end O, of the now 
moving arm O'O,, which will make with the fixed line O'B; the supple- 
ments of the angles 8. The turning of the triangle B240, about the 
diagonal B5O, will cause the point A, to assume the position A,, of which 
the radial angle O'B5A,1s negative. The subsequent turning of the tri- 
angle O'A,O, about O'A, will bring the arm O'O, to O'e with a similarly 
negative angle, the supplement of B;O’e or of BsO'O,, namely, — (v — £j. 
While, therefore, the generated polygon, which we will call the A’ polygon 
has the radial angles —dı td, dad, — 434-4, ..., the generating 
polygon will have the angles —($,-4- $9, +(do+ $9, (dtp), .... As 
the a and b links of this linkage are equal, the tangents at the vertices of 
the A’ polygon will intersect on a circle, and following the same method 
as in the former case we see that the new S polygon formed by these 
points of interseetion will have the radial angles 


26, — 2d», 255, easy — 260 26i, — 20, 2x, — 2s, IP 2610 — 29i, 


that 18 to say, the new S points will be those of the original together with 
their reflections in the axis, the latter being indicated by negative sub- 
scripts in Fig. 1. The lines which touch the circle circumscribing the 
A’ polygon are 


Si! — 23 S_2Sz, P Si 9.,, S1 So» Sa S-83, ...;, S-n S- 


The circle they touch has a large radius and a portion of it is indicated in 
Fig. 1 at A’. 
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The same reasoning applies to this new linkage, and, mutatis mutandis, 
the same results may be obtained. Thus if every vertex in the double S 
polygon is joined to every other one, all the lines so drawn will envelope 
fixed coaxial circles. There will thus arise ten polygons inscribed in 
coaxial circles, half of which are interior and half completely exterior to 
the S circle. 


It is convenient for the moment to replace the series 


25, —2dq, 9$, ..., by 24 2$» 2$; ..., Aha, 
where, of course, pi = $p p = — py 
p =— p» f= $» 
p= $3 — Pu =— ds 
po =— po Pam pw 
pu = mw pan = — $n». 
The ten polygons will then be 
A’ B' Ww' C X 
git¢: pitos he pits dt 
gto ` petos Gite, pito ten 
gto, gto, prta potpis gitdie 
E' Y' D' Z' p 
gtd, gitds — $i dd» dtd — $i du, 
$!-c$i5 stoi, Gator ten pitoa, 
dito, gute — uds Bist Ps, put do. 


It will easily be seen that the polygon whose leading angle is ¢1+¢3 
closes in eleven, for the twelfth angle is ¢i-+¢3; but there still remain 
the angles ¢2+ 41, ¢1 +, ..., Which are in another order 


dito, Put -> OF (std), (dtp), ..., 


so that this series forms two independent polygons each closing in eleven, 
one being the reflection of the other. The same applies to all the poly- 
gons whose leading angles are of the type $14-41,,, where s is even; but 
those of the type where s is odd close in twenty-two and are unipartite. 
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We have seen that a polygon whose angles are dt diss pist dis 
is generated by one whose angles are dt‘, dirst $1.5; or we may 
put it that a polygon $id-$i.s Bir $144. will generate one dit isis, 
Pisist $145 if 5 is even; otherwise not. But the polygon whose leading 
angle is $:+¢),; is the same polygon as the one whose leading angle is 
fit $1,445; therefore we may extend the above and say that a polygon 
Pt pinto Piraat Plas Will generate one whose angles are 
Dit dicas Quaeso 14545. provided these subscripts are whole 
numbers. Now when n is odd, if 1+4s, 1+3s are not whole numbers 
by reason of s being also odd, 1+3 (n 4-s), 143 (n d- s) are whole numbers, 
and therefore one way or the other, whether s is odd or even, all the 
polygons are generators, but when » is even and s is odd, they are not 
generators either way. Further, when n is odd no polygon can generate 
in more than way, for if s is odd 1+4s, 1+ 2s are fractional, and when s 
is even 14+4(n+s), 143 (n+s) are fractional. But when n is even and 
s is even both series are whole numbers, and so such a polygon can be a 
generator in two ways. 

This fifth class linkage therefore gives rise to an endless chain of 
linkages as in the former case, viz., 


B e ( e Dp e RE e F -— B 
pits pitos gite ite gtd te 
Y Y i Y Y 
A! VA Y' Ww X 
ste ghtdo pitos pite gites 


but in addition each of the upper row generates one of the lower row. 
In consequence of these considerations we have all the results of the 
former case except one applicable to all the ten polygons, the exception 
being that the 4', W', X', Y', and Z' polygons do not invert into the S 
polygon. 

Taking firstly the chain B'C'D'E'F'B', it will be seen that in reality 
this eonsists of two separate and distinct chains, one being the reflection 
of the other, and working quite independently of it. The A’ polygon is 
excluded from it, but in its place appears an PF" polygon, which is the 
original A polygon and its reflection, while the others are the original 
B, C, D, and E, and their reflections. We therefore get no new result so 
far. But if we take the generation of 4’ by B’ we shall find that the 4’ 
polygon inverted with reference to the focus of its envelope, which is the 
centre of the B’ polygon, produces the W' polygon. Similarly Z' so 
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treated will give rise to X', X' to Y', W' to Z', Y' to A', so that we have 
a new chain of inversions 


A'W'Z'X'Y'A, 
from which we deduce that 
$i ds tos +o, de + — 44 
itd: Hor - dio, $1— $94 Hor -| 
$id-4e d-$h-- $1, that is to say ¢,—¢, 4-9 —4g p (12) 
git ps + dns as, $1— ps toy m 
pit pot piot pes $1— dit os — $6 


form a series of angles whose cyclical cosine summation is constant, and 
whose cyclical sine summation is zero. 

Now, as B’ ean generate both F’ and 4’, dit ds not only inverts into 
2¢2, but its equivalent i+ $5; inverts into 21s, which is —24;. Hence, 
in addition to the angle ¢,+2¢,+43, we have also the angle ¢,—2¢.+ ps 
whose cyclical cosine summation is 4 cos 229-4-B, and whose cyclical 
sine summation is A sin 224. Similarly for the other polygons. Hence 
the series 


$1 — 2395 + hs, $1— 29, + $s 
$1— 23 + $5 $1— 24s T $5 
$1— 29; + $5, $1— 245 + $5 
or ; (13) 
$1— 2 + O17, $1— 245 + $6 
$1— 295 $a», $1— 24s + 9 
$1— 2933 Pes» $1— 201 + dio 


which have these cyclical summations. 

It follows from this that while the eccentricity of the envelope of A’ is 
sin $(¢,+2¢04+ $3) !o (a . sin $($1— 25, t $9) 
rn that of F’ (v.e., A) ıs sin 3 (dy + 24,4- $4)" so that if 
one envelope is an ellipse tho other is a hyperbola of reciprocal eccen- 
tricity. The same thing applies to the envelopes of B’ and Z', &c. 

The circles circumscribing the A’, X’, Y', Z', W' polygons have been 
shown in part in Fig. 1. They tend to shrink up into one of the Landen 
points, and on the other hand to expand to the common radical axis of all 
the circles in the diagram. Since the chord S,;S, is equal to the chord 
S_;S_.5, the angles subtended at Sj, by the E circle and the X’ circle are 
equal. This applies to any S point, and therefore to the extremities of 
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the vertical diameter which are the centres of similitude of the two circles. 
The C and Y', the B and Z',... circles have the same properties, each 
pair having the same generator. 

It can be shown geometrically without trouble that, if a point A, 
moving on a circle (Fig. 2) inverts into another point D, with reference 
to a fixed point O' within the circle, there is another fixed point ¢, outside 
the circle on the same diameter, such that 


0,0'.0,t = O, 4i, 


through which 4, will invert into D; the reflection of D, in the diameter. 
The mid-point G' of A, D; will likewise describe a circle. Its radial angle 
will be a,—6s, i.e., — p+ pı +H 95— pe Hence we have also the following 
series of angles 


$1— Pa — $3 +6; 


$1i— $3 — $5 +, 
$1— Ps — $7 T 1o |» (14) 
$1— $5 — Po + d» 
pı— ps — Put 9; 
di $2 — s — ý 
di ps — pr — Pro 
$i oe Bub Lo (15) 


$i ds — 061 — oy 
pit $19— Ps — ds 


whose cosine summation is constant, and whose sine summation is zero. 

It is naturally suggested by the above that this point ¢ is the centre 
of a generator of A. Asa matter of fact it is. For, if we consider the 
link O, A, as fixed, the A polygon and its reflection will be generated by 
one having the radial angles O;44B;, —O,A,B;, O,A,B:, ..., that is to 
say, T—($,—49, —T-d-($;— 99, -—($g—4); and comparing these 
angles with those in the table on p. 215, we shall recognise them as those 
of the Z' polygon. But as the links 4B’ and B'O' are not equal, this 
generation is not of the sort considered in this article, that is to say Z’ 
does not invert into S. In this restricted sense also A’ generates E'; 
W',C'; Y, B'; and X', D'. It may be noticed, however, that if we 
enlarge the radius of this double 4 polygon until it becomes equal to the 
A circle, the fixed point A, will be removed to ¢, where 


OÖ, t.0,0' = (0,49%. 
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As m 4, the eccentricity of the envelope of B, B, Y = E 
which is the eccentricity of the envelope of Z'. 

Further, since the inclination of the bisector of the angle S, SS} is 
3($;4d-24,-- 4, and that of the external bisector of S S-S; is 
—1i($,—24.4- p), the distance of the centre of A or F' from the centre 
of S is 
R sin 29, cot $ (pi + 2fo+ $9 — R cos 29, 


i 4 ( —2 at 3) 
or pol 3 ($i fat $s) _ _ R, 
int ' 


while that of 4’ is 
— R sin 2¢, cot 4 (pı — 2p + ¢;) — R cos 29s, 


_ p sin $($; + 2644+ $5) eS 
d = sin $ (pı — 2p2+ $3) 7 2 


and similarly for the other pairs. 


, 
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FORMULÆ FOR THE SPHERICAL HARMONIC P;"(u) WHEN 
1—,4 IS A SMALL QUANTITY 


By H. M. MacpoNarp. 


(Received February 6th, 1914.—Read February 12th, 1914.] 


AN expression for P;"(u) when l—4 is a small quantity, has been 
obtained in the form* 


P7" (u) = (n cos 30) "" Ee (x) —sin 30J 41 (x) 
+ sin’ 40 = Im+3(2) II mse (x) E ul 


where x = Mn sin 40, 


and this result was used to determine the values of n for which P,;"(u) 
vanishes, when 1—u is a small quantity. The object of this note is to 
obtain other formule, which are more suitable when the approximate 
value of P,"(w4)is required in the summation of a series. The above 
formula was obtained by expressing T (n+r+1)/I(u—r+1) in powers of 
n in the relation 

P-"(u)-— See men (1Z&)\" Fi-a n+l, 1+m, $(1—m)] 

» I (m--1) \1+m í , d : 

and rearranging the series. The expression I(n+r+1D/I(n—r+1) can 
also be expressed in terms of powers of (4t 4- 3), the result being 


l’(a+r+1)/ Ta —r +1) = (nth —A(Q4-37?7*-EB(n437"7-—..., 


| — 1 Tot) ,Te+D, 1 Te+D 
(SE A= 3 To) *TG—D* 4 Tw ' 
1 Vt) , 110042 , 810+) , 29 r+) , 9 T+) 


og Fees) 16 Por—4) "12 T(r—3) 7 12 P—2) " 32 T(r—1Y 


Substituting this expression for I(a+r+D/U(a—r+1) in Pz"(u), writing 


* Proc. London Math. Soc., Vol. xxxi, p. 269, 1599. 
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x = (2n+ 1) sin 30, and rearranging the series in a similar way, the re- 
sult takes the form 


P7” (u) 
= { (n+ }) cos 301 ^| T(x) +8in 46 f = Jas Od — Jas (It = Jua (£) ! 
: 2 : 11 i 81 
+sin? 10 i 73 Insult) — 50 mest) + 12 J s 44 (2) 


29 9 | 
XS gzl») t gr? Im+2(t) j +... | 


Another form ean be obtained from the relation 


£492 n 
STD F[n+m+1, m—n, 14m, 30. —m)], 


Pr" (4) = 
by expressing 


(n—m+r+1)(n—m+r+ 2) ... (2—m) (n+ m+ 1) ... (n3-m 4), 


in powers of (1-4- 3), and the result is 


P=" (u) = (n+4)-™ (cos 10)" [In («)+ sin? 30 | = ns Q0) (mt 1) Ja «o (2) 


+ ut y, se)! tl 


When m = 0, both these formule become 
P, (u) = Jor) 4- sin? 40 EA — Jale) + = J, (2) ; 4? 


These expressions, proceeding according to powers of sin? 30, are more con- 
venient for calculation than the former one, and ean be used to calculate 
P4" (n), or for determining the values of u near to 1 for which it vanishes, 
when 7 and m are given, as well as for determining the zeros of P," (u) 
when m and u are given. 


m —— —— — À— À— —— — — € e À "——— M —À M  — À — —— — "M — — 


* The first term of this series has been used as an approximation for P, (u) by the writer, 
Phil. Trans., A, Vol. 210, p. 117, 1909. 
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ON THE THEORY OF FOUCAULT’S PENDULUM, AND OF THE 
GYROSTATIC PENDULUM 


By T. J. TA. Bromwicu. 
(Read June 12th, 1913.— Received September 20th, 1913] 


1. The effective Lagrangian function for the motion of a heavy 
particle near a, marked. point close to the surface of the earth. 

We take the origin at the marked point and the axis of z as vertically 
upwards; the direction of the vertical being that of apparent gravity, as 
defined by observations with a plumb-line or with the surface of a mercury 
trough. The axes of z, y will be taken at first in southerly and easterly 
directions, respectively, in the horizontal plane through the origin. 

Let A denote the latitude, that is, the angle between the axis of z and 
the equatorial plane of the earth; A will be regarded as positive for a 
point in the northern hemisphere, as usual. Further, let p denote the 
distance of our origin from the axis of rotation of the earth, and let w be 
the earth's angular velocity. Then referred to an origin on the earth's 
axis the coordinates of (x, y, z) are 


é = p-F« sin A+ z cos À, 
n = y, 
= —z cos A4-2 sin À, 


the axis of € being the earth's axis, and the axis of € passing through our 
marked point. Thus, if we neglect the earth's motion in space, the 
velocities of our particle will be 


É— wn = x sinA--z eos À — wy, 
4 +æ = yto (p+ sin ÀA4-2 eos A), 
é = — 7 cos A 4-2 sin A. 
And so the square of the resultant velocity is equal to 
OT = r? y? 4- z?-- 9» sin A (xj — xy) + 9w cos A (zy —zy) + Awpy 
+a? | y* 4- (p4- x sin A 4-2 cos A)?}. (1) 
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Next let V, V' denote respectively the potential energies of gravity 
and of apparent gravity respectively: then, as is well known, we can 


write V—V' = ke? (£?-4- 55) + const., (2) 


because the components of centrifugal force due to the earth's rotation 
are wf, wn parallel to the axes of Ê, s. 
Consequently we have the Lagrangian function expressed in the form 


2 (T— V) = PH +22+ 9e sin A (rjj — ry) — 2 Y" 
+ 2wpy + 2o COB A (zy — zy). (3) 
The expression (3) is exact, except for the omission of the eflect due to 
the earth's motion in space; but we shall now proceed to simplify (8) by 


introducing certain approximations. In the first place it follows from our 
choice of axes that, at the origin, 


a, OF y OP 


oz 7 oy ° 0 


— g, 
where g is the value of apparent gravity at the origin; aud so, under the 
circumstances of any actual experiment, we can write 

V’ = gz+const. (4) 


Secondly, the term 2wpy in (8) may be omitted, as it cannot affect the 
equations of motion; and, finally, we shall see that the effect of the term 


2w cos A (2y — zy) (5) 
is small compared with that of the other term 
2w sin À (zy — zy). (6) 


Since the effect of (6) will be found to account for Foucault’s ex- 
periment, and so is small compared with the effect of gravity, it is clear 
that the effect of (5) must be quite negligible, and we shall accordingly 
use for the effective Lagrangian function 


2L = 2? +7?+272+Qw sin A (zy —ry)—292. (7) 


It should be noticed that in (7) it is no longer necessary to adhere to 
the axes of x, y originally defined :* they may be any perpendicular axes 
in the horizontal plane, such that the direction of rotation from x to y is 
in the sense NWSE. This follows from the fact that the values of 


* Of course this remark will not apply in any problem for which the effect of the term 
(5) has to be considered, such as the discussion of Foucault's gyroscope. 
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z’+y? and (ry—zy) are independent of the axes selected; provided (as 
regards the second) that the sense of rotation of the axes is unchanged. 


Proof that in the theory of Foucault's pendulum the effect of the term (5) is small com- 
pared with that of (6). 


The truth of this statement is not hard to deduce by a direct application of Lagrange's 
equations ; but in the calculation it is necessary to take account of the fact that x, y, £ are 
not independent coordinates, and are in fact connected by the relation 


x? +y + (le) = P, (8) 


where l is the length of the pendulum and the origin is taken at the equilibrium position of 
the bob. 

To avoid the labour of substituting from (8), we may apply the Lagrangian equations in 
their variational form, so as to obviate the necessity for using independent coordinates, when 
forming the equations of motion. The variational equation is, in fact, 


d (oL oL | 
eges 


and the parts of this which are derived froin (5) and (6) are respectively 
2w COS A (25y—y 62), (9) 
and Qw sin A (x 5 — y or). (10) 
If we now make use of (8), it will be seen that 
(l—2) 82 = x öx + y dy ) 
and (l—z)z =r£+yy j f 
Thus, eliminating s and 82, (9) can be written in the form 


2wCcOSA. 


2w COS A f(rz + uy) By —y (x du + y Sy) } = x (xby—y dx), 


l—z —2 
Consequently the quotient of (9) by (10) is equal to 
(x cot A)/(L— z), 


and this (unless A is small) may be taken to be of the order of magnitude of 1/100 to 3/100. 
For instance, with the dimensions of Foucault's experiment at the Pantheon (see p. 226 
below) the greatest value of z,! is about 3/67, and cot A = ‘874; and so the maximum value of 
the quotient is about 1/25, with an average value of about 1/50. 


2. First approximation to the path of the bob of the pendulum in 
Foucault's experiment. 


To get the first approximation we solve (8) approximately and get the 
equation Qle = r+ y. 


Substitute from this in (7) and we find the approximate Lagrangian 


function . | 
2L = a’ + y+ 2n (ay—ıy)—p? (a? +y’), (11) 


where n = wsin À, p*c- gll. 
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The equations of motion then become 


r—2Qnry+p*x = 0 
acts = 0) | 
Thus, if we write e+ıy = €, we find 
E+ amt = 0, 
the solution of whichis € = c ct | (18) 


where g = p Hn? 

In Foucault’s actual experiments, the bob was let go from relative rest 
in a displaced position. And, in view of the fact (pointed out at the end 
of $ 1, p. 228) that the axis of z may have any horizontal direction, we 
may take the plane of zx to pass through the initial position of the bob. 
Thus initially we may suppose that 

(cus. y=), 2-990. 359905 
or, in terms of ¢, the initial conditions are 
(2a, (£20, 


where, of course, a is real. These conditions determine the constants in 
(18), and we find that 


-— à | le 
went n). 


Thus, in Foucault's case the path of the bob (as seen by an observer) is 
given by the equation 


Č = ray = à i(q +n) e u-t} (g — 0) e ttm : (14) 


which represents a hypocycloid. 

To see that (14) does represent a hypocycloid, we need only remark 
that each term on the right-hand side represents a uniform circular 
motion, and that the two rotations are in opposite senses: thus the path 
has a hypotrochoidal character, and, since the bob comes to rest when 


( = 0, the path is hypocycloidal. 
The hypocyloid is contained between the two circles 


Il =a, |e] = ania, 
corresponding to values of ¢ of the types given by 
qt = mm, qt = (m+4) r, 


where m is any integer. Further, since ĝ=0, when qt- mm, it 
BER. 2. VOL. 13. No, 1204. Q 
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follows that these points give the cusps, which accordingly occur when 
¢ = (—1)" a eg (mr 9) 
Hence in a complete circuit of the larger circle the number of cusps is 


equal to g/n, if this is an integer; and is the integer next greater than g/n, 
in general. 


The adjoining diagram indicates the general character of the first four 
swings of the bob; but in the actual experiments, the radius of the inner 
circle is so small that it is impossible to attempt to draw the diagram to 
scale. For instance, in Foucault's own experiments* the period 27/n was 
about 82 hours, or more accurately 


31h. 59 m. 478. (gidereal time) = 81 h. 47 m. 15s. (mean time) ; 


and the period of swing 27/q was about 16'42s. Thus g/n was about 
7000, and so, although the radius a was 8 metres, the inner radius an/q 
was less than half a millimetre; and the distance between adjacent cusps 
on the outer circle was about 2°6 mm. | 

In theoretical accounts of Foucault’s experiment, it has been usual to 
describe the path of the bob as a revolving ellipse : that (14) can be so 
described is true,* but the description hardly conveys a very clear idea of 
a hypocycloid. 


€——————————— En nn nn en 


* Comptes Rendus, t. 32, p. 135 (February 5th, 1851). 
t To prove this, write z' + :y' = (' = (e"'; then the axes of x’, y' rotate with angular 
velocity n with respect to the axes of z, y. Then (14) gives at once 
<= acosgt, y’ = (an/q) sin qt, 
so with respect to the axes of x’, y' the path of the bob is an ellipse of semi-axes a and (an/g). 
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In some books a different form of the experiment is described: the 
bob is supposed to be projected eractly from its lowest point. It does 
not appear that any experimenter has ever succeeded in performing the 
experiment in this way: but the theory is simple. Suppose the bob pro- 
jected with small velocity v along any horizontal direction through the 
origin; this direction may be taken as the axis of z, and the initial condi- 


tions are then ; 
¢=0, (su 
Thus we find, from (18), 

€ = (w/g) sin qt; er". (15) 


Or with polar coordinates 7, O in the plane of x, y, the path (15) may 
be written* 
r= (v[q) singt, 0 — —nt) (16) 


r 9 


that is r = — (v[q) sin (q/m | 


and this represents a kind of rosette as in the diagram (which again is 
not drawn to scale). 


Fie. 2. t) = x/q = half the period of swing of the pendulum. 


8. Second approximation to the apsidal angle. 


Foucault’s experiment was repeated by various experimenters in 
England and elsewhere: and it was found that however carefully the 


* This path (16) has sometimes been described as a revolving line: for, with the axes 
x’, y' defined in the last footnote (15) reduces to x’ = (v q) sin gt, Y = 0. 


Q 2 
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pendulum was let go from rest, sooner or later the radius of the inner 
circle became appreciable, and that a correction had to be made on this 
account to the angles observed. 

We shall now proceed to calculate the apsidal angle for a pendulum 
oscillating in Foucault’s manner between two circles of radii a, b, of which 
b is the smaller; and both a, b will be small compared with /. The angle 
between the points in which the bob meets the circle a is what is usually 
observed ; and this is the angle which we here call the apsidal angle. 


Introduce spherical polar coordinates in (7) by writing 
r = lsin O cos Y, y=lsin@siny, z= /1(1—cos 0), 


so that V» is measured round the vertical in the sense NWSE. Then (7) 
takes the shape 


Yl fas (62+ sin? 033) +2n sin? 03, — 2p? (1— eos 0) |, (17) 
where, as before, n=wowsindA, p =g 


Since (17) does not contain V^ or ¢ explicitly, Lagrange's equations, 
derived from L, will have two immediate first integrals 


7 = const. and E TY f —L = const. 
Hence we find gin? 0 (V, 4-0) = const., (18) 
and ? + sin? 047 -- 2p* (1 —cos 0) = const. (19) 
Thus, if we write 1—cos 0 = z, (18), (19) become 
x (9 — 2) (+n) = nh, say, (18a) 
and "s +2(2—x) y --9p*r = 2p°k, say, (19a) 
and so we deduce 
a? = 9p'r(2—2)(k—z)—n? 1ih—z(2—2)!?. (20) 


There are two values of z for which x is zero, corresponding to the two 
apsidal circles of radii a, b: if these values of z are denoted by a, ß, re- 
spectively we shall have 


a(2—2a) = a*|P, B(2—8) = PP. (21) 
We can then bring (20) to the form 


panh (a— 2) (z — 8)(1 — yz 4-62?) 
aß (22) 


where hd = aß 
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Before proceeding to the calculation of the apsidal angle which is 
wanted, it is necessary to express the constants h, y, 6 in terms of a, B ; 
this depends on perfectly elementary algebra, but a few of the steps may 
be useful as a check. 


First write x =a, x = ß in (20), and we obtain 


SP ka=- P — L9hea(9 

n? ( a) a (2—a) L+a( a), 
and a similar formula with 8 in place of a; take the difference and divide by (a— 8), we then 
obtain a result without the constant k: and this relation is 


Next write z = 2 in (20) and (22): then we get 
= aB 
1— 2y + 45 = cag ay | (24) 
Thus from (22), (28), (24) we obtain h, y, 6 in the forms 
L5 edis [UO +1), (25) 
5 a8 B 
aB 
= —4 — =.. 26 
and y7it26—1 (2—a) (8 — 8) (26) 


In the actual experiments a is of the order of magnitude 3 (8/67), or 
say 1/1000; and 8 is much smaller. Also p/n is of the order 7000; and 
so, with relative errors of order 1/10? at most, we can write (25), (26) in 
the forms «d 


= m : (25a) 


y =}. (26a) 


Now the required apsidal angle is the angle by which y^ is increased 
as x varies from a to 8 and back to a; and this angle is 


vip 


or if we substitute z, Y from (22) and (18a) respectively, we find the 
formula 


deQ—yz+a (1 1 
v= + 2/9 | ~ \(a—2) (e—B)} (a (8—2) "E 


where the ambiguous sign is the same as that of h. 
But, remembering that x is less than a, we may write, in (27), 


(1—yz4-ó23)7* = 14+3y2,  1/(2—2) = $+}:2, 


(27) 
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with an error in each ease less than 1/10°; and then Y takes the form 


—~49("__v@B)de — (1 | lty 1 
i tada E et + 4 3! 


These integrals are easily found by elementary methods, and we obtain 


Y=Er 142a B) --)}: (28) 


We can now substitute for / and y their values found from (25a) and (26a) 
respectively : and then (28) takes the form | 


Y = t vr 41+3/(a8)} —(nr/p). (29) 

If we now substitute for a and 8 from (21). we get a formula, which is as 
accurate as (29), an e 

y= £v a (29a) 


What is most easily observed is the advance of the apse along the outer 
circle: and in a complete swing this advance will be given by the angle 


2Y F 2r. 
Hence the angular advance of the apse, in each complete swing, is given 
by the formula 
y ej an (252 — = (80) 


the positive direction of advance being in the sense NWSE. 

The path of the bob in the two cases is indicated roughly in the 
adjoining diagrams.* The angle given by (80) is the angle subtended by 
two adjacent apses on the outer circle (such as 1, 2) at the centre. 


—— 


> m =. 


Fic. 3.—h positive. Fig. 4.—h negative. 


. * For a general explanation, s seo o p. , 284 b below. 
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The formula (30) was the formula used (in effect) for the comparison 
of theory with experiment by the English experimenters* who followed 
Foucault ; but I cannot find that the theory has ever been fully worked 
out. The method adopted was to superpose the correcting term 3(ab/), 
worked out! by neglecting w, upon the first approximation in which the 
path of the bob is treated as plane (as in $ 2). 

Since both terms in (80) are small, it is plausible to suppose that each 
may be calculated separately, and the results superposed ; but this is not 
entirely convincing.- And on account of the fundamental importance of 
the experiment, it seemed desirable to give a more complete theoretical 
discussion, as has been carried out here. 


4. A comparison of the theory of Foucault's pendulum with that of 
the gyrostatic pendulum. 


It is well known that in the first approximation to the oscillations of a 
gyrostatie pendulum (swinging near to the downward vertical) the motion 
of a marked point on the axis is given by the equations 


Az — Coy -- Mglz = ^| 
Ay+Cor+Mgly = 0 


where 4, C are the constants of inertia of the pendulum (at the point of 
support), M is the mass and / the distance of the centre of inertia from 
the fixed point. It should be observed that the signs of the terms in Cw 
are opposite to those usually adopted: this implies that here the positive 
direction for w is taken from y towards x. 

The equations (31) reduce at once to (12) if we write 


(31) 


nage, p= oe, (82) 


and so, to the first approximation, the path of the end of the axis is of 
the same general character as for Foucault's pendulum. In particular, if 
the gyrostatie pendulum is let go with its axis at rest, the path will be 


* A number of notes of these experiments were published in the Philosophical Magazine 
for 1851; in Vol. 1 (pp. 552-572) will be found some general descriptions ; more details were 
given in Vol. 2 by Bunt (at Bristol), Galbraith and Haughton (at Dublin), Lampry and Schaw 
(in Ceylon), and Gerard. Other experiments are also described in the immediately following 
volumes. 

+ This correction seems to have been first obtained by Bravais (Lagrange, Mécanique 
Analytique, t. II, p. 852, note VII) ; a good many investigations of the formula were published 
in connexion with these experiments. In Vol. 2 of the Phil. Mag. for 1851 proofs were given 
by Galbraith and Haughton, Airy, Thacker, Coombe, Tcbay, and Anstice. 
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hypocycloidal ; and if it is projected so that the axis passes through the 
lowest point (the origin) the path will consist of a series of loops (of 
the type sketehed on p. 227 above). 


It is not difficult to adjust the constants p, n so as to produce hypocycloids of any desired 
number of cusps. The number of cusps* for the simplest type of hypocycloid which is con- 
tained between two circles of radii a, b is N, where 


N - a[Í&(a—b)], 
this being supposed an integer. Thus from the fact that b = a»/g, we see that 
N= 2q/ (g — »), 


and so | nja = (N—2)/N. 
p? = - N = = 4(N-1) 
Thus | "E ( 33) 1 N“ 


Thus to obtain a three-cusped hypocycloid we must suppose p?/n? = 8, and to obtain a four- 
cusped hypocycloid p/n? = 3. 

Illustrations of curves reproduced from aetual tracings (the constants having been ad- 
justed to correspond to N = 3, 4 as just explained) will be found in Webster's Dynamics 
(Leipzig, 1904, pp. 293 and 294). 


But, although the first approximations to the paths are identical for 
Foucault’s pendulum and for the gyrostatic pendulum, yet the analysis 
for the second approximations is somewhat different in these two 
problems. With the gyrostatic pendulum, when the Lagrangian function 
is modified in Routh’s way (so as to take account of the constant spin), we 
obtain the function, corresponding to (17), 


2R = A ((8*-- sin? Oy?) —4ny cos 0— 2p* (1 —cos 0) |. (88) 

T wo first integrals follow from (83) as from (17), and these are 
sin? 0, —2n cos Ó = const. = 2n(h—1), (84) 
+ sin? 0? +2p°(1—cos 0) = const. = 2p°k, (85) 


which are, respectively, the integrals of angular momentum (round the 
vertical) and of energy. 
Thus with z = 1—cos9, as before, we find the equation correspond- 


ing to (20), T = 9p'r(2—z)(k—az)—4n* (h—2z)?, (86) 
leading to qd T (u — x) (c — 8) (1 — Ax), (37) 


* The cusps are supposed to be real: we are not concerned with the imaginary cusps 
which are necded in order to account for the Pliicker’s numbers of the higher hypocycloids. 
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where pab = Anrh 
h? (38) 
and —(2—4«(—j8)(1—92A) = (2—4A 
aß 
h? p\? _ Q-h 
Hence we find Br ( P.) = 3a’ (89) 


and when a, 8 are known (as well as p/n) we can determine h from (89). 

Under ordinary conditions of spinning the gyrostat,* the value of n/p 
ean hardly exceed 2; thus we may usually regard n and p as of the same 
order of magnitude. But with slower spins it may be better to regard 
n/p as small With either assumption, however, we may replace (88) 
and (89) by the approximations 


h? EE 34 3 _ p 
Tm -—— 2A = a (40) 
And, if n/p is small, (40) may be further reduced to the form 
P P = 
Bm \=4, (40a) 


The apsidal angle in the present problem is 


-— (X = a de(l—An)”: 1— e/h i 
Me af de ($) = XD) av ilam e)p); e2 e) in 


where the ambiguous sign is the same as that of h. Thus, as before, we 
expand in the forms 


(1—2A2)7? = 144Az, 1/(8—2) = 44+-4,, 
and then evaluate the integrals ; the result is 


Vater 14a) (H-4) PA VEO tg! am 
which corresponds to (28). But it will be seen from (40) that this can 


be written in the shape 
= {+ r—nr/v(p?+n?)}-+terms which tend to zero with a, 8. (43) 


Thus the angle between two adjacent apses on the circle a is now in 
general not small: and so, without sensible error, we may omit the terms 
which tend to zero with a and 8. In the Foucault problem, these terms 
are comparable in practice with the second term in (43). When the small 


— —— li SSILLOLLLNLLLozLLbuUL(LUTME X 


* Sce the numerical calculatious given below (p. 235). 
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terms in (43) are omitted, we have precisely the same result as would 
follow from the first approximation (81). 

However, in the ease which really corresponds to Foucault’s pendulum 
(namely, when n/p is small), the equation (42) by the aid of (40a) reduces 
to* 

AES 
Y=tr 1448) (4-4), = c1 VB} neo, 


which is the same result as found in (29). 


Relations between the Four Diagrams above. 


[Added March 19th, 1914.j—A question has been asked as to the mutual relations between 
these types of curves ; to explain the connexion, it will be convenient to regard Fig. 1 as the 
standard type, and to suppose the deviations from this standard to be due to the introduction 
of a small value of y at the outer circle, in place of the zero value, which indicates the presence 
of cusps. 

It will be seen that, according to (18) and (25a), we have the following approximate equa- 

tion s cin + y) = + p v (a8). 
Thus if the value of y is positive at the outer circle (where x is greatest, and equal to a), it 
will be positive everywhere, and 7, will be positive; thus we can regard Fig. 3 as derived frum 
Fig. 1, by rounding off the cusps in such a way as to give a positive value of V at the outer 
circle, thc inner circle being enlarged to correspond. 

On the other hand, if 4 is negative at the outer circle, it might happen that h would still 
be positive. The path would then be derived from Fig. 1 by rounding off the cusps in the 
other sense, which would introduce small loops in place of the cusps; this type of curve has 
not actually been drawn, for a reason which will appear in a moment. If we now think of 
these small loops as gradually opening out, the inner circle at the same time shrinking, we 
arrive at Fig. 2 when the inner circle has shrunk to a point. Continuing the same process, by 
letting the loops pass over the centre, we arrive at curves of the type in Fig. 4. 

It is clear, however, that curves of the looped type, intermediate between Figs. 1 and 2, 
can be of no interest in the Foucault problem: for if y is negative at the outer circle, but is 
numerically less than n (so as to make Ah positive), we should have 4/(8/a) less than n/p. That 
is, the radius of the inner circle would be less than about 4455 of the radius of the outer, and 
would accordingly be too small to be observed. It seemed therefore unnecessary to draw any 
such curves, although they form a convenient stage in describing the passage from Fig. 1 to 
Fig. 4. On the other hand, with a gyrostatic pendulum, ourves of this type may easily 
appear; and one (Fig. 103d) will be found amongst the reproductions given in Webster's 
Dynamics (see p. 232 above). 


Numerical Estimate of the Value of njp for the Gyrostatic Pendulum. 
To obtain some idea of the relative magnitudes of 2 and p under ordinary conditions of 
spinning, we may consider first the apparatus used by Sir George Greenhill. This essentially 
consists of a bicycle-wheel mounted on a stalk whose length is approximately equal to the 


* It will be scen that this agrees with a formula found by elliptic-function methods by 
Sir George Greenhill (Elliptic Functions, p. 840). To make the identity clear we should note 
that in the article quoted G/(Cr) is equal to the constant (/; — 1) defined in (34) above, so that 
T . Cr | 4 G—Cr 
E Tt Error 
and that the product denoted there by (cot Xa cot 18) is equal to \’(4a) (ZB) = X v (a8) in the 
present notation. 


-— Qi mam eee AE | 
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radius of the wheel. We shall get some idea of the constants of the apparatus, by treating 
the mass as concentrated round the rim of the wheel: if tho radius is then supposed to be 


equal to l, we find 
A = 3MP, C= Mi, 
n= 


and so io, p? = 3 (gil). 
Hence (2) =+ le 1 v 
p 6g 6 gl’ 


where v = lw is the velocity of a point on the rim of the wheel. If, on the other hand, the 
wheel is regarded as a uniform circular disc, the values are 


A4-3MP, | C-1MP, 


and then n = $w, )p-—£(gil, 
giving (+) = NE a 
P 20 gl 


The true value of n/p is intermediate betwcen these two estimates; and it is probably 
closer to the former on account of tho lightness of the spokes in the wheel. 

Thus to make n = p, we must suppose on the first hypothesis v? = 6g] and on the 
second v? = 20gl. Or, taking the diameter of the wheel to be 30 inches, we put l= 1°95, 
g = 32, in foot.sccond units; and so v = 15:5 or 28:3, respectively. That is, in round 
figures, the assumption n = p leads to a rim-velocity of from 10 to 20 miles an hour, accord- 
ing to the assumption as to the distribution of the mass in the wheel. 

Thus, with ordinary means of spinning the wheel, it is hardly likely that the value of n/p 
can exceed 2, since n/p is directly proportional to the rim-velocity of the wheel. 

Secondly, we may consider the Gray- Burnside motor gyrostat* which is capable of pro- 
ducing very high angular velocities. In this apparatus M is about 651b. and the spinning 
part is a nearly uniforin disc of mass 4 lb. and radius about 3 inches. On the other hand, Z is 
about 3 feet, so that 4 may be taken as practically equal to MP. Then we find 


Te a2 20T 
( p ) Myl AMY 
Now with the given dimensions we can take approximately 

C 4 i (i ) 1 


imm in zd unen say, 
M 65 2\4 50 


ANA 


when the foot is unit. 

Thus the condition n = p is found to give (when J is 3 fcet) 

w = 3900; 

that is, a speed of say 450 revolutions per second, or 27000 revolutions per minute: and this 
is rather more than the highest speed attained in the gyrostat. On the other hand, if / were 
reduced to 2 feet, the valuc of w corresponding to n = p would bo about 1600; and so, when 
working at the highest speed, the gyrostat might reach the value »/p = 2. 

Thus with either Sir George Greenhill's apparatus or the motor-gyrostat, the valuc 2 may 
be taken as an upper limit to n/p. 


— — — — Cee Se mI. 


* Proc. Roy. Soc., Edin., Vol. 32, 1912, p. 324. 
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THE GREEN'S FUNCTION FOR THE EQUATION 
V?u -- A*u = 0. 


By H. S. Carsuaw. 
[Received April 28th, 1913.—Read May 8th, 1918.) 


1. About a year ago I made a preliminary communieation* to the 
Society regarding an application of the theory of integral equations to the 
equation V?u--A?u — 0. I pointed out that if K(x, y, z : x, y', 2) is the 
solution of this equation, which vanishes at the boundary of the closed 
surface S, and is finite and continuous, as also its first and second differ- 
ential coefficients inside S, except at the point (2’, y’, 2’) where it becomes 
infinite as e~""/4arr, when r — 0, then K(x, y, z : x', y', 2’) is the kernel 
of a homogeneous integral equation. + 

Indeed if yj is a solution of 


VA - 1) Y = 0, 


which vanishes at the surface of S, and is finite and continuous, as also 


its first and second differential coefficients, right through the interior of 


S, we find 
Vey, 2) = ^ [i| K(x, y, z 1 x', y', a) Y (z, y, 2) dz dydz, (1) 


the integration being taken through the interior of S. 
This result follows immediately from Green's theorem, applied to the 
region between S and a small sphere > enclosing the point (z', y', 2’), the 


* Records of Proceedings at Meetings (April 11th, 1912). 
t The usual modification has to be made for the two-dimensional problem ; the function 


is to be infinite as — : log r, when r9 0. 
T 


t The value A = 0 is excluded since we assume that k? does not belong to one of the 
normal modes of vibration. 


~ 2 — æ Se. ~~ 
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radius of 2 tending to zero: for we have 
jl (UV — y, V?u) dz dy dz 
= || (ur vv ou) as- || (u oV —ı cx) d? 
on On on en 


Denoting the point (x, y, z) by (0) and the point (z', y', 2’) by (1), 
equation (1) may be written 


va) = à fJ] KO, D Y0) dv. (2) 


D 


With this notation K(0, 1) is the Green's function for the region bounded 
by S, for this surface condition (u = 0); and it is a symmetrical function 
of (z, y, 2) and (x, y', 2’).* 

In other words K (0, 1) = K(1, 0), 
and the kernel of the integral equation is a symmetrical kernel. 

Now, if we assume that the Green's function can be expanded in an 


infinite series 2 A m yes (0), 


and that this series can be integrated term by term, we have 
An = [J| K(0, 1) Yn (0) dv, 


provided the functions V^, are normalised: that is, provided 


fll viv = 1. 
Thus, from (2), we would have 


K(0,0—Z uS n (1) l (8) 


the summation extending over all the values of A. 
Further, if it can be proved that the series 


5 Yn(0) os (1) 
Am 


is uniformly convergent within S, a fundamental theorem in the theory of 

integral equations allows us to equate K(0, 1) to the sum of the series. 
From a paper by Sommerfeld* which has just appeared, I learn that 

he had called attention to the presence of this Green’s function as the 


* Cf. Kneser, Die Integralgleichungen und ihre Anwendungen in der Mathematischen. 
Physik, 831. 
t Jahresbericht der Deutschen Mathematiker- Vereinigung, Bd. 21, p. 309 (1913). 
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kernel of an integral equation in a lecture in 1910. In the first part of 
this paper he discusses the case of 


(i) a straight line of length J, 
(ii) a circular cylinder of radius a, 
and (iii) a rectangular parallelopiped. 


In this paper I propose to give the Green's functions for several other 
eases. I shall then show that each of them reduces to the form 


y A (0) V^ (1) 
Am : 


suggested by the integral equation (2), so that the assumptions mentioned 
above need not be made. 

As I have proved elsewhere,* the characteristic numbers A for this 
Green's function are such that A+42>0. The function has therefore 
the character of “the functions of positive type " discussed by Mercer,+ 
except that it becomes infinite as e ""/4zr, where 7 — 0, at a point within 
the region. It is thus of some interest to establish the expansion of the 
Green's function in the form desired, even if the proof does not contain 
a discussion of the uniform convergence of the series, the condition 
attached to the theorem in the theory of integral equations. It seems 
most likely that Mercer’s theorem holds for functions of positive type, 
extended as above. 

It will be noticed that the existence of the Green's function is estab- 
lished analytieally in this paper and not assumed. 


Some Theorems regarding Besse's Functions and Spherical Harmonics. 


2. Tueorem I.—4f n is a given positive number, and p is any positive 
root of the equation J, (pa) — 0, while k? is not equal to p°, then 
De PN ap) a gmin aE [J, (ka) Ka lik) — J. (e) Kc, Gka)], 
: PB | rJ? (pr) dr nn 
0 


for o<r<r<a. 


* Messenger of Mathematics, Vol. 42, p. 135 (1913). 

t Phil. Trans. (A), Vol. 209, p. 415 (1909). 

+ Reference may also be made to a paper by Abraham (‘' Uber einige, bei Schwingungs- 
problemen auftretende, Differentialgleichungen "), Math. Ann., Bd. rrr, p. 81 (1901), where 
he makes use of the hypothesis that every possible tvpe of vibration can be expressed as a sum 
of the normal functions of the regions concerned. 
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THeorem IV.—If m is zero or a positive integer 


an| Pow) $ P;"(—4)—P;"(—4) © Po] 


2 
^ li(n-4-)HIIm—-—1)' 


It follows from the differential equation 
d, adu ( " _ m | _ 
ia" u’) du + (n(i-4 1) IR u = 0, 


that the left hand side is independent of u. 
Also it is known* that 


P.™(— u) = P,"(u)eos(n—m)-r— 2 sin(n—mc) Q."(u). (6) 


Thus we have 
(1— 4&5 ! PL du P."(—&u)—P ng d. E - P-"(y) | j 


= Zinn ma (OWL Pr" wP” Egl. (m 


— 


But when « is real and lies between — 1 and +1, and m is zero or a 
positive integer, we have 
II (n—m) 
(ntm) 


If now we use the expression found by Macdonald for Q7 (u),t and 
take the limit of (7) when u — 1, it will be seen that the limit of the right- 
hand side is 9 


In 4-2) Um—n—1)' 


Q,"Ww) = eos nr Q” (u). 


The case m — O ean be deduced from the above, or evaluated inde- 
pendently. The expression for Q,(u) is not a complicated one, and the 
limit follows more easily than in the case of m a positive integer. 


T 
gin nr’ 


‘Since u T(x) (—n—1) = — 


* Cf. Hobson, loc. cit., p. 473, equation (33). 
~~ Proc. London Math. Soc., Ser. 1, Vol. xxxi, p. 274 (1899). 
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we have 


_2sinum y 
mT 


d d ! 
(1— u’) ! Pa u) gg P0 Pala) du r ! = 


The Green’s Function for the Region Bounded by the Cylinder r = a and 
the Planes 0 = 0, 0 = u. 


Line Source at (»', ©). 


We require the solution of the equation 


^2 
ma Bl E iu 0, (8) 


described in § 1, which vanishes at » =a, 0 = 0 and 0 = a, and is in- 
finite as — = log z, when z 0, at the point (', 6’). 


We know! that when r 2 ?', 
K,(ikR) = KqGkr) Jo (er) +2 > eii? K (kr) JA (kr) eos n(0— 0"), 
1 
and that when r <7’, 
K kR) = K,(ikr’) Jo(kr) +2 X. ei K, (ikr') I (kr) eos n(0— 05), 
1 
where R=N [3-7 3 Ory! cos (0 — 0^)]. 
Also when x— 0, we know} that K,(ix) tends to —log x, so that 
l gGER) 
Oz 9 


has the proper value at (", 6’). 


* Dougall (Proc. Edin. Math. Soc., Vol. xvii, p. 49 (1900)] proves Theorem IV, but his 
argument holds only for ın not integral. In that case there is uo need to introduce the func- 
tion Qi (u), and the equation 


N (1 — ni) sin (n— m) r P5 (a) = Tl (n+ m) {sin nr P," (u) —sin mx P," (—4)), 
is used instead of (6). 
t Macdonald, Pree. London Math. Soc., Scr. 1, Vol. xxxi, p. 157 (1900). 
+ Cf. Nielsen, Handbuch der Theorie der Cylinderfunktionen, p. 12 (9), and p. 16 (1). 
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For the complete cylinder it is clear that the solution is given by 


RACE | | 
u= z> as [Jo (ka) Ky (tkr) — Jg (kr) Ko (tha) ] 
+1 spin e Jar) p (ka) Kk) —J. (cr) Kn (éka)] cos n(0—6'), 
7T Ja (ka) 


when r >>’. Interchange r, r' for r< »'. 


The terms added to + K,(ikr) form a convergent series right through 


the cylinder and cause the function to vanish at r =a. 
As Sommerfeld points out in his paper referred to above,* this result 
reduces by the aid of § 2, Theorem I, which he proves for n a positive 


integer, to 4 
ye) J (pr) Julpr) 


cos 4 (0— 0^). 
i | rJ? (pr) dr 
0 


In this summation n is to be zero or any positive integer: and p is to 
be any positive root of J.(pa) = 0. 


For » = 0, we have to replace v by 27. 
This is, in fact, the series [cf. § 1 (8)] 


s YO) y0) : 
À ? 


where the y’s are the normalised characteristic functions for this region. 


8. The method which is followed in this paper consists in expressing 
K,(ikR), or the corresponding solution for three dimensions, as a contour 
integral, and then adding to this integral terms which satisfy the differ- 
ential equation 

1 V?u-4- ku = 0, 


and the surface condition, while they introduce no new singularity. 
Finally the result is obtained in the form of an infinite series by the use 
of Cauchy's theorem of residues. 


* Loc. cit., p. 320. 
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Consider the integral 


; je: mr“) ein n. (ikr) Ja (Kr) dn 


Dir gin ^T 


(r2 7,040 «0-29, 


over the path A given in Fig. 1 in the »-plane. 


The real aris 


Fic. 1.—The path Ain the n-plane. 


When || is large and its real part positive, the approximate value of 
e*"'" KR (kr) J, (kr) is easily seen to be* L (=) . Using this result and 
the exponential forms for the sine and cosine, it will be found that the 
integral over the dotted portion of the path in Fig. 1 vanishes, this part 
being supposed to represent an arc of a circle of infinite radius joining up 
the ends of the remainder of the circuit. 


Further, the semicircle at the origin in Fig. 1 contributes 


— 2 Ky kr) Jur?) 


to the integral in the limit. 
In the path A’ of Fig. 2, the dotted portion of the path A of Fig. 1 


and the small semicircle at the origin are omitted, the path just stopping 
Bhort of the origin on each side. 


* Cf. Nielsen, loc. cit., p. 7 (8), and p. 11 (8). 
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It follows from what has been said above that 
1 | cos 1, (7r — 0 -]- 0) 
r 


sin nr 


: erit R (thr) Jalkr’) dn 
Qr 


>r, 0 60 <6 < 2r), 
over the path 4’, 


= = (Kotik) J (kr) +2 E el K, (ikr) Tu kr) cos n (9—6»), 
T 1 


using the theorem of residues. 


The real axla 


Fic. 2.—The path 4’ in the »-plane. 


When 0 < 0' or r< »', we have to interchange (0, 6’) or (r, »') in 
the above. 

We have thus found an expression for K,(ikR) as a contour integral in 
the n-plane, which holds except when both r—7' and 0—0' vanish. 


= K,(ikR), we have 


7 "- s - . 
Writing x, fot 5 


- 23 cos n (m—Ó-F 8) que pe GR) J, (kr') dn 
Jum jy sin 27 


(r2 01,00 <6 < 2r), 


lg 


the integral being taken over the path A’ of Fig. 2.* 


4. We shall now show that by adding certain terms to this expression, 
we obtain the required Green’s function in the form of a contour integral. 


* Cf. Carslaw, Phil. Mag. (6), Vol. v, p. 377 (1903). 
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Consider the following integral over the path A’ :— 


„= à 
Dir 
_ u ar’ sinne _ gn Sinn (a— 0) 
, cos n (zr —0-|-0') —cos n (zz —a-4-0 ) aus cos n(r nn: = 
4 sin ar 
xer ——— J. Gr) (J, (ka) K, kr) —J4 (kr) K, (tka) | dn 
J, (ka) 
for r7, 00 —0-a-«927. (9) 


It will be found that the integrals added to u, are each convergent, so 
that no new singularity enters, and that this convergence holds even when 
r—r' and 0—0' vanish. 

Also the elements of these integrals all satisfy the differential equa- 
tion (8), so that the integrals themselves satisfy it. 

Further, it is clear that the terms which have been introduced have 
been chosen so as to cause u to vanish at r = a, 0—0,and 0— a. For 
the case Ó = 0, it must be remembered that we have to choose the form 
for win which 0 < 0'. 

It follows that the expression given in (9) is the Green's function of 
the problem. 

The trigonometrieal terms can be simplified, and we obtain, finally, 


u = 


T sin na 


i | sinnd sinn(a— 60) gc Or n < á s (ka) K, Gkr) — J. (kr) K, (ika)] dn 


for 0-60, r>r. (10) 


The origin is no longer a pole of the integrand and the path A’ ean 
now be extended to the origin, forming a complete curve, instead of a 
eurve broken at that point. 


5. The solution given in (10) will now be expressed as an infinite 
series. 

In Fig. 8 the path A’ is completed at infinity by the dotted portion of 
the figure, and it is also taken right through the origin as described 
above. 

The integral of (10) vanishes over the dotted portion of this figure, as 
has been already pointed out, when the proper form of the expression is 
taken, according as 0 Z 0' and r 2 7’ 
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The poles inside the complete circuit of Fig. 8 are given by 


T 9T èr 
— 9 9 perc | di 
a a a 


from sin na, and by the zeroes of J, (ka), regarded as a function of n. 


The real auis 


Fio. 3. 


By § 2, Theorem II, it is known that these zeroes are finite in number 
and that they are all real and simple. 

We can thus omit the terms which correspond to these values of n 
from our Green's function, since they vanish at the surface and their sum 
is finite within the region with which we are dealing. 

It follows that, omitting these terms, the expression for u in (10) can 
be replaced by | 


NT . AT 
sin — 0' sin — (a—0 
p Sn 6' sin 77 (a—0) 


i=- eh (ninta) Jis a (Kr) 
a 1 


COS NT J un'a (ka) 
X [Jarıa(ka) Kuralikr)—Jana(kr) Enmalika)] (>r, 0 2 6) 
in^ Gin t g ero Tee 
X [Jis (ka) Ks (thr) —Jas a (kr) Kus Gka)], (11) 
and this is the Green’s function for this region. 
It will be noticed that in this form the series is symmetrical with 


regard to Ó and 6’, and that the only alteration necessary is to interchange 
r and 7’, when r <r. 


248 Pror. H. S. CansLAW [May 8, 
6. The normalised characteristic functions for this region are given by 
Vr = Apn Jas alpr) sin = 0, 


where E LE = T 1 


n is any positive integer, and p is any positive root of 
Jag (pa) = 0. 
Thus the series — sie) 
in this case becomes 


J una (pr) Juralpr ) sin — nm 0 gin n 0'. 
PR) | nr, ton dr 


& [to 


>) 
ond 
P 


=M 


If we sum first with regard to p, this series reduces to the Green's func- 
tion given in (11) by the help of $ 2, Theorem I. 


The Green's Function for the Sphere r = a. 
Source at (^, 0', 9^). 
7. The equation V^u-- k*u = 0 in spherical polar coordinates becomes 


Qu , 9 Qu Q Qu Ou 
m le a ers t3 on Mes p) +5 


2, mm 
Ou? ran 0 oq Tal) ue 


If R stands for the distance between the points (r, 0, &) and (r', 6’, 9), 
we know* that with the usual notation 


—ikR 

= = = Jo Tore 2 5 eit (nd) Kny (ikr) Ja+:(kr') Palcos y) (r > 7") 

_ 2 lim $ India 1\ KW Liga! po y I 
= NIC 2 e? (n4-3) Kays Gkr )Jaoí(kr) Palos y) (r <7"). 


pL— a EGOXDQDDELNAIBLOLLXLULULLLLAL—»—————— EEE 


* Macdonald, Proc. London Math. Soc., Ser. 1, Vol, xxxri, p. 157 (1900). 
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It follows at once that the Green's function for the sphere r =a is given by 


HE uS poe ) 
— Für gnir 1 
u Am Uy Ver) e > e(n} F da NIS 


x P (ka) — — Ja 44 (kr) Ku+,(ika) | P, (cos ~) >), 


since the terms added to ^ ink = Saliaty equation (12), and they form a series 


which converges right through the sphere. 
Interchange (r, 7’) for 0 <r <r. 


8. It will be seen that the normalised characteristic functions for the 
case of the sphere are given by 


Jn+3(pr) em cos 
Womn = zs Dr P a (u) sin mg, 


where m, n are positive integers or zero, and p is any positive root of 
J apa) = 0. 
1 


Also A pun Se Sores EEE 
| rJ 44 (pr) à» | [P."(u)]* du 
Ar 


except when m = 0, in which case 27 takes the place of r 


Thus the series 2 Zu (0) 
1 JIn+ı (pr) Jn (pr) l 
becomes FRS » Y pij P, (eos y). 


Summing with regard to p, it follows from $ 2, Theorem I, that this 
expression is the same as that found in $7 for the Green's funetion. 


The Green's Function for the Region bounded by the Sphere r =a and 
the Cone 0 — 6,. 
Source at a Point on the Axis. 


9. When the source is at a point (7’, 0) on the axis of the cone, the 
disturbance is symmetrical about that axis and u does not involve 9. | 
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We start, as in the case of the sphere, with 


to =j; g (where R’ = r-Er^—2rr cos 0) 
1 A NS l 
— Bry Or) = A e (4-3) Kasalik) Jara (er?) Pal) (>r) 


1 | ges ED Fea GR) Jia 00) PC) ay (18) 
B 


armor mer A 
ATA/ (rr!) sın Nr 


over the path B of Fig. 4 in the n-plane. 


The real axis 


Fic. 4.— The path B in the n-plane. 


This transformation follows in the same way as that of § 8 for K kR). 
It will be found that the path can be completed at infinity without adding 
to the integral, and the poles are given by » — 0, 1, 2, .... It has to be 
noticed that the real part of must not be less than —1. Also for » a 


positive integer P, (—u) = (—1)" P, (u). 


10. The Green's function is now obtained by adding suitable terms to 
this expression for 2%, and we are brought to the solution 


uc 1 el chri" (n+3) Ju+(kr) 
— AmA/ (rr) B gin ar J , 44 (ka) 
X [Kna (thr) Ja; (ca) —Jn+z(kr) Kn+z(ika)] 
X Pal >a P P, en P,, (u) dn >r). (14) 


taken over the path B of Fig. 4. 


Ew Po 228 A ai 3GQ( RR. pase, A NP _ ee ay Ae ae ne Maec TE 


—— oe. NI 
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To prove this, the following remarks are sufficient :— 

From the approximate values for the Bessel’s functions and spherical 
harmonics when |n| is very great, it will be seen that the integrals in"u, 
which have been added to «,, are convergent, so that no new singularity 
enters; and the convergence holds also at (r’, 6’). 

The elements of these integrals all satisfy the differential equation (12), 
so that the integrals themselves satisfy it. 

Further, it is clear that the terms have been introduced so as to cause 
it to vanish at r =a and 0 = 6,. 


11. Now the path B of Fig. 4 can be completed at infinity and the 
new portion contributes nothing to the integral. 

We are thus able to change the expression of (14) into an infinite series 
by the theorem of residues. 

But it is known that the zeroes of P, (u,),* regarded as a function of n, 
are infinite in number and all real and simple. 

Also it is knownt that the zeroes of J,,,(ka), regarded as a function 
of n, are all real and finite in number. 

These latter can be omitted, as in § 5, from our result, and the Green’s 
function can be written down from (14) in the following form :— 


eg iin Y erir (ntg) Ja (n) 


a 
uU — Darn (rr!) n sin NT Jar (ka) 


X [Kurs ihr) Inga (ka) Tuk) Kno (thay) EI >. (15) 
d; P» 


The summation is taken over all the zeroes of 
P. (Mo) 
which are greater than —1.} 
Now it is known that 
d 9 . 
(1—u) P, (— uo) di Piu = — sinn [C£. $ 2, Theorem IV]. 
0 


* Macdonald, Proc. London Math. Soc., Ser. 1, Vol. xxxi, p. 264 (1899). 
+ Cf. § 2, Theorem II. 
i Since P, = P_.-ı, this includes all the zeroes of Pn (u,). 
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Therefore our result ean be written 


ae 4 (+4) ir 1 Jaia hr" x (ki!) 
Num uc my (ri) S i "ri D Teo a) Tnx (ka) 
X [Kni (ikr) Fussy (ha) —J, 4 Gor) Ka (ka)] 
x Pi (u) TES p). (16) 


d d 
(1— u?) ia (Uy) Ant Wo) 


19. The normalised characteristic functions for this ease are 


Y= A pn ren P, (n), 


where n is a zero greater than — 3 of P,(u,), and p is a positive root of 
J 444 (pq) = 0, 


Oo | TJ; (pr) ar | [P.(u) P du 
Ko 


Also Palu’) = P; (1) E 
Thus the series x Y OY (0) 
becomes 
J, +2 (pr) Jn +3 (pr^) D, (u) 


ze. t uU 1 * 
Am (ri ) P (9? — 1?) |n. ond | [ P, (u)]* du. 
| KO 
But, by $ 2, Theorem III, 
| 2 E a (1—,5) d d 
| (P du = — RAS F Pau) que P. an. 


Therefore the above series ean be written 


EN 1 Y (4-1) J, i (or) J 43 ( r’) P,,(u) f 
Ver a | Hia(ndr And, E Palo) 3 Pa (u) 


This reduces at once to (16) with the help of $ 2, Theorem I. 
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The Green's Function for the Region Bounded by the Sphere r= a and 
the Cone 0 = 6. 


Source at (r', 0', $). 


13. In this case we start as before with 


1 e "* NN 
WS, og (where R? = r!4-»"7—92rr' cos y) 
1 TES inim a iL , 
= arr eii" = e" (nd) Ja z (Ar!) Knszlihr) Palcos y) >r) 


— 1 —lir Inir +» a. I». enm 
— Am rr) € |. p T Ja (007) IK L4 (thr) P, (—608 y) dn, 
the integral being taken over the path B of Fig. 4. 


But is is known* that 
P,,(—cos y) = Pa(— u) Palu’) 


423 < ILn-4-») Ilm —n— 


ı O@wIk-a-—D) | D pm) P3" w) eos m($— d?) 


for 0> 0'. 
Farther, when m is very large, 


II (n+ m) II (m — — 1) Lm uv 
II (n) Il (—2— 1) n (—u) P, (u ) 


* Dr. Bromwich has pointed out to me that the addition theorem 


N(n *m)n(m-—n-— 1) p 


nan Lac) ~ (u) Pa (u') cos m($ —') 


P, (cos y) = Pu (u) Paula’ )*2x(—-1)" — 


(0 < 0+0 < m) 


can be deduced from the definitions of the functions P, (z), P," (z) as hypergeometric series, 
tor all values of 2, real or imaginary, If we put for 0, r—0, and for $—4', *—($—4'), the 
condition 0 < 8+0 < x becomes 0' < 0, and we have 


zn al (n + 22) TT (an —a—1 
P,(—cos y) = Pu(—p) Palu) +2 Pa (~y) Pa (wy = onen | 


cos m ($— e). 
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0'! m 
| tan -5 | 

is approximately gb LU NONE 
m r | | 


It follows that we can change the order of summation and integration, 
and we write 


1 » (n 4-3) 
= jim ! inim 
Uy = dz) Am COS m ($ — -»| me Ja a (cr!) Ks (kn) 
Inm) Ulm —n— 1) m E ano, F 0^. (17 
where a = l, an =2 (mzl. 


14. We are thus led to the following expression for the Green's func- 
tion in this region :— 


1 (n+ 3) 
u = arr) e *" È dm cos m(o N oum RS dn 
r>r,0>0) (18) 
where R= ar), ka) Kui) —J. Ur) Ku Gka)], 
J444(ka) 
and 


IH Gd m) —2—1) p Pr) P."(— ee im —P."(— PT 


II (n) I1(—»—1) i p” d 


The integral is to be taken over the path B of Fig. 4. 

When account is taken of the approximate values of the Bessel’s 
function and spherical harmonics, it will be found that the expression in 
(18) satisfies all the conditions of the problem. The suitable changes 
have to be made for 0 < 0' and r<r. 


S= 


15. The expression of (18) can be transformed as before into an infinite 
series : since the path B can be completed at infinity, and the integral 
over the new portion vanishes. 

The terms due to the zeroes of J,,,(ka), regarded as a function of n, 
can be omitted, as in $ 5, for they are finite in number and their sum will 
be finite. 


1918.] THe GREEN’s FUNCTION FOR THE EQUATION V?^u-- ^u = 0. 255 


We are thus left with the following series for the Green’s function :— 


h z (n4-3) eb C* 97. 7, , (kr!) 


sin nr Jn+4(Ka) 
X [Fass (ka) Kn+,(ikr)—Ju+, (kr) Kurz (ika)] 


IL(n4- m) II (m 4-n — 1) eS — uo) P," (u) 
Do) I(—n—1) Par) 


u = — >——; È An CO8 M(H — o 


-EI (rr) m 


, (19) 


the summation with regard to n extending over all the zeroes of P=" (us) 
which are greater than —3. These are infinite in number and are all 
real.* 

Since II (n) II (—2—1) sin nr = — 7, 
and II(n 4-m) HHL(m —n—1) Po" (—p,) = — — — 
1— u) —— P." 
i Ho) du, "^ Mo) 


[cf. $ 2, Theorem IV], 
we have, I 


SR ! PAD TCER IT. Ja (er) 
u = — A j 2 an Cos m($— 9) È (n+? ) e Jaaa a) 


X CA (ka) Busy (thn—Jasy (kr) K,,43(tka) | 
ra mM 
(1 —43 £ Pou) E s d penu) 


dn 


X (20) 


for r2 r' and 0> 6'. 


16. The normalised characteristic functions for this region are given 
by 


ER Fnz (Pr) p Th 
V sii S A oxi "rr (u) © sin mo, 


where m is zero or a positive integer: n is any zero greater than —4 of 
P" (uy, regarded as a function of n: p is any positive root of 


Jui (pua) = 0; 


* Cf. Macdonald, Proc. London Math. Soc., Ser. 1, Vol. xxxi, p. 264 (1599). 
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1 
and Hid qu eed 
4i vlnr, (pr) ar | [PT ™(u) du 
Mo 


When m = 0, we have to replace 7 by 27 in the above. 
By the aid of the results given in § 2, Theorems I, III, it can easily be 


h that 
shown tha : / (1) V (0) 
r 9 


in this case, is equal to the Green’s function of § 15 (20). 


17. We might now proceed to the case of the region bounded by the 
sphere r = a, the cone 0 = 6, and two planes $ = 0 and $ =a. The 
full discussion of this problem involves the theorem that the function 
P," (uy), regarded as a function of m, either has no zeroes whose real part 
is positive, when » is imaginary with real part greater than —4, or has 
only a finite number of such zeroes. From the fact that 


P. m (u) z a (u) 
—————3—— du = 0, 
Bo 1—,* " 


it follows that for real values of n the zeroes must be real. And 
Macdonald’s results show that P;,"(uj cannot vanish for m real and n 
imaginary. lam not aware of any discussion of the case when m and n 
are both imaginary. 

The region bounded by the sphere and two planes can be treated as 
the limiting case of the above when 0, = 7. 

The methods of this paper can also be applied to the corresponding 
problems when two cylinders, planes, spheres, or cones enter. The re- 
sults suggest à number of theorems regarding the zeroes of the Bessel's 
functions and spherical harmonics which enter into the argument. 

The surface condition «= 0, has been adopted throughout this 
paper. The modifications 

Ou __ ou 


2, 790i 2, ^. = 0 


admit similar treatment in most cases. 


18. Sommerfeld devotes some pages in the second part of his paper* 


— m — ——— ——— ——M— — — ————— ———————————————M———————————M——M— —— 


* Loc. cit., p. 941. 
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to a discussion of the Green’s function in an infinite region, bounded 
internally by a eylinder. For such a case the surface conditions 

2 | 

u = 0, eh OU Lu — 0 

on on 
are not sufficient to make the problem determinate. Macdonald recognises 
this in his Electric Waves, introducing the condition that there is no re- 
flection at infinity, so that terms in e"" must not be found in the solution, 
when 7 becomes infinite.* Sommerfeld obtains the result for the case 
named above both in the form of an infinite series and a contour integral. 
It seems probable that his method can be further developed. 


Added November 21st, 1918.— The Green's function for the infinite 
region bounded by a right circular cone is given by me in a paper about 
to appear in the Math. Ann., entitled ‘‘The Scattering of Sound Waves 
by a Cone." The result is obtained by methods resembling those em- 
ployed in the present paper. 


* Cf. Electric Waves, pp. 33, 90, and 189. 
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1. Introduction.—This paper is intended to introduce a number of 
Tables (printed at the end of the paper) in which are shown the numbers 
(u, m) of primes (obtained by actual counting) for which the congruences 


yr- = +1 (mod p, [va mar; a factor of (p—1)], (1a) 
ye" = +1 (mod p), [n any factor of v], (15) 


are satisfied for certain Bases (y), to examine the relations of u, m to the 
number (M) of primes capable of such residuacity (of orders v, n), and to 
suggest rules for the same. 


2. Notation. 


p denotes an odd prime of form (nw +1). 
y is the Dase* in the fundamental congruences (la, b). 
n, x are any pair of reciprocal factors of Fermat's Index (p— 1), such that 


nr = p—l = pë; p=na+l1 = vë +l. (2) 
v, t are the special pair of reciprocal factors of (p —1), such that 
y is the max. value of n, &is the min, value of v, (2a) 
so that Z, y are the Haupt-exponent and Max. Residue-Index of y modulo p. 
(yip) = 1, (ylph-1 are abbreviations for the congruences (la, b). (3) 


R denotes any ‘‘ Range ” of successive natural numbers. 


M = number of primes (p) of lincar form p = nw+1 | taken through the same 


N = number of odd primes (p) in any Range (R) | 
Range (R). 


a = number of primes (p), such that (y/p), = 1 | 


m = number of primes (p), such that (y/p), = 1 


3. Upper limit of u, m.—It is clear that the only primes (p), which 


— rcc —————————Ó———————— — m a i 


* The Bases used in this paper are y = 2, 3, 5, 6, 7, 10, 11, 12. 


-— 0. p Lm— 


— m — iro . 
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ean satisfy the congruences (la, b), are those of the forms specified 
p = vw +1 [for (1a)], p = nw +1 [for (15)], (2) 


the whole number of which (in a given ‘‘ Range ") has been denoted by M. 


Hence 
M is an upper limit of a, m, (4) 


and the numbers u, m of any range will be found among the number M 
of that range, so that the relations of u, m to M should be the subject of 
study, and a table of the numbers M for various Ranges is the first 
desideratum. 


8a. Table of M.—The Table M (on p. 264) shows the number (M) of 
primes of form p = ne --1 in various Ranges for various values of the 
argument (2) as follows :— 


Values of n. Range of p. 


All » from 1 to 30 } 1 to 10t, 10! to 2:101, 2:10? to 3°10', &c. ... up to 9:10! to 10° 


All even n > 30 to 60 
Selected n > 60 1 to 10', and 1 to 10° 


and 1 to 10? 


8b. Variation of M.—On a first glance at the Table the variation of M 
would seem to be quite irregular, but it is not so. It has, in fact, been 
shown* (by the author) to follow the rules— 

M = N + 9 (n) approximately, when the Range is very large. (5) 

M is usually rather < N + 9 (n). (5a) 
This sufficiently explains the apparent irregularity in passing from one 
value of v to another in the same Range, and also the fairly regular de- 
erease of M in passing from Range to Range with the same v. 


4. Relation of u to m.—It is clear, from the definitions of v, n, u, m 
(Art. 2) that v is a multiple of n, so that 


The primes (p), which have (y/p),— 1l, are all those which have (y/p), = 1, where 
y = n, 2n, 9n, &c., ..., including every multiple of n which occurs within the Range of p, (6) 
and that therefore 


m = S (u), [the summation being for all the multiples of n]. (6a) 


In fact this formula gives the readiest means of computing m when « is 
known. 


T ——ÓÀ 


* In the paper quoted in Art. 7 below. 
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5. Tables of u.—The three Tables By, Ba By (on pp. 265-269) show 
the numbers (u) of primes (p) satisfying (y/p), = 1 for various Bases (y) 
in various ranges for various values of the argument (») as follows :— 


i 


, 


Ranges. Range. 


9 One 1 to 10! 


—— — M —M— ———————— — —— M —À — — — 


j 
| 
! 
2| | Ten |1to10!, 10'to2:10*, 2:10* to 3°10!, &e.... upto9-10'to 105 
| 


10) One 1 to 10° 


Each of these Tables is in two Parts :— 


Part I (of each) shows the values of u for every value of » >60 (as 
argument), in each range of p as stated above: and the line M at foot 
gives (for comparison with u) the value of M for every value of v } 80, 
and for selected values up to r } 60. 


Part II (a continuation of Part I) shows the values of « for all values 
of v > 60 within the Range (omitting, for brevity, all cases of u = 0). 


The totals of u on the right of Part II are tne totals of u in each line 
for all values of v within the Range, and are therefore equal to the values 
of M in that Range [these are given merely as a verification that the num- 
bers u are complete |. 


5a. Variation of &.—A slight examination of the three Tables 
(B,, Ba, By) shows at once that the variation of u is too irregular, when 
u is small, to be worth discussing; and further that, roughly speaking, 
when u is large, 


(1) In equal Ranges u decreases gradually, but irregularly, as p increases 
[see Tables B», Bio, Parts I]. (Ta) 


(2) In any one Range u usually decreases rapidly, but very irreguiarly, as v increases 
[see Tables By, B», Bio, Parts I]. (15) 


5b. latio M + u.—lt seems evident that great part of the decrease 
of u last mentioned (Art. 5«), is really due to the decrease of the number 
M out of which u is formed, so that the variation of the ratio M — u 
should perhaps be examined in preference to that of u itself. The short 
Table below shows the value of the ratio M — u when v = 1, 2, 8, 4 for 
the same Bases (y) and through the same Ranges as in the Tables B,, B,, 
Bio of u itself. 

This Table shows at once that— 


- . 5 d 
When v = 1,2, the ratio M +u has a nearly constant value, the same for all Bases 
alike. (8) 
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This result may be otherwise expressed thus— 
In any large Range the nuinber (u) of primes with a common primitive root (y) is 


=* dl. to of, (8a) 
2.5 2.8 


In any large Range the number (4) of primes with a common quadratic root (y) is 
1 1 
3.3 ^ 3.6 id 


This short Table shows also that when v = 8,4 the variation of 
M-- u is irregular; in fact the irregularity increases so rapidly as v 
increases (e.g., v = 6 has u = 0, M ~= u = œ in the range 1 to 10!, see 
Table B,) as to preclude further discussion at present. 


Value of the Ratio M+ u for Various Bases, through Ranges named. 


% J Range of | Base 2 | Base 10 

gà EUN les m 4 E: 2 3 4 
2 | (2:6 35 69 9:8[O0 to 1 | 263569 98:26 3:4 73 73 

3, 2:6 3:2 85 gof 1 to 1 |28 3673 94 | 2-6 367174 

a 5| 2536707342 to 8| 273475106 | 27 40 75 58 
"^ 6| 2:0 34 7:9 6-213 to 4 12-6 3-0 7.4108 | 2-7 3:4 773 69 
S 7 2:6 34 69 69|[4 to 5 (26 3:6 69103 2:5 37 7'5 64 
= 10 26 3473 7:3 [5 to ed |27 34 73 96,26 35 79 63 
11 (28 3:5 6:6 6-696 to 7. 27 36 781r1 | 2.6 3:6 7-0 8-0 

12 273374 9:07 to 8 1273507 9912735 8364 

8 to 9 ($35 30 8-5 12-7 | 2-8 3.6 81 6.8 

9 to 10, E 3:4 77101 2:7 3:6 7768 

0 to 10 n 3:53 7:9 10-4 , 2.7 3:6 7567 


6. Tables of m.—The three Tables C,, Cz, Cio (on pp. 270-272) show 
the numbers (m) of primes (p) satisfying (y/p), = 1 for various Bases (y) 
in various Ranges, as stated below, for every value of the argument » — 1 
to 40. 


b. Base (y) Ranges. Range. 


C, :2,3,5,0,7,10,11,129, One | 1 to 10! 


Cio 10J One . 1 to 10? 


€. | 2) Ten ! 1to 10*, 10'to 2:10*, 2:10! to 3:101, &c., ... up to 9°10 to 105 


The last line of each Table gives the values of M — n (for comparison 
with m), in the full Range of the Table (/.c., 1 to 10! in Table C,, and 1 to 
10° in Tables C;, Cio). 


æ- —— o a eee "1 


* The reason for these particular fractions has yet to be discovered. 
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ba. Variation of m.—A slight examination of the three Tables will 
show a very considerable regularity in the variation of m: and a eom- 
parison of these numbers (m) with the values of M +7 suggests the 
following approximate rules when the numbers m available (for com- 
parison) are large— 


m = lw approximately [except as below], (9) 
n 


m is usually < E M [except as below]. (9a) 


The only marked exceptions to the above two rules are 


n = | 8 16 94 32 40 
m, M+2= .596, 208 136,74 94,49 35,19 31,15 419,95 58, 31 15,7 51, 25 


and these suggest the following additional approximate rules when the 
numbers m available (for comparison) are large— 


Dase2; m = law approximately (10) 
^ 
1 when 2 = 8i, 
m is usually < 5 2M (10a) 
Other Bases: m = low approximately, in some cases when n = ky. (105) 
qu 


There are other exceptions, but not marked ones (when m is large). 

Some such approximate rule as (9) might be expected on the 
hypothesis that all possible results were equally probable. For a prime 
(p), which is capable of residuacity of order n, being of form p=na+1, 
must be the product of $(n) complex factors, any one of which may be 
denoted by z. Then 


yr-lmn = one of p, g^, p*, ..., p'7! (mod m), (11) 
where 
pis an imaginary proper root of p"—1 = 0, 


so that y“-*" is congruent to some one of n residues modulo ~v, one of 
which is 
y ^79 7*^ — 1 (mod m), which alone gives yr- >» = 1 (mod p). (11a) 


Hence, it might be expected that, out of a very large number (M) of 
primes (p) of form (nex4- 1), about 1/n-th of that number (M) would have 
the Base y as an n-ic residue, satisfying the congruence (11a) (provided all 
the cases were equally probable). This is the proposed Rule (9). 
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The causes of the different Rules (10, 10b) when n = 82 with Base 2, 
and (in some cases) when z = ki with other bases have yet to be sought. 

The causes of the usually marked deficiency—see Rules (9a), (10a)— 
below the fractions 1/n. M and 1/n.2M of Rules (9), (10) have also yet 
to be sought. 


T. Data for these Tables.—It seems well to state the sources of the 
extensive masses of data (some still unpublished), utilised in preparing 
these Tables. 


Table of M.—Extracted (and adapted), from the Table in the author's 
paper on the “Number of Primes of given Linear Form” in Proc. 
London Math. Soc., Ser. 2, Vol. 10, 1911, p. 251. 


Tables of u.—The primes were counted from the following Tables of 
Haupt-exponents (£) and Max. residue indices (v). 


Table B,.—From a Table of £ and v of the eight Bases y = 2, 3, 5, 6, 7, 10, 11, 12 for all 
primes p + 10000, prepared by the author and Mr. H. J. Woodall jointly. [This Table is in 
print, but not yet published.] 


Table B..—From a Table of » of the Base 2 for all primes p > 100000, prepared by the 
author and Mr. H. J. Woodall jointly, and published in five papers on ‘‘ Haupt Exponents 
of 2," in the Quarterly Journal of Pure and Applied Mathematics, Vols. xxxvir, 1905; XLII, 
1911; xriv, 1912-13; and xrv, 1914. 


Tuble B,,.—From Kessler’s Table of » of the Base 10 for all primes p > 100000 in 
Dr. M. Borck's Periodische Decimalbriche, Berlin, 1895 (with corrections made by the author 
after collation with previous Tables). 


Tables of m.—These were compiled from the tables of u already made. 


Ta. Preparation of the Tables.—The work consisted simply of counting the primes of the 
kinds required. It is very tedious work : and tho risk of error (especially of omitting one or 
two primes is considerable). The original counting was all done by one assistant (Miss C. 
Woodward), and was checked throughout by another (Mr. R. F. Woodward), under the 
author's constant supervision. The Tables B,, B} were prepared independently also by Mr. 
H. J. Woodall, one of the joint compilers (sce above, Art. 7). 
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Number (M) of Primes (p = ns+1) in each 10000 Numbers > 10°. 


TABLE M. 


1228 1228 611 609 306 611 203 295 203 306 125 300 99 203 152 144 78 203 64 1352 
2 Ä 1033 1033 513 516 257 513 174 261 169 257 99 255 88 174 123 135 66 169 50 12 
= 943 083 486 486 245 486 153 240 168 245 99 237 82 153 127 120 66 168 56 12:3 
Z | 058 958 479 474 236 479 168 233 157 236 97 241 80 168 III 122 49 15; 48 IO. 
z 930 030 467 464 230 46; Iso 228 151 230 87 231 79 ı50o 118 15 61 351 38 132 
w | 924 924 458 469 234 458 157 234 153 234 92 237 77 157 116 116 66 153 49 113 
| $78 878 429 431 219 429 147; 221 138 219 86 212 79 147; III 106 $51 138 49 FOS 
E 402 902 455 454 220 455 144 223 156 220 9o 220 70 144 106 i110 61: 156 49 ITIL 
2 876 86 440 445 223 440 147 219 142 223 87 223 73 147 114 109 49 142 46 104 
zi | 879 879 446 435 217 446 150 230 155 217 83 218 71 150 IIE III 56 155 50 ITT. 


4184 1593 2384 1592 2387 945 23; 1188 603 1592 


o8 125 55 143 63 99 7O 103 43 152 73 78 48 101 64 


c 
4 
3 8; 99 43 124 33 BB 59 585 4I 123 A 66 83 56 6* 
= 82. 99 44 118 5E 8 53 72 32 127 59 66 85 56 6, 
| | 86 97 40 116 43 8 50.82 39 Ir 62 49 78 38 51 
(^ | 69 87; 39 n18 47 79 49 76 28 118 60 61 24 58 EG 
(Go 1:6 02 43 013 52 77 56 77 32 116 53 66 2 49 33 
o | (68 86 41 IIO 43 79 47 7I 30 III 53 51 68 49 31 
= | 75 90 38 117 43 7O 53 71 35 106 54 61 v4 49 5° 
8 7O 8; 43 108 43 73 40 72 29 013 56 49 7I 46 EL 
! " |. ;0 83 43 114 460 71 52 78 36 mi 34 36 81 50 © 
ee ee ee er en 
M=) 787 945 429 1181 486 798 535 787 345 1189 599 603 392 797 525 58 
| 
n=| 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 GC 
ka 98 63 50 55 69 63 50 7O 29 50 43 76 
| 3 87 45 43 67 53 45 59 43 41 6i 
E 82 48 44 56 51 45 53 38 32 63 
E- 86 50 40 58 43 37 50 34 39 49 
Re 69 39 39 58 47 37 49 34 28 58 
ire 76 43 43 57 52 38 56 39 2 er 
I © 68 40 4I 2 45 36 47 38 30 36; 
5 75 47 38 58 43 38 53 34 35 53 
E 70 46 43 55 43 33 46 30 29 SI 
a 7 45 43 51 46 33 52 39 36 58 


1 


0—10 M= 787 466 388 429 581 486 392 535 231 385 345 585 


Range n= Gt 65 70 72 75 80 88 90 96 100 104105 110120 130 140 150 210 808 
of 10000 | 
0—1 M =| 38 25 48 47; 29 35 29 50 35 30 22 23 29 35 25 24 29 23 21 


0—10 M= 300 202 392 397 235 293 228 388 292 243 194 192 231 286 202 183 235 192 104 
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Number (u) of Primes p < 10* with same Max. Residue Index (v) 
for Bases y = 2, 8, 5, 6, 7, 10, 11, 12. 
[M = number of primes p < 10! of form p = vw * 1] 
TABLE B, [PART I]. 


2 | 470 348 88 62 25 02,12 40 2 17 3 8 6 9 s 7 3 61 5 
8 a 476 375 72 08 20 39 15 13 12 18 2 342 8 4 34 21 3 
5 «4 — 492 33; 80 83 . 55 II 8 10 32 4 2 5 - 33 9. 7 
6 © 479 39 77 98 n 59 D t4 TE :33 8 02 9 5 33 3 1 3 
7 B, 465 359 89 88 24 54 12 24 7 Ib 5 12 2 2 2 5 2 7 I 4 
10 „Š 46; 360 84 84 20 61 n 21 8 1; 2 14 I 10 3 32 9 2 
11 443 348 93 02 22 64 14 32 10 15 6 H § 7 3 42 F 4 
12 459 377 83 68 26 39 13 13 11 17 © 3L 3 8 5 17 43 3 
M =, 1228 1228 611 609 306 611 203 295 203 306 126 300 99 203 152 144 78 203 64 152 
Base =; 21 22 23 24 25 96 27 28 29 30 31 32 53 34 35 36 37 38 39 40 
| 

2 | : 3 XE M 2 2 I 3 $ a GE 

3 d 1 4.'-x ER ue 0E ou jd $2: x GEB m 58 2 2 I I 
9 |“ | 2 2- d. 4 = 03v ES OEC Ob ($o do X BO s 2. =. 2:2" 32 
6 Sa . 2 Me, E n Us ED E 2 2 I I. . 
- 7-2 | 2: -A e — 2 wo 4 3 2 ; Le ba 3 
10 | = 3 I . 2 I I I 2 I sd OE uw d row d 
11 I ID « 3} Xo 4 LD o 2 ju 2 do Gd d E ox % 
12 | : B. rur oS 2 2- 2. -2 i we X WO 1 1 

—— ori Mo AE en 
M= 98 126 55 143 63 99 70 103 43 152 73 78 48 101 64 71 


Basejy= 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 


| . 2 . " I I . 2 


i 2 I i : I I : 
` 3 - E à A I ; 2 2 : I 3 : . I 2 
‘ ő o I : I s . 1 I . I . 3 
6 55 n 2 x gb We +t 2 2 zc do GE We ce CP? d 
| 7 | 3 Ze 2 ; T GE a I l 
* 10 > 1 2 I I : I I I ] . 
^ 11 3 2 I 2 e 4 f I 
A 12 I I I " I. I I l I I 

M= 98 63 50 55 69 63 50 70 29 SO 43 6 


TABLE B, [PART II. 


y, Hn | Values of u for each v. Total of u 
| 

v 647072 81 96 105 120 129 226 630 

| 1122 I I 1] I I I| | 1238 


m 
» (66 75 82 84 105 110 ıır 123 128 156 168 188 270 304 330 358 
BÓ I1 P2 1 Y I I I I1 2 » I 2 1» 1 | 1227 


' 64 66 70 74 80 81 83 go 92111 116 120 123 138 154 181 201 240 254 287 330 390 458 . 
QI III I I I 2 I|] I a I | a I I E I I I Ii I |», 1227 


eera iat meet Án a u a Oe — u u ee 


| 
HaT ee N u ; 

y 6z 66 75 78 80 go 116 124 132 140 162 172 214 264 274 339 | 
.1 2 


I I | 2 I I I I I | 1] I I I 1227 


'62 65 7278 88 99 102 110 118 134 150 156 201 560 676 
ul 110 13 1) I 2 I I I I 1 I n» I1 1227 


v 62646768 72 76 78 82 9o 92 98 101 110 116 118 140 177 186 399 664 825 909 
I I I I I») © I I a a I a I I I I I I 1227 


^» 62666970 78 82 84 93 108 120 132 143 406 644 915 
| I 1I I I I I I I I 


‚6152 75 78 83 84 87 92 94 96 100 144 160 216 652 706 
I. 2. lI I I I I I 1 2 I I I I č I ^ | 1227 
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Number (u) of Primes (p) in each 10000 Range with same Maz. 
Residue-Index (v). | 
Base 2. -> } 


M = number of primes p < 105 of form p = yw +1. 
TABLE B, [PART I]. 


Rango y= 1 92 3 4 5 0 7 S8 9 10 H 12 18 14 15 16 17 IN 19 20 
0—1 | 470 348 88 62 25 62 1? 40 2. ut 8 8 6 9 S 7 3 6 4 
1—2 370 288 zo 55 28 61 9 44 I! 15 4 3 4 5 2 5 4 5 I : 
2—3 a 365 28; 65 42 16 49 7 37 8 9 4 It 6 5 4 8 3 6 2 I 
8—4 = 365 264 65 44 13 57 «+10 3I 7 M 7 8 2 7 2 10 2 & I 
4-5 | 353 259 68 45 185 43 4 30 8 7 4 9 5 8 5 7 3 3 2 
6—8 5 30 271 63 49 19 37 9 36 5 14 3 5 I F 4 5 t 3 z 
6-7 > We qo e Ub me a 0 2 
7—8 ! 339 258 59 46 10 48 «1 3o 10 9 . 8 3 8 3 9 . 4 1! 4 
8—9 | 346 246 52 35 9 44 10 3! 5 I2 4 9 3 7; 2 75 m 3 I! LA 
9—10 | 329 258 58 43 9 40 10 30 IE II! 2 5 3 IO i Br 2 2 3 . 
0—-10 4 "EE 3603 2726 643 460 166 482 90 347 74 !!9 32 71 3; 75 3 75 9 4; 8 21: 
0—10 ^ m 9591 9591 4784 4783 2387 4784 1593 2384 1592 2387 945 2374 798 1593 1189 1188 603 1592 525 r181 


of10000 " ^. 21 22 23 24 25 26 27 28 29 30 81 32 33 34 35 36 37 38 39 40 


S 

1 

© 
| 
l 
| 
| 
| 
| 
| 

REN 


à 3 . IO : ; 2 2 I 3 è p a 2 ; 
1—2 ; 4 I 6 2 1 [ : 2 I 2 I I í I 2 I 3 
2—3 " I I I 8 2 : 2 a o5 2. 4 . I 2 
8-4 5 I 3 ; 6 3 2 i " 2 3 3 I I ; bi % 4 
4—ö | 2 2 ; 3 I 2 I ; 3 3 I I I LU a f. 2 
5—86 23 I I I 3 2 2 ; ; 4 4 2 . ; i 4 2. x 3 
6-7 Z2 2 4 >. § I! . I i I E d I 2 1i . 3 
7—8 I 2 I 2 . . è . 2 4 [I 2 . : ; > I I 2 
8—9 | : [ I 5 2 2 : 2 2 £00 ; 2 3 -« 2 I 2 
9—10 2 2 I 5 I I 2 i % I , I , 
0—10 u =' 10 23 6 53 II IO 6 7 4 2 3 1 8 8 3 9 5 8 2 21, 
787 345 1189 599 603 392 797 525 582 " 


0—10 M=, 787 945 429 1181 486 798 535 


ae Ves 41 42 48 44 45 46 47 48 #49 50 51 52 58 54 55 56 57 58 59 60 
0—1 
1—2 
2—8 
3—4 
4—5 
5—6 
6—7 
7—8 
8—9 
9—10 


Value of u 


0—10 u 
0-10 M 


I 7 I 2 6 6 D. 13 3 5 I 2 I 6 I 12 2 Sr d 2 
787 466 388 429 581 486 392 $35 23! 385 345 535 4 


i l 
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TABLE B, [PART II]. 


96 105 120 129 226 630 
I I IE I I I 

74 79 82 118 120 130 172 218 
I I I I! I I I I 


LIO 140 206 278 316 387 518 
I I E DE I I 


122 164 226 315 329 538 568 
I I]! I D Dp I 


80 82 gO gi g92 roo 107 112 216 240 399 1285 
I I I I II I! I I I I 


112 126 129 136 144 198 216 2 300 304 370 
I I I I 2 I I I I I I 
103 III 202 213 288 312 3554 1310 1542 2048 
I I I II I [ I I I I 


125 137 140 184 386 474 508 878 
I I Ii II I I I I 


110. 118 136 141 160 168 180 210 736 1231 1615, 
I I | 


| 
| 


178 190 192 
I 


74 76 81 

2 I 4 

ot 92 96 105 107 II2 
I I 4 I 2 2 


from » = 1 to y = 2013 


126 129 130 I; 138 139 1. I44 152 
D 4d DI 2 I 


I72 175 178 192 r98 202 208 210 
I I I I 3j I I 


240 256 278 312 315 316 326 329 370 387 
I I I I I I I I I I 


Rango 1 to 10? 


Total u 


Re Ex Fe Terre Fr 


I I I I I 


508 518 538 736 878 1231 1285 1310 1472 1542 1615 2048 
t I I I I I I; 
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Number (u) of Primes (p) in cach 10000 Range with same Maz. 
Residue-Index (v). 


Base 10. 


M = number of primes p < 10? of form p = (vw +1). 


TABLE B,, [PART I]. 


Range p 1 2 3 4 5 6 7 8 9 10 11 12 13 14 145 16 17 18 19 20 
les PME SENSE E ER ee ae 
0—1 46; 360 84 8 20 61 IHI 2I 8 17; 2 14 1 10 3 5 2 9 à 2, 
1—2 | 398 28; 72 71 24 52 7 10 5 II 3 IO 3 8 I. 3S X 8 1 I 
2—3 |a 309 247 65 84 25 46 6 17 8 17; 6 13 5 6 4 6 2 If 2 4 
3—4 | 353 286 66 69 1; 42 6 18 Iq 7 3 IO I 8 3 d. x ; 2 I 
4—5 § 360 253 63 73 Ia 4b B3 15 5 H 2 4 2 9 2 6 . l^ a 2 
5—6 = 349 202 58 75 I5 44 8 8 6 13 2 9 5 6 6 4 1 4 : 
6—7 $ 313 24 6r 354 i8 35 5 73 7 4 4 4 I 7 1 3 & 3 - 2 
7—8 336 260 55 FI 16 48 9 14 S$ I$ I "M 3 3 4 . 10 I 3 
8—9 316 2413 54 66 24 53 : d 5 8 2 12 3 5 5 I 2 5 I 3 | 
9—10 d 3" 242 58 64 19 §1 H 9 4 15 4 HI 2 6 3 3 2 5 I 24 


0-10 u= 3618 2684 636 711 192 473 83 136 FO 128 29 106 23 70 33 40 9 63 8 20 
0—10 M — 9590 9590 4784 4783 2387 4784 1593 2384 1592 2387 945 2374 798 1593 1189 1188 603 1592 525 1181 


Range v =: 21 22 23 091 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
0—1 | 3 1 . 2 1 r 1! 2 I Lp. 3 a F 7 1 
1—2 | : 4 : I 3 3 2 I 2 3 3 ‘ I I E x 4 4 
I au, 4 i : 1 : I 5 1 I I. 1 . 
3-4 Os 2 4 3 I 4 I 3 I. I 4 I 1 1 . 
4—5 ' 5 2 1 I 2 I 2 I | 3 2 : 2 3 2 
5-6 | 3. 2 3 2 I 2 2 4 1 I 1 I 4 
6-7 Z2 | 6 6 I 2 I 4 ; 2 I l 2 A I 4 
ge | s I I 2 2 I ; I 5 I 1 1 I 
m ; 4 I I 2 : ; 2 2 2 I à 4 
9—10 | 3 I ; 2 2 2 1 2 2 I 1 I 2 
—-- in - ++ ——— ie set 
0—10 p=’ er? 21 5 20 IO 17 7 HI 1 23 I 13 4 #12 4 16 2 9 I 22 
0—10 M=' 787 945 429 1181 486 798 535 787 345 1189 599 603 392 79; 525 582 
Ran y= 41 42 43 44 45 46 47 3 49 0 51 52 53 54 55 56 57 58 59 00 
0--1 I 2 $ I I i ; "T P 1 I ; . 
1--2 2 , . I I . . . . I 
2—3 " I I : I 2 2 2 , Ir. 
3—4 = I . . . . 2 . I " I 
4—5 5 I 2 I 1 . 3. 4 © 2 . . 2 
0—6 | 2 I . i . I ; Ico . I . ; 4 
6—7 | > I I . . 1 i I à e . . I : 
7—8 I : . ; 1 I : I . 1 : 1 
8—9 1 1 I ; I I I T" juro od . I 
9—10 I . : I 2 F a C I. . I I 
0—10 |u = IH I 7 I 4 3 9 1 IO I I. 8 2 3 2 2 I 3 
0—10 M = 787 466 388 429 581 486 392 535 231 385 345 585 
e 
! 
; 
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TABLE B, [PART II]. 


IIO 116 118 140 177 186 399 | 
I I I I I 


v = 664 825 909 
I I 1 


82 132 148 
I I I 


79 84 104 
I I I 


80 86 ro2 
I I 


240 


138 
I 


1144 2138 
I I 


190 197 238 349 834 
I I I I I 


205 513 
I I 


! 
y= 61 62 64 65 6; 68 o 72 74 76 78 79 So 82 84 86 87 88 389 
“= 2 6 2 4 2 4 6 3 [ I 4 2 2 4 4 1 I 2 I A 
1 y= gO 92 93 94 97; 98 IOI 102 104 108 110 [12 113 114 116 117 118 120 122, 
| $5 p= 2 2 I 2 I I I 2 2 2 2 [ I 2 I ot I I 2, a 
m= i 
i Q Y= 124 130 132 133 134 138 140 143 148 132 156 157 166 168 172 177 181 186 187. e 
a1 ART E I I 3 I I 1 I 3 3 I I I I 2 I I 4 D, G9 
&  ¥= 190 196 197 198 200 204 203 208 211 216 218 225 237 238 240 264 274 310 316 ! I = 
i E M= fF I I I I 3 I 1| I I I I N I 2 I I E 
. gg & 
= 329 335 349 352 370 374 399 417 434 513 546 578 Gor 612 624 664 665 672 714 | Sg 
u= I ! I I I I I I I I I I I I I I I | MEE: 
( v = 724 823 834 856 909 1024 1144 1370 1398 1484 1968 2138 2183 2921 = 
u= I I I I I I I I I I I [ I 
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Number (m) of Primes p < 10*, having (y[p), = 1, 
[y = 3, 8, 5,0, 7, 10, 11, 12]. 


M = number of primes p < 10', of form p = (nw +1). 
TABLE C,. 


1 2 3 4 5 6 7 8 9 10 11 12 18 14 15 16 17 18 19 20 


1228 603 200 143 60 97 29 66 17 28 624 6 16 11 12 6 9 3 6 
1227 60; IQI 142 57 95 31 28 21 30 8 49 5 1411 9 9 6 35 
1227 607 200 146 58 100 24 33 25 58 II 24 91014 7 3 13 215 
1227 607 192 145 49 93 24 27 21 26 1621 31113 6 3 9 3 6 
1227 611 193 151 55 902237 19 27 13 2010 8 7 8 4112 6 
1227 615 198 143 50 94 31 33 23 24 918 316 6 6 413 2 4 
1227 618 207 158 56 95 28 41 21 26 13 20 11 1210 5 4 9 I 6 
1227 607 202 147 59 99 27 3224 26 10 51 813 9 6 313 4 7 
1228 614 204 152 61 102 29 37 23 31 12 25 8 15 10 9 511 3 7 
21 322 23 24 25 26 27 28 29 30 31 32 33 84 35 36 37 38 39 40 
4 3 i 106 7 ..5 3 1 4 * 3 2 Fe ee 2 54 4 
6. 6 2727 5 2 5 5. 8$. 2.1.85 22 $3 2 2 . 
3 6 3 6 I 5 2 2 214 1 2 3 . 12 2 2 3 5 
. 6 2 8 3 122262... 6 .532 1 I I I 
2 60 2 3 I 6 . 5 I $ I 2 1 2 .«. 4 u IŞ I 
5 4 2 32 224122122 012 . III 
2 6 3 4 3 5 13 142 12 22 2 1 1 I! I 
2 4 I 24 2 4 24 4 3. 4.218 ...22 
5 6 2 63 4 3 42 5 12 2 I 3.1.2 2 


-0 —. 
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THE NUMBER OF PRIMES OF SAME RESIDUACITY. 


Number (m) of Primes (p), in each 10000 Range, having (2/p), = 1. 


| 
Range: n= 


0—10 | m= 
0—10 | M+ 


Range | n = 


0—10 
0—10 


m = 
M+n 


| 
| 


1 


1228 
1033 
983 
958 
930 
924 
878 
902 
876 
879 


9591 
959! 


21 


nam S NUWUN.: -R 


Wh 
“1 of 


22 


MWh nu | 


f> Go 
U 4 


TABLE C. 


* NWN 
N mG to ty de Ne = Gy 


t9 C2 ts = ty bye 


n 
eo 

NDD 
oo 


C3 t9 * oè e 


10 11 


MOM 
Ll 
Ant co D 


t9 Nw bb 09 — to ty 
OU: OW AWA NN X 
- Our Ho 


3 N 
C2 N 
D 42 
~ 
Ut 


© 
ar 
Crs 


to 


So oo ng u CAG ee 
.ı N 


ww 
ow 


. 32 


19 13 


ud 
SI 
non TS CO Ps NN 


Pm HW NU oh WD un u 


m u 
won 


M = number of primes p < 10°, of form p = (nw +1). 
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11 15 16 17 18 19 20 
1611 12 6 9 3 6 
65 95 8 3 4 
12 13 13 5 8 2 5 
11 6 14 3 9 1 6 
1210 14 4 9 2 7 
1010 IQ 210 I 6 
I1 3 16 411 I 7 
Ir 7 14. 8 2 7 
10 6 13 310 4 7 
14 4 12 1 9 5 4 
113 77 136 33 9I 24 59 
114 79 74 36 88 28 59 
34 35 36 37 38 39 40 
3. 3. -2 4 72 I 
I. 2 3 I 4 
DOW x $5 2 
pus dw * 4 
I | 4 . I I 4 
I à. REL» 3 
I . 4 3 1 1l 5 
. I 2 E I [1 2 
13 6.2 1 $ 
12 4 3 I 1 
II I3 29 IO I2 5 31 
I8 I1 22 . I4 . I$ 
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Number (m) 


Value of m 
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[ Dee. 11, 


of Primes (p), in each 10000 Range, having (10/p), = 1. 


M = number of primes p < 10°, of form p = (nw + 1). 


m= | 9590 4787 
M-» 9590 4795 


Value of m 


m= | 


Min 


ne NOAR AU DANN 


| 


-NNNNALNHNWHN | 


TABLE Cy. 


p= 
m 


- 
NAO C > —-1 00 00 CO MC 


235 274 179 229 76 180 57 115 


13 14 


16 
I7 

9 
10 
13 
13 
I1 

6 
10 
10 


Cn UUNO ON NNU 


" 228 298 177 239 86 198 61 114 


27 98 29 30 31 32 


I 


I 


I 
3 
1 
2 
4 
I 
2 


2 
2 


pW WN Un S He 


jo 19 24 5 3313 18 
31 20 28 12 39 . 19 


33 34 


2 
I 


N NAN — GW WX PD N 


NEN G9 O-ı LO HRN 


= 
| 44 ADDU HO} DA 


17 18 19 20 


A> 


NAAN KH Sw N bh 


44 0M NP WLS Dp 
NAN A CW > 


37 97 32 54 
36 88 28 59 


87 38 39 40 


€ A N BB me Ht om me 


atts} ose le 


ae 


2 0. ] 
zur mn 
à 
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LIMITING FORMS OF LONG PERIOD TIDES 


By J. Proupman. 


{Received November 11th, 1913.—Read December 11th, 1913.] 


1. As the equations of tidal motion have been solved in only a few 
cases, which are very restricted when compared with the actual conditions 
of terrestrial tides, it is of interest to try to obtain some approximation to 
the long period tides by means of a discussion of the limiting forms 
of these tides as the period of the disturbing forces tends to become 
infinite. 

When friction is taken into account it is known that these limiting 
forms are the forms given by the equilibrium theory; but it has been 
shown by Hough * that for the great oceanic basins, the time required for 
the frictional forces to produce appreciable damping is long compared with 
a fortnight or even a half-year. It appears from this that, if any 
approximation is to be obtained in the limiting forms, they must be 
calculated on the hypothesis of no friction, and this is what we shall 
try to do in the following paper. 

Sir G. H. Darwin was the first to point out that the long period tides 
need not approximate to their ‘equilibrium forms.” The dynamical 
reason for this and the connexion with free steady motions was first given 
by Prof. Lamb in the second edition of his Hydrodynamics (1895). 

For an ocean of uniform depth covering the whole globe the limiting 
forms have been calculated by Lamb,t and later by Hough,? who took into 
account the mutual attraction of the particles of water. The general 
question has been discussed to some extent by Poincaré,§ who terms 
the equilibrium forms '' marées statiques de la premiere sorte," and the 
limiting forms in which there is steady relative motion “ marées statiques 


* ‘t On the Influence of Viscosity on Waves and Currents,” Proc. London Math. Soc., 
Vol. xxv, p. 264 (1896). 

t Hydrodynamics, 2nd ed., p. 353; 3rd ed., p. 321. 

I “On the Application of Harmonic Analysis to the Dynamical Theory of the Tides, 
Part I," Phil. Trans. Roy. Soc., A, Vol. oLxxxıx, p. 201 (1897). 

$ Leçons de Mécanique Celeste, t. 111, c. viir (1910). 
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de la deuxieme sorte." A discussion of the limiting forms for flat seas of 
uniform depth, with one or two examples, has been given in a recent 
paper.* 

The question remains, however, whether, in general, these limiting 
forms uniquely exist, and, if so, whether they always give an approxima- 
tion to the actual forced tides of long period. In the cases worked out by 
Lamb and Hough this is so. Prof. Lamb points out that his results 
differ very little from those previously obtained by Sir G. H. Darwin with 
the aetual value of the period of the fortnightly tide, while Hough shows 
that the limiting forms he has obtained are very nearly the same as the 
fortnightly tides he has calculated in the same paper. 

The following paper is an attempt to discuss, firstly, the existence, 
uniqueness and nature of the limiting forms for a general disturbing 
potential, and, secondly, the possibility of their applieation as approxima- 
tions. 

The method adopted in the first of these discussions is to use the 
limiting forms of the general equations of forced harmonic tidal motion 
as the period tends to become infinite, and to add as conditions any 
properties of the general motion which are independent of the period, 
so long as it is finite, but do not follow as consequences of the limiting 
forms of the equations themselves. 

The method adopted in the second is to try to use, in the ordinary 
variables of tidal theory, results which have been established only for 
systems with a finite number of degrees of freedom. 


General Equations and Properties. 


2. We consider the tidal motion of water of uniform density on a 
sphere of radius a, which is rotating about its axis with uniform angular 
velocity w. Let 0 denote the co-latitude of any point on the sphere, and 
p the longitude of the point measured from some meridian fixed on 
the sphere. When the water is rotating in free relative equilibrium, let 
its depth at any point on the sphere be denoted by h, and in any other 
state by h+¢. Also let €) be the potential (supposed single valued) of the 
disturbing forces aeting on unit mass of the water, and II the potential 
due to the elevated water. 


oe P = gf+ O41, (1) 


* «í On some Cases of Tidal Motion of Rotating Sheets of Water,” Proc. London Math, 
Soc., Ser. 2, Vol. 12, p. 453 (1913). 


— __ 


a 
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where g is the acceleration due to gravity, and suppose that the time ¢ only 
enters through the factor e'*'. Then the component of velocity of the 
water in any direction is given by 
1 í oP 
— IENE o = B 2)* 
o?°— Aw? cos? 0 LE s +20 is E 
where 0/0s,, C/Cs, denote differentiation along the surface of the sphere, 
the former in the direction in question, the latter in a direction which is 
a right angle in advance. 
The equation of = may be written in the form 
o _ (9 T 8 
oo —, (3 ag (hu gin 0) + — 29 un (8) 
where u, v are the components of velocity along the positive directions of 
the meridian and parallel of latitude respectively. 
Substituting from (2) into (8) and using (1), we obtain as the general 
equation of tidal motion on a sphere 


g Ci h sin 0 =) 1 ò À ia 
a? sin Ó E: (a cos? 6 00) ' sin Ó cd Vo? —4w? cog? Ó od 
EREN h cos 0 ) <P _ < ( h cos 0 )251] 
ic | CÓ No? — 4o? cos? 0 Ob Co o?—4w* cog? 0) 00 ) 
+P = 0-FII. (4) 
The boundary condition takes different forms according as the boundary 
is or is not a vertical wall. 
(1) For a vertical wall 
oP 


is P. 42w w cos 0 —7- = 0, (5) 


where o/on denotes differentiation along the outward drawn normal to the 
bounding line, and c/cs along the positive direction of its arc. 


(ii) For a shelving beach, k = 0, and the condition to be satisfied 
is taken to be that P shall be finite there. 


The condition for the constancy of total volume of water is 


|| tds = 0, (6) 


* See, for instance, Poincaré, l.c., c. vit. The expression (2) may easily be obtained 
from (79) of the appendix to the present paper. 
T 2 
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where the integral is taken over the whole surface of the sea. "This can be 
deduced from the above when o Æ 0. 

Consider now a closed vertical wall boundary. At each point of it the 
condition (5) is satisfied. The relative circulation round such a bounding 
line is given by 


mare 1° gy een OST | de i 


where the integral is taken round the bounding line, and 0/ds, 0/On have 


the same meaning as in (5). By means of (5) this may be written in 


the form 
-i|£a OP 7 
OS 


But P is a single-valued function of position, so that the integral in this 
vanishes, and we deduce that the relative circulation vanishes, provided 
c Æo. 

Again, consider any number of closed contour-lines of the function 
h sec 0, i.e. closed members of the family of curves h sec Ó = constant, 
bounding a portion S of the area of the sea. Then from continuity, 
or from (1) and (4), we have 


. h . oP oP =| " 
ie || HS | Ms [i 7n + 2w cos 0 — m ds = 0, 
where the surface integral is taken over the portion S of the area, and the 
line integrals round all the contour-lines in question, positively with 
regard to the area S. Since in each line integral Asec @ is constant, 
the above may be written in the form 


io || fa8-+ $Z X hsec 0 | u (2ocos 0 SE +4 cost 0 SE | as 
= 0. (8) 
Now | 4o? cos? 0 OP a ds = | aaa OP | 
o?— 4w! cos? @ às c E 7! — 4w cos? 0 às 
so that (8) may be written 
is || aS 5 E hsec 0 [gr { 2w cos 9 SE — in SP ds = 0, (9) 


and then, by (7), this may be written, provided c Æ 0, 


2w IF dS = È h sec 0 (relative circulation). (10) 


— Wwe 
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Now let us make the portion S of area tend to zero. The limiting 
values of hsec will be the same for all the contour-lines (assuming / to 
be a continuous function of position), and the surface integral in (10) will 
tend to zero. We see, therefore, that the sum of the limiting values 
of the circulations will be zero. Even if the circulations be made up of 
parts from equal and opposite elements of circuits, this is not merely 
a consequence of the continuity of velocity. If for any reason there 
should be slipping along a contour-line of hsec@, then the above 
condition, being a dynamical one, would still have to be satisfied. 

II will usually be small compared with Q, and we shall often neglect it. 
If in any case it has been neglected in the direct treatment, its effect may 
be allowed for by successive approximations. 


Types of Regions. 


8. We shall find it convenient to divide the area of the surface of the 
sea into regions of three different types by means of the contour-lines 
of h sec 0.* 

A region of Type I is such that over it h sec 0 is not uniform, but that 
its contour-Jines are all broken by coast lines. 

A region of Type II is such that over it sec 0 is uniform. 

A region of Type III is a simply or doubly connected region such that 
over it A see Ó is not uniform, but that its contour-lines are all closed 
curves. 

A region of Type II will have a closed exterior bounding line and any 
number (including zero) of closed interior bounding lines. These interior 
bounding lines may be either vertical coasts, partly vertical coasts and 
boundaries of regions of Type I, or the external boundaries of regions 
of Type III. 

We shall suppose that the equator 0 = 47 strikes the coast line so that 
it always runs through regions of Type I, and h sec 0 can never be infinite 
in regions of the other types. 

For a region of Type III the orthogonal trajectories of the contour- 
lines of A sec 0 will be the lines of greatest slope of hsec@. When the 
region is doubly connected all the contour-lines will form closed curves 
round the inner boundary. When the region is simply connected all the 
contour-lines will form closed curves round an isolated point or finite line. 


* This idea was suggested by a remark of E. Fichot in his note entitled, ‘‘ Sur la pro- 
duction des marées statiques de la deuxiéme sorte dans un océan répondant à une loi quel- 
conque de profondeur,” Comptes Rendus, t. cLvi, p. 211 (1913). 
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At this point, or at the ends of this line, as the case may be, lines of 
greatest slope of h sec will intersect, but we suppose that such inter- 
section does not occur elsewhere. 

It is evident that all boundary lines of regions of Types II and III will 
be contour-lines of A sec ©. 

Now let us examine the limiting forms of the equations and conditions 
in $ 2 as e >Q. 

From (2) we obtain that the velocity in any direction is given by 


i od oP 
= Qu sec 0 Os, x (1 1) 
o/s preserving its significance. 
From (4) we obtain 
o oP a OP _ 
"à (h sec 0) ip — Jg (h sec 0) a 0, (12) 


which shows that there is a functional relation between P and h sec 0. If 
one is constant over any area, then (12) leaves the other unrestricted over 
that area. 

From (5) we obtain 0P/ds = 0, or 


P = constant, (13) 

along a vertical coast. 

[f the coast is not vertical it will be a contour-line of h sec 0, for which 
h sec Ó is zero. We see therefore that on all boundary lines for all regions 
the condition (18) holds, though the constant may be different for distinct 
boundary lines. 

As the equilibrium theory gives everywhere P = constant, we see that 
at any instant the height of the water along a coast line only differs by & 
constant from its equilibrium value, and in special eases the constant may 
be zero.* 

It we neglect II we have all along any coast line 


€ = + constant, (14) 
where € = —0/g. 

From the results of harmonic analysis ¢ could be calculated for a long 
period tide at different points along the same coast line, and at the same 
instant of time. Utilizing this, it might be possible to obtain useful 
information from the relation (14).+ 


* An example occurs in S9 below. 
T See $ 15. 
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Although the condition (6) is not a consequence of (12) and (18) it will 
be satisfied by any tide of finite, however great, period. We therefore 
prescribe it as a necessary condition for our limiting forms. The same 
applies to the conditions regarding the relative circulations which were 
deduced in § 2. 

We shall assume that there are no other similarly necessary conditions 
independent of those which we have laid down above. 


4. A region of Type I is very easily discussed. Since P is constant 
round the boundary and along each contour-line, and since each contour- 
line either cuts the boundary or forms part of it, it follows that P is 
constant over the whole region. The velocity is then everywhere null 
and the equilibrium theory holds. 

When the whole sea consists of a region of Type I the limiting form 
exists uniquely, the constant value of P being determined from the 
condition (6). 

It may be noted that in the present case the relation (10) does not 
necessarily hold, so that the condition for the constancy of total volume of 
water, t.e. (6), is not included in the coast-line conditions. 


5. For a region of Type II the condition (12) puts no restriction on P. 
Going back to equation (4) we see that in this case its limiting form is 


ENTE 


9h . oP 1 OP) 
4w'a? sin Ó | 00 CL ARE rj +P=OQ+T, (15) 


00/ ' gin @cos Ó 09? ) 
on writing Äh, for h sec 0, which is now constant. 

We may restrict ourselves to either the Northern or Southern Hemi- 
sphere, since the Equator lies entirely in regions of Type I; A, and sec 0 
will then have the same constant sign over the whole region. 

From (15) we see that, if there is any tide at all, it cannot have exactly 
the “ equilibrium height ” over any finite portion of the region. 

From (15) again we obtain 


ff eas = da [| | 3p (tan 026) + aco oco oj dcs 


which may be transformed to 
j (dS — ho & | sec 0 — = ds | (16) 
i 4o* Ón 


the surface integral being taken over the area of the region, and the line 
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integrals round the boundaries. From this we see that the relation (10) 
holds in the present instance, though it did not for a region of Type I. 
For a closed coast-line the corresponding integral on the right-hand 
side of (16) must vanish, and when the sea consists entirely of a region of 
Type II the circulation conditions include that for the constancy of total 
volume of water, viz., (6). 
If we neglect II and write 8) = 4w’a?/gh, (15) becomes 


(1 ð 1 
| sin Ó (tan 03) rauco 7 Q9? ;j (—0—8£-0. 7) 


The condition (14) now holds at all the boundaries, while for a closed 
coast-line the condition for the vanishing of the circulation gives 


o = 
| sec 0 25 ((—4) ds = 0, (18) 


the integral being taken round the coast-line. 

We now proceed to discuss the existence and uniqueness of a solution 
of the equations (17) and (14) when the integrals on the left-hand side of 
(18) take preseribed values for each boundary line. 

The uniqueness is very easily disposed of. Suppose if possible that 
there were two solutions; then their difference €’ (say) would satisfy the 
following conditions :— 


1 


1 o oc oe! 
sin 06 S (tan 9 20) + sin? 0 cos Ó 09? — Bos" = 0, m 


inside the region, and 
© = constant, | sec ps ds = 0, 


for the boundaries. 


Now, if £ be any solution of the equation (19), we have 


ajJees- ejje (une) "aae 5} 046 
= ll as (Etan o SE) + TIT 5; (ESE) } 004 


E Zr au (x zi T sin A 0 (9 ] ; aed, 
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which may be further transformed to 


By || eas || sec 0 (55) + (i SE) ] dS = a?X | É sec 0 SE ds, (20) 


the integral signs having the same significance as in (16). 

Now when (’ is substituted for £, the line integrals vanish separately, 
and since 8, and sec 0 have the same constant sign over the whole region, 
it follows that ¢’ must vanish everywhere. This proves the uniqueness 
of the solution when one exists. 


6. To discuss the existence, let us first consider the determination of 
solutions of (17) and (19) which take prescribed values over the boundaries. 
For this purpose we may appeal to the theory of integral equations. 
Using the stereographie projection* from that pole whieh is on the 
opposite side of the equator to the region we are considering, the equa- 

tion (17) may be written in the “elliptic” form, and its coefficients will 
` possess second derivatives. 

When the prescribed boundary values are everywhere zero, the equa- 
tion (19) has been seen to possess no solution other than zero. 

We assume that the region is such that the ordinary problem of 
Diriehlet possesses a solution. 

In these circumstances the theory of Fredholm’s equation shows that: 
the problem we are considering also possesses a solution.! 

We know then that a solution ¢, of (17) exists, such that on all the 


boundaries 6, = €. 

Let the distinct boundaries be denoted by s, sg, ..., Sn- 

We now show the existence of a function 6, satisfying (19) inside the 
region, taking constant values on all the boundaries, and further being 
such that ot 
| sec 0 2n ds 

n 


vanishes for every boundary except sı. 

For this purpose let us take £, satisfying (19) inside the region, taking 
the value unity on s,, and taking the value zero on all the other boun- 
daries. Also let us take & satisfying (19) inside the region, taking the 


* Any conformal representation on a plane could be used. This is what is done by 
Poincaré when using integral equations; Sechs Vorträge, Teubner, Leipzig (1910); Lecons de 
Mécanique Céleste, t. 111, c. x. l 

t See, for instance, Heywood and Frechet, L' Equation de Fredholm, c. 111 (1912). 
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value unity on s,, and taking the value zero on all the other boundaries. 
Such functions we know to exist. 
Then from (20) we see that 


083 
| seco zs ds; Æ 0, 


since é, is not everywhere zero. Here | ds, denotes the line integral 
taken round sz. 

From Å, £, we can construct & = é +a é (where a, is a constant), 
such that £, satisfies (19) inside the region, takes on s; the value unity, 
on s, the value æ, and on all the other boundaries the value zero, while 
a, i8 chosen so as to make 


é 
| seco SÈ as, = 0. 
Cn 
Similarly we can determine a function £, satisfying (19) inside the 
region, taking on s the value unity, on s, the (constant) value aj, and on 
all the other boundaries the value zero, while a, is chosen so as to make 
ETE ds, = 0. 
Then it follows from (20) that 
[seco Ft as, + 0. 


Now from £g, £, we can construct &, = £,-+a,£,, such that £, satisfies 
(19) inside the region, takes on s, the value unity, on sy, s4 constant 
values, on all the other boundaries the value zero, while the constant a, 
is chosen so as to make 


[seco SEF ds = 0. 


on 
oÉ; 
We have also sec 0 35 ds = 0, 
, 0%; 
while (20) shows that | soe 0 an ds, £ 0. 


The process can obviously be continued until we obtain 6. 
Similarly we can find (,, s, ..., €, such that each satisfies (19) inside 
the region, takes constant values over all the boundaries, and such that 


oc. 
| sec 0 a ds 


vanishes for every boundary except s,. 
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By multiplying ĉ by the proper constants, we can make the value of 
this line integral round s, unity. 

Let the prescribed values of the line integrals of the enunciation be 
Cis Cs, ..., Ca, for the boundaries s, S2, ..., Sn, respectively. Then the 
solution we require will be given by 


¢ = C 6 T Coca... + Ong. 


If the sea consists entirely of a region of Type II, then 
C= [see 0 $È as, (rm 1, 2,..., n), 
from (18), and we see that the limiting form of the tide exists uniquely. 


7. We now consider a region of Type III, and shall find it convenient 
to make a change of coordinates. Let us call the new coordinates £, n, 
and take them such that £ = constant, gives the contour lines of h sec 6, 
and » = constant, gives the lines of greatest slope of hsec@. This will 
make Asec0 = f(£). Along a line 4 = constant, let ds = Ad£, and 
along a line £ = constant, let ds = Bd». Then we choose the coordi- 
nates so that 4, B have neither zeros nor infinities except where lines 
n = constant, intersect. At such points, which only occur when the 
region is simply connected, we shall have B = 0. 

The equation (4) now takes the form 


#3 (tg, 2294 2( — Aus 4 3 
AB LOE Ne? —4o? cos? A c£ Jm o*—4w* cos? 0. B On 


2w ( à h cos 0 oP oO h cos 0 OP | 
qu Eee. 3 On On E= cos? AE ET Jen 


= Q-FII. (21) 


As c — 0, the limiting form of this equation gives simply P = F(§), 
which of course we already know. To find the form of the function F(£) 
we shall use the next approximation when c is small.* For this purpose 
we have, from (21), 


I g BOF) | 2e ua Pp 
— 4wAB PIC sec" 07 tete Peso 


Now, after multiplying by AB, let us integrate this with regard to n, 


— ———— oe 


a i IT I ER Rr sn e —À mm tn 


* This method is taken from Poincaré, l.c. 
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round a whole circuit of the lines é = constant. We thus obtain 


y ð 20 B CFA, TEr_ mOr 
- z (Je sec a= <q) + BF = ABOFI, (22) 


where Wg) = | W (Ê, n) dn, 


V (£, n) being any function of £, 7, and the integral being taken round a 
whole circuit of the lines £ = constant. 
The value of the circulation round a boundary line is given by 


1 DB oF 
LL d Hr dy, 
LJ . 1 B CF 
which may be written 2, (sec 0 =) Ta 


A prescription of the circulation is therefore equivalent to a prescription 
of OF /cé at the boundary, and all along a vertical coast we notice that the 
velocity of the water will be zero. 


Now || (dS = || CABd£dy = | ABR ae, 
and this, by (22), is equivalent to 
EN 


ig s | oo (h or 07 =) d£, 


so that here again the relation (10) holds, and the condition (6) is included 
in the coast-line conditions when the sea consists entirely of a region of 
Type III. 

If we neglect II we have in (22) a linear differential equation of the 
second order to determine F(£) The boundary conditions are that F 
shall be finite when h = 0, and that OF /0€ shall be prescribed where 
h=0. The discussion of the unique existence of a solution could now be 
made by the methods of the theory of differential equations, but we may 
avoid this by observing that the conditions are the same as those of an 
actual physical problem, as opposed to the limiting case of one. 

For a flat sea and a disturbing force such that © is a function only of 
h, equation (21) takes the form 


( à 
afi im (a = 72) | +4BP = ABQ. 


Now we can choose the coordinates, h and c?— 4w? so that this is identical 


=~ 
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with (22), when we neglect II. The above-mentioned boundary conditions 
are the expressions in the present auxiliary case of the condition for h= Q 
and for a prescription of normal velocity where A=#0, respectively. 
These problems, we know from physical reasons, will have unique solu- 
tions. 

When the region forms a complete sea there cannot be resonance in 
the auxiliary problem, since o?—4c* is negative. To show this we observe 
that for a free period o*—4w* = of, where c, is the “speed” of a free 
oscillation when there is no rotation, as w only enters the equation 
through o*7—4*. Now all the values of c, will be real and consequently 
a?^— 4" will be positive for a free period. 

We therefore conclude that the problem above formulated has a unique 
solution, and when the sea consists entirely of & region of Type II, the 
limiting forms exist uniquely. 

It is to be remarked that for a region of Type III the limiting form of 
the tide may have the equilibrium value. In particular this will be the 
ease if ABQ = 0, examples of which occur in $ 10 below. 


8. We now endeavour to combine our solutions so as to apply to a sea 
which consists of more than one region. Let us first suppose that there 
are no regions of Type I. We associate with each boundary line which is 
not a coast-line a certain circulation, and treat for à moment these circu- 
lations as variables. In terms of them we can calculate the function ¢ all 
over the sea, when the coast-line conditions are introduced. 

Now we have two sets of conditions at the intermediate boundary 
lines. One is that from one region to another ¢ must be continuous, 
since the pressure must be continuous. For a group of n boundary 
lines enclosing zero area this will give »—1 conditions. The other is 
the condition concerning circulations deduced in § 2 from (10). This 
gives one condition for such a group of boundary lines. In all we 
have n conditions, and this is the number of the circulations to be 
determined. 

We know that the relation (10) holds for regions of both Types II and 
III. On adding these relations, in virtue of the circulation conditions 
both at coast-lines and intermediate boundary lines, we see that the con- 
dition (6) will be satisfied. 

If the circulations are determined uniquely by the equal number of 
conditions involving them linearly, then the limiting form of the tide 
exists uniquely. 

When, however, a region of Type I is present, we may find a difficulty 
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in satisfying all our conditions, owing to the fact that for such a region 
the relation (10) does not necessarily hold. Suppose, for example, that we 
have a simply connected sea, consisting of a region A of Type I, and a 
region B of Type II. P will be a constant over A and the same constant 
on the boundary of B. This constant has to be found, but if the region B 
touches the coast-line along a finite part of its length, we shall have to 
satisfy two conditions which are not now dependent. These are the con- 
dition (6) for the constancy of total volume of water, and the condition for 
the vanishing of the circulation round the coast-line. 

It appears that we have to conclude that when a region of Type I is 
present, limiting forms of the kind we have been considering do not 
necessarily exist. 


Examples with Flat Seas. 


9. We now proceed to some simple illustrations of the above principles, 
and will first consider examples of seas which are so small that they may 
be considered as flat. The above theory can easily be shown to apply to 
this limiting case. 

As an example of a region of Type II, let us consider a rectangular 
sea of uniform depth, when the disturbing potential is a two-dimensional 
harmonic of the first order. This is the form of long period disturbing 
potential which actually occurs for small seas on the earth’s surface which 
are not in the neighbourhood of a pole.* 

Using Cartesian coordinates, let the equations of the sides of the rect- 
angle be z= La, y= +56, and the disturbing potential such that 


€ — x. We have to determine ¢ to satisfy the equation 
^2 oa 
(sat 33 —*) ( — 0, (28) 


which is the limiting form of (19) if we write X? = 4w* cos? 6/gh, k being 
regarded as a constant. Also we must have ¢ = z-Fconstant, on the 
boundary, and the condition (6) satisfied, which in the present instance is 
equivalent to the condition for the vanishing of the circulation round the 
boundary. 

We make use of the following expansions, which can be established by 


TE ——MÀ— —— =. 


* In the neighbourhood of a pole, the potential is of a higher order of smallness. The 
solution for a rectangle was given in the paper quoted in $1. 
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Fourier’s theorem or otherwise: 


z =— — È sin —— , (24) 
T n=l n a 
for —a <r « a, and 
—~4 $ CD wog LED TY 
dm aT 9b > 
for —ó «y <b. 
Consider now the series 
2a & (—1)" cosh uny_._ nmz 
TEEN. = uu CINE iiia: 26 
& T Ea n cosh und T (26) 
9 n? T 
where Hu = (27) 


This satisfies (28), and when y = + b, by virtue of (24), we have ( = 2, 
while for x = +a, we have ¢, = 0. 
Again, consider the series 


_4a % (—1)" sinhy, 2 (2n 4-1) zy 
la = T E 9n--1 sinh v.a d 2b i ee) 
2.9 
where TE Qu FD T +. (29) 


40? 


This satisfies (28), and when xz = +a, by virtue of (25), we have (4 = 2, 
while for y = + b, we have ¢ = 0. 

It is easily seen that all our conditions are satisfied by ¢,+¢3, excep 
at the corners, which however need not trouble us. Thus 


ea! > (—1)" sinh g Bag (2n-+1) my 


T 4-0 2n+1 sinh na 2b 
eet s SP Oe any in ^77, (80) 


T nazi ^ cosh und 


where un, v, are given by (27), (29) respectively. 

On the sides the height of the tide is that given by the equilibrium 
theory, though there is now a tangential velocity. Along the line z = 0, 
there is a node. 

By interchanging z, y and a, b, we could obtain the solution for 
= y, and then by superposition, for = Ax+By, where A, B are 
given constants. | 
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10. An example of a flat sea of Type III is considered by Lamb in 
Hydrodynamics, Art. 211.* Here we have, in polar coordinates r, 9, 


h = hy (1— a (81) 


where A, a are constants, and corresponding to 


Z= (LV aott) 
peu eae. (82) 
we have fe 20 EN (83) 


25g hg — (o? — 2w0) a? 
m .\2 
while corresponding to C= (=) eft (84) 


it is easily seen from Lamb’s equations that 


ágh rN? ; 

= Ghee a? | 2 (=) = ai (35) 

When we make oc — 0, from (83) we get the equilibrium form, but 
from (85) we do not. 

Let us now consider the limiting forms by the methods of the present 

paper. For the coordinates £, n of $ 7, we may take simply r, d. Then 

4-1, B=r, and the differential equation becomes, on writing 


ü-(-6 
E a 


Corresponding to (82), t= 0, so that the equilibrium form follows at 
once, while corresponding to (34) the limiting form of (85) follows 
easily. 1 

Suppose that instead of a shelving beach at r = a, the boundary con- 
sists of a vertical wall at r =b (<a), the law of depth remaining the 
same. The boundary condition is now o¢’/or = 0, at r = b. 

The admissible complementary function of (86) is 


ee} 


* 8rd ed. (1906); it was first given in the 2nd ed., Art. 205 (1895), and is also given by 
Poincaré, l.c., $ 72 (1910). 
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where y= e'a!|gh, and C is an arbitrary constant. A particular 
integral corresponding to (84) is 


80 that, on determining C by means of the boundary condition, we have 


| 1 Fiy, rlo: — | rM) 
t =p FA ja itty (>) J Tu 


where F' ly, 2j = 2 Fly, sh. 


Corresponding to (32) the equilibrium form holds as before. 
Let us now consider the more general case of a sea bounded by the 
ellipse € = constant, where : 


x = c cosh £ cos n, y = c sinh Ẹsin y, 
£, Y beine Cartesians, and h=f(£). Then we have 
| A = B = cw K(cosh 2£—cos y), 
and if we take for € a two-dimensional harmonic of the first order - 


P cosh £ cos n+ Q sinh £ sin y, 


where P, Q are constants, we have ABẸ = 0, and the limiting form of 
the tide takes the equilibrium value. 


11. As an example of the combination of solutions considered in § 8, 
let us consider a circular sea in which the depth follows the law (81) from 
r=0 to r =b (<a), but is constant from r= b to r = c, having the 
value h, = ha (1—b?/að, there being a vertical wall boundary at r = c. 
We have here a cireular region of Type III, surrounded by an annular 
region of Type II. 

The differential equation which holds for the inner region is that of 
the last section, and we have, corresponding to (84), 


(= CF iy (2) be [2(2) -ı z 


where C is a constant which we have to determine. 
SER. 2. voL. 13. No. 1208. U 
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The differential equation which holds in the annular region is 
mA Mol 
(ats tor ap) seo. oe 
where A? = 4u*/gh,. For the same value of © we obtain 
€ — DI, (kr) + EK, (kr)—4/(ka)’, 


where I,(kr) and K,(kr) are the usual independent solutions of the 
“modified Bessel’s equation of zero order" [i.e. (88) when (' = €, and 
o/o = 0], and D, E are constants to be determined. 

Now the condition for the vanishing of the circulation round the coast- 


Ans giyo Dk Ih (ke) J- EkKK (kc) — 2c[a? = 0, 


while the condition for the continuity of circulation round r = b, which 
in this ease 18 equivalent to the condition for the continuity of tangential 
velocity, gives 


b r | b 2) 4(b/a*) — Tp ' 
2 OF ly, (2)! as = DER QD EERKS (kb). 


The condition for the continuity of ¢ (or of pressure) gives 


CF (v (2) l fa( Sy -ı) = DIy(kb)-+EK,(kb)— -2 
’\a/) ' 2+y (Na j ; 0 (ka)? 

We have now three linear equations to determine C, D, E. 

In a similar manner we could calculate the limiting form of the tide 
corresponding to (82). 

A8 another example of the combination of solutions, and one in which 
a region of Type I may occur, let us consider a circular sea of radius b, in 
which there is a barrier of negligible area, stretching from the boundary 
inwards to a point at a distance a from the centre. Let us suppose that 
for r <a the depth is uniform, so that we have a region of Type II, and 
that for 7 >a we have a single region of Type I. 

The differential equation which holds for the inner region is (88), if we 
take k? = 4e?|gh, h being the depth. Corresponding to a value of 4 
given by (82), we have 

" 


p | DI, (kr)— (=) | e, 


a 


where D is a constant, while for the outer region we have 


ĝ' =C, 
where C is also a constant. 


N. 
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The condition for the continuity of ¢ across r = a gives 
DI1(ka)—-1 =0, C=0, 


and these also satisfy the other conditions. 
The solution is thus 


. (kr) ET 
S I.(ka) 
y 3 . 
for r< a, and (= c e", 


for r>a, the same as if each region were a separate sea. We notice 
that the solution involves slipping at 7 = a. 
The tide corresponding to (84) could be similarly calculated. 


Polar Sea on a Rotating Sphere. 


19. As a final example we will consider the limiting forms of the 
forced tides of long period, for & sea which is bounded by any single 
parallel of latitude, and is of uniform depth h. Let the sea be given by 
0<0<y, where 0 denotes, as before, the eo-latitude. This is an 
example of & region of Type ILI, and since the disturbing potential is 
independent of longitude, the equation (22) of $ 7 takes the form | 


gh 1 © e a5) +P = Q+, (89) 


— 4wa? sin 6 06 cos? 0 00 
whieh may be obtained directly from (4). 


The boundary condition is 0P/00 = 0 at 0 = y. 
Neglecting II and writing | 


4v! a? 
= 40 
B ut (40) 
the equation (39) becomes 
1 oO [(sinÓ (4X a4 _ RE 41 
sin 0 00 (cos! 0 26) Bt" = Be en 
where again (EE, 


Now the form of € which is of interest in connection with terrestrial 
tides is ee, | (42)* 


but for our purpose the constant term is immaterial. 
Mage MOM ENIM CV MM RR 


* See, for instance, Lamb, Hydrodynainics, c. VIII, App. 


uU 2 
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We shall find it convenient to change the independent variable. Let 
us write "mE 
x = sin” 30, 


so that the differential equation (41) takes the form 


d ( 2—z* dé'| E 
dz [m 22) TEE = BE, (43) 
while becomes —AH'(r—2?), 


on dropping additive constants. In solving the equation we shall also 
drop for the present the factor 4H', since this will obviously occur as a 
factor in the final expression for €’ or €. 
To solve the equation (48) we assume 
1 dé v 


— HáÉ— E atn 
d—25 dx 2, 077^ ES 


where a and C, (» = 1, 2, ...) are constants to be determined. Then 


r—zr! d(' 2 _ S 
(1— 2x)? dz m EAS On-2) € , 


provided that we take C. ; = 0, and therefore 


d | a> 
dz \(1—2r)? 


I) 2$ anO Ona) 20" (45) 


Again, from (44), 
> = X (0C,—4C,14-4C,-22z**", 
n=0 


taking also C- = 0, and consequently 


geatn+l 


int’ (46) 


¢' = C+ x (C,—4C5,-14-4C.-2) 
where C is & constant. 
For the complementary function of (48) we must equate (45) to 8 
times (46). Then we see that a = 0, C, = 8C, and in general 


(14-10, — 0, = © (Oya 40, 240,9. an 


From this we see that as n — ©, C,/C4-1— 1, so that our series will be 
valid for | z| < 1, as we otherwise know that they must. 
The resulting series for ¢’ will obviously contain C as a factor. When 
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C is taken equal to unity let the corresponding value of ¢' be called 
R (8, x). | 
For a particular integral of (48) we may take a = 0, C = 0, and (47) 
will then be valid for n > 2, while for n = 0, 1, 2, we have 
G=0, 26 =—-B8, 38(C,—C,) = 48C,4+8. 


Let us call the corresponding value of ¢’, F(3, x). 
Then the solution we require is given by 


TN B F'(B, «) 
¢' = F(8, x) RB, à) R(B, x), (48) 


where now and in what follows 


a = sin? ły, 
! E | à 
and R'(8, x) = zh, D,  RER'(8,2)z Apr F(8, x). 


On restoring the factor 4H’, we have 


F'(8, a) 
R' (8, a) 


It is interesting to have for comparison the corresponding equilibrium 
form & (say). It is easily found to be given by 


l E = —r4+2°4+F(8, z)— 


AH! R(8, 2). (49) 


> 2 


CSU jee ne d LU 
Bp LEX. 3° (50) 


If a, B are not too large the series in (49) converge rapidly. We find, 
for example, 


R(10, x) 
= 1+10r+102?—35°52°— 32 27° +5912°+49°42°— 402" ..., 
R(20, x) | 
= 1--20z-4-70:2—87:113—849:95*— 23°12°+754°6x°+21627— 8602? ..., 
F' (10, x) 
= — 952?--8:83--4:5882*— 51629— 6:84 . .., 
F(20, x) | 
= —53-11234-18:8:!--4:425— 407 6:5— 172 ... . 


Using these series we can calculate the values of €/AH' given in the 
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following table. Here a=‘1,°05 make y = 86°52’, 25°50’ respec- 
tively, while for the size and rotation of the earth 8 = 10, 20 correspond 
roughly to depths of 8 k.m., 4 k.m. respectively. In the last column is 
given the corresponding equilibrium value. For each case the tide is 
calculated both at the pole x = 0, and at the coast x = a. 


a 8 T (4T (J4H' 
(0 +°08549  4-04667 
" 10 {a 08809 —-04888 
en [° +°02821 +°04667 
a  —'08442 — 04833 
o [0 702079 402417 
s la —'02169 —-02383 


O +°01817 +'02417 
a  —'02085  —'02888 


Application of Limiting Forms as Approximations. 


18. As stated in § 1 the object of discussing the limiting forms is that 
they may possibly serve as approximations to the tides of long period. 
As a preliminary to the discussion of this possibility we shall obtain some 
relations in the ordinary variables of Tidal Theory which have already 
been given* for a dynamical system with a finite number of degrees of 
freedom. 

The general equations of the motion described at the beginning of § 2, 
when not restricted to be harmonic as regards time, are 


Ou — oP ; 

az 32v cos 0 = md | - 
Qv + 2wu cos 0:  — s 

ot .asin0 cd 


If we multiply the first of these equations by hu, the second by hv, 
and integrate over any portion S of the area of the surface of the sea, we 


obtain 


à _ oP ðP | 
5i $ f h (u? +o) dS = -|| h fu 130 +v OT i dS. (52) 


—— À M — en — —— 


* See Poincaré, l.c., o. L 
t See Lamb, }.c., p. 313; or the Appendix to the present paper. 


—— 25 
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On supplying the value of P from (1), the right-hand side of (52) becomes 


o 1, o 1 -| f, oll oll 
-|| h fu EIE sin d¢ } d " Ur REPETIT do 


M Í O) 
IDEE RE EHRT 6 


Transforming the first two integrals in this, using the equation of con- 
tinuity (8) and a theorem on gravitational potentials, (52) gives 


2 (4 || 1 vo aS c3 || eas || gras! + | o¢+m hunds 


( 0Q oQ | 
=—|falu or a sin80g ) (53) 


wt, denoting the outward normal velocity at the boundary of S, and the 
line integral being taken round this boundary. 

Now when all the funetions are real, and the equation is multiplied 
throughout by p, the right-hand side of (53) represents the rate of doing 
work on the water by the disturbing forces. | 

The equation is then that of the rate of change of energy for the water 
whose surface is S. However, since it is & mathematical consequence of 
the equations (51), we may use it when the variables are complex, on the 
usual understanding that the real part only of each variable is to be inter- 
preted. 

The right-hand side of (53) when transformed gives 


og 
E | Q hunds— || a qs 


On taking S to be the whole area of the sea, we have from (58), on 
using the boundary conditions, 


2 E(P,0- -|| Q x as, (54) 
where E(D,0-—1 j h ree) dS+ig || casei || ids, (55) 


the surface integrals being taken over the whole surface of the sea. 

Consider now a motion which is formed by the superposition of two 
motions, these being given by P, & and Pr, (m respectively. We shall 
have 


E (Pat P, Sat Sm) = E (Pas Sn) 4-2E (Pr, Pr; Sas Sn) HE (Pas Em), (56) 
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where 


E(P,, Iu Cy Cn) 
= 3 [nsns odas ]3o etast fE. (67 


Let now P,, ¢, refer to a free motion with speed o,, and Pm, Ên refer 
to a free motion with speed fm. From (54) we obtain 


E (Py, C) +2H UP ws em Im) +E (Pn, €») = constant, 


since Q = 0. Now since E(P,, a) contains the factor e?94, E (Pm, &n) 
the factor e°», and E (Pu, Pm; C, (m) the factor e' +)! we must have 


E(P,, CG) = E Cin) = d 


(58) 
and E (Pa, Ps Gis En) = 0 


unless onton = 0. 
When o ton = 0, we suppose P, taken of such a magnitude that 


AEP Pos Gt 6) FE Pr Ge CL (59) 


P_,, -n being conjugate to Pa, n respectively. 
On writing out in full the first of the relations (58), for example, we 


have ^ 
-a || a (Ges) tG mae) | um 


+49 J Gas jl 6ILdS —0. (60) 


Of eourse these relations may be obtained from the equations of $2, 
and in fact we may obtain another in that way. 

Thus, writing in (4), Q = 0, P = Pan, e = cnn, multiplying by 3P., 
and integrating over the whole area of the sea, transforming and using 
the boundary conditions, we obtain 


aff h = oP_, OP» OP, 


o? —4w cos 0 |add add ` asinb og a sinb dg 


| as 


_ 1 ([_hocos@ (dP, OP. | OPA OB. gg 
TA j c;—4w' cost 0 lach asindc$ acd asin0 04 | 
tig || A ¢-.ds+4 || ÈI até nI) dS = 0. (61) 


14. For a gyrostatie system with a finite number of degrees of freedom 
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a very elegant formula has been given by Poincaré,* by which forced 
motion of any period can be expressed in terms of the possible free 
oscillations. If this formula could be extended to Tidal Theory, expressed 
in the ordinary variables of that theory, it would give us much informa- 
tion, but there are several difficulties in the way of this. 

One of these difficulties is that every solution of the general equations 
we have been considering does not give a possible case of tidal motion, 
and all the possible oscillations of an ocean are not in accordance with 
these equations. 

Another is that when steady motions are possible the usual coordinates 
of Tidal Theory are not of the independent Lagrangian type, while those 
of Poincaré’s formula are. 

However, guided by the formula referred to, we will assume, with the 
notation we have already used, the following relation : 


kn 


Sab Ge (62) 


where k,, k_„ do not involve the coordinates of position or c, and G, is & 
function of position and o which remains finite when e = c. 
We will now determine An, k-n by Poincaré’s method. 


Substitute the above expression for ¢ and the derived one for P in 


the formula 
Ó 3 cC je C = o 
2; EP+P_n £F 6) = — || Q = 6T 6-9 dS, 


which is a particular case of (54), and equate the coefficients of ed), 
We have 
2 (o — Tn) E(P, pul: ¢, C n) — Tn j! Q6. dS, 


and we may suppose the time factor e'(7*2' omitted. On making o — c, 
we obtain 
2k, (Pa, P C C-n) = on || 2¢-nas, 


which, by virtue of (59), gives 
kn = lo. || vas. (63) 
Similarly we may obtain 
kn = — 40. || aĉas. (64) 


In (68) and (64) we are to suppose the time factor omitted. 


* L.c., p. 26. 
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On referring to the preceding section, we see that k, and k_, will be 
zero, if the disturbing forces are incapable, at every instant, of doing 
work on the water as it moves in the free mode of speed oy. 


An illustration of this occurs in the example of Prof. Lamb already considered iu § 1C. 
When the expression for ( contains t and $ only in the factor ei’, Prof. Lamb finds 
the free periods to be given by 
| Un) giis 
gl, : 


where n = s * 2j, j being some positive integer. 


= n (1. —2) —s?, 


Now when =-gC ( ry elite, 
a 


C being a constant, it is clear that all values of k-n will be zero, while those values of k, will 
also be zero for which s is not the same in (, as in A. Also, it is easily found from the differ- 


ential equation that i 
(n + s)(n—s—2) | attt! dr = 0, 
0 


so that the only values of k, which do not vanish are those which correspond to j = 1. 
If we let o,, os be the two speeds corresponding to j = 1, the corresponding free oscilla- 
tions are found by Lamb to be given by 


(= 2 (s- 1) " (l)e o, tap; 
nag PME a : 


" = UE (s+1) f] t.) ein, 
7,—c. a 


where, however, we have determined the constant factors in accordance with (59). 
We then obtain, from (63), 


k =- NCC 209 n= — cy 709 = ^ , 
P= TONY Nà(eilje —e — 7 —— 7" Vaiss) &—7, 


and the corresponding terms in ( ure 


07,09 1 (2) een, 


017—043 0 — 07 a 
and 9109 1 C (= ln e' (et+sp:, 
l 09—90, 0—G. a 
Adding, we obtain Pee ees (2ye fot tam 
(l—o/o,)(l—a/o2) V a 


which is the whole of the expression found by Prof. Lamb for the forced tides. We notice 
that the limiting form (which is here the equilibrium form) will be an approximation to the 
forced tide if the speed ø of the tide is small compared with c, and sa. 


15. One of the conditions for tidal motion* is that the distance from 
crest to crest of the surface of the water must be large compared with the 
depth of the water. This sets an upper limit to the magnitude of the 
gradient of P. 


— 


* See Lamb, l.c., p. 244. 
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We then see from (60), that as o increases indefinitely, the motion 
ultimately ceases to be tidal in character. 

Also, the discussion in the preceding part of the paper shows that in 
those cases in which limiting forms exist for a general value of Q, as on 
decreases indefinitely all the free oscillations ultimately cease to be tidal. 

When a particular forced tide does not tend to a limit, and we have 
seen that (according to the tidal equations) this may occur, we conclude 
that as o diminishes indefinitely the forced motion also ceases to be tidal. 

From the results of the preceding section we may write 


e Kk, Gn EEE > 
we s 
where the summation extends to all the true free tidal oscillations, and G 
is a function of position and o which remains finite when o is equal to 
any of the speeds of the true free tidal oscillations. 

Now, again referring to Poincaré’s formula, we may assume G to be 
constructed in a manner similar to the other part of ¢, but from those 
oscillations which are not tidal. The constants corresponding to kn, k-n 
may be calculated differently, but will be proportional to the rate at which 
the free oscillations can draw energy from the disturbing forces, at any 
instant. 

When the limiting form exists it will be given by 


(= —iz (knnt E gn) + lim G. (66) 


Now in those oscillations which are not tidal, the number of undula- 
tions of the surface increases as the speed gets more removed from the 
speeds of the tidal oscillations. We may therefore reasonably assume 
that for a simple form of disturbing potential, such as occurs in the long 
period terrestrial tides, the constants & will decrease with the correspond- 
ing free speeds. In applications we might perhaps assume G to consist 
of a finite number of terms, or even to be zero, but if it is uniformly con- 
vergent with respect to o, then the limiting form of a tide will serve as an 
approximation to it, if its speed be small compared with the speeds of all 
free oscillations which cau, at any instant, draw energy from the disturb- 
ing force. 

This is what actually occurs in the cases originally worked out by 
Lamb and Hough. The slow free oscillations in those cases (called by 
Hough “ Oscillations of the Second Class ’’) have ¢ proportional to circular 
functions of the longitude, while the disturbing potential is independent 
of the longitude, and consequently the constants kw, k-n are zero for all 
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those terms which could prevent the limiting forms from being approxi- 
mations. 

However, in order to see whether any particular observed tide is 
approximately a limiting form, the first test to make would be to see 
whether equation (14) were satisfied, and if so to test whether condition 
(12) were satisfied or not. But before applying the results of observa- 
tions to these formule it is necessary to take account of all extraneous 
circumstances of effects comparable with those we have been considering. 
The only one we need consider is that of the yielding of the earth itself 
to tidal forces. 

It is shown in the Appendix to this paper that for elastico-viscous 
yielding, due principally to the direct action of the disturbing forces, (14) 
will remain true if we take 


usn = e*Q, (67) 


where K, k are constants depending on the physical properties of the 
earth, & being zero for perfect elasticity, and K being unity for perfect 
rigidity. 

If ĉ, ¢ are the observed heights of a tide at two stations on the same 
continuous coast, then we obtain from (14) and (67), 


K 4 
-ho=— y e^ (Q —03,. (68) 


.and the best method of applying the first of the above mentioned tests 
would probably be to use this formula for consecutive pairs of stations on 
the same continuous coast. 

Both K and Ak would be derived from any such pair of observations, 
and these constants should be the same for each pair, and also be possible 
values for the physical constants they denote, or else the theory will not 
apply. | 

For the Lunar Fortnightly Tide we have* 


Q = — yH' (cos? 0— 1) e'6'7?9, | (69) 


where H’, € are known and may be regarded as constant over a few 
‘months. 


If then CHA. Gert (70) 


ee ee =- m e er een game a m: 


* See Thomson and Tait, Natural Philosophy, Art. 848. 
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we shall have from (68), (69) and (70) 
A et — 4,e7% = KH'e€-?9 (cos? 0, — cos? 0), (71) 


A, sin e4— A, sin e; (72) 


which gives tan (k—92£) = 7 re p 


and K3H" (cos? 0, — cos? 0? = A1-- 45 — 24, 45 cos (e, — e. (73) 


Using the tables for the Indian ports given by Sir G. H. Darwin in 
Thomson and Tait’s Natural Philosophy (2nd ed., pp. 456—458), and 
taking as pairs of stations, Bombay and Karwar, Karwar and Beypore, 
Madras and Vizagapatam, we soon see that the theory does not apply to 
the Lunar Fortnightly Tide in the Indian Ocean. 

This may be due to the possibility, in this ocean, of free tidal oscilla- 
tions of periods comparable with a fortnight which are capable of 
drawing energy from the moon's disturbing force ; but it may perhaps be 
due to the inapplicability of (67). 

As regards the determination of the yielding of the earth, perhaps the 
following suggestion may not be entirely out of the question. 

The Lake Victoria Nyanza in Africa is in the neighbourhood of the 
equator, so that it has no effective rotation. Consequently the limiting 
forms of the tides will exist and be given by the equilibrium theory, while 
the slowest free period must be small compared with a day. Also the 
diurnal disturbing force is greatest at the equator, while the orientation of 
the lake is such as to enable this force to produce a maximum effect. In 
fact, if the moon’s declination be about 15° the Lunar Diurnal Tide on 
the northern and southern shore (calculated on the equilibrium theory) 
appears to have an amplitude of about & centimetre. As this is about the 
same as the observed amplitude of the Oceanie Lunar Fortnightly Tide, it 
is conceivable that it could be isolated in observation from other changes 
and useful information derived. 


APPENDIX. 
Equations of Tidal Motion on a Yielding Nucleus. 


When the motion of the solid earth is according to the equilibrium 
theory, the tides on it have been calculated by Sir G. H. Darwin* in two 


* '' On the Bodily Tides of Viscous and Semi-Elastic Spheroids, and on the Ocean Tides 
upon a Yielding Nucleus," Phil. Trans. Roy. Soc., Vol. cLxx, Pt. 1, p. 1 (1879). 
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special cases. The first of these cases is that in which the equilibrium 
theory is used ; the second is the case of a semi-diurnal tide in an equa- 
torial canal. Both his results can be obtained as particular cases of the 
following, which is quite general both as regards the motion of the earth 
and ocean, provided only that both these motions satisfy the usual condi- 
tions of being infinitesimal and tidal. 

Referred to axes which are rotating with uniform angular velocity, the 
general equations of hydrodynamics may be written quite accurately in 
tlie vectorial form 

C" Ea [a.i] — —VP, (74)* 
where 4, « are vectors, the first being the velocity of the fluid relative to 
the rotating axes, the second the total vorticity of the fluid. [@.u] de- 
notes the usual vector product of w, u, and VP the gradient of P, which 
itself is given by 

P= (P 42101? +W- 400 (75) 
Here p is the pressure intensity, p the density of the fluid, |w|? the 
square of the relative speed of the water, W the potential of the applied 
forces, w the angular speed of the axes, and « the distance from the axis 
of rotation. 

Now let us use spherical polar coordinates 7, 0, 9, and let the axes be 
rotating round the line 0 = 0. Neglecting squares and products of 
relative velocities, we obtain, from (74), 


ou || oP 
ot — Qwv COs 0 = ays 
ou! ; d ei OP 76) 
^a ++H2wu cos 04- 2ww'sin 0 = an SCH? ; (46; 
oe —%wv' sin 0 = — = 


where w’, v', w’ are the spherical polar components of u, w’ being radial. 
Also to the same approximation, and for a constant density, we have, 


from (75), : 
P = È +W— oe? sin? 0. (77) 
P 


* This equation may be easily obtained from the equations in their Cartesian form, 
taking one of the axes as that of rotation, 
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At time ¢ let the equation of the surface of the solid nucleus be 


r=aththé, 


and the equation of the surface of the water be 


rad hy GTC 


where a is a constant, and Ay (u A, € are functions of 6, $, such that 
when the whole system is rotating in relative equilibrium, ĝ = € = 0. 
Thus hy, À are independent of t, while €, € involve 4. We take a so that 


N \ (ath) sind dO do = 0. 
$20J6-0 


Also, let o Vo W be the components of the velocity of the surface of 
the nucleus, relative to the rotating axes, and u, v, w the components of 
the velocity of the water, relative to the surface of the nucleus. We 
suppose that the squares and products of these velocities may be neglected, 
and that the vertical components may always be neglected in comparison 
with the greatest values which the horizontal components can attain. We 
also suppose that ¢/h is small, that ¢,/¢ is not large, and that for points 
inside the water (r—a)/a is small. 

We then obtain from the equations (76), on the assumption of a time 
factor e!**, 


io (u+ u) —2w(v-+v,) cos 0 = — 22 
ic (v + vg) + 2 (u+ u) cos 0 = — EET . (78) 
— 2w(v-+v,) sin 0 = — 


Solving, algebraically, the first two of these equations, we obtain 


= 1 . OP oP |) 
a oe c* — 4w cos? 0 | MP ee asin 004 | | 
A m (79) 
— — DO E oP | | 
uL c! — 4e! cos? 0 (^ asin Oop za "TN 
Now P= Dotgp (C4- h), 


where p, is the (atmospheric) pressure on the free surface at time f£, and 
p denotes the value of p at the surface r = a+h,+th=*7 (say). In this 
we may give to g (the acceleration due to gravity) the value which it has 
lor free relative equilibrium. 
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Also, W = W, +++, 


where W, is the potential when the system is rotating in free relative 
equilibrium, II, is the change in potential due to deformation of the 
nucleus, Q is the external disturbing potential, and II the change in 
potential due to deformation of the ocean. 

Then we have, from (77) and the above, 


P= = +W—-107 sin? 6 


= g+) + W+ i t+ 40?7 sin? 0 


on taking p, to be constant and dropping it. But from the conditions of 
free relative equilibrium 


W,—3w!7? sin? 0 = constant. 


Therefore we may take 
P = g+ é) +i ++I. (80) 


If now we substitute a for r in II, Q, II, and use the resulting functions 
of 0, p instead of IT,, Q, II in (80), we shall have & value for P which 
never differs by more than a small fraction of itself from P, and this may 


be used in (79) as referring to any point in the water whose coordinates 
are 0, ¢. 


Now the equation of continuity may be written in the form 


io = — - I (hu sin 0) 4- OR 


Substituting in this from (79) and (80) we have 


g [ ( h sin 0 =) 4 o ( h AP) 
a? sin 0 LOO Nc? —4«? cos? 00) ! sing Vo? —4w* cos? 0 db 


ze ES h eos 0 I S ( h cos 0 ) Pl +P 


io 100 M? — 4a" cos? 0 nm ob a^ — 4w* cos? 0 


o ; 0 ) z 
— dca sind E (huo sin 0) + Jp OO j +96 +1, +R+U. (81) 


This then is the general equation of tidal motion on a rotating nucleus 
which 18 approximately spherical, when the motion of the ocean bed is 
regarded as known, and fulfils the same general conditions as regards 
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order of magnitude as the “tidal” motion of the surface of the ocean 
itself. l 
The boundary conditions are as follows :— 


(i) For a vertical wall 
1 OR OP | 
c3 — 4o! cos? | On rt os ) 
must be equal to the ontward normal motion of the boundary itself referred 
to the moving axes. 


(i) For a shelving beach P must be finite. 


If now we neglect II and write 


=- 7 +9) | (83) 


we shall have P=g9(¢—$). 


Application to Limiting Forms. 


Taking steady motions in the solid nucleus to be impossible, the 
limiting form of its motion will be determined by the equilibrium theory. 
This means that we shall have x = v, = 0, though in general (, and 
therefore II, will not be zero. The theory of the preceding paper then 
holds providing that to Q we add gê + Ilo. 

When II is neglected and ( is used, the equations of the paper hold as 
they stand, provided that ¢ is given by (82). In particular the equilibrium 
theory gives € = (--constant, aud the equation (14) remains true. 

When €? is a surface harmonic of the second order, we have, for purely 
elastic yielding, the limiting form of (, given by* 

&=— 5 
EE TE. 
po 
where » is the coefficient of rigidity, and pọ the (uniform) density of the 
nucleus. 

For elastico-viscous yielding we cannot use the limiting form as an 
approximation to the tides we wish to consider for the reason given in $ 1. 
However, in ealeulating the deformation of the nucleus we may neglect 


* See Thomson and Tait, l.c. 


SER. 2. voL. 13. no. 1209. X 
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the inertia terms, and then finally the horizontal motion of the surface. 
The work is given in the paper of Darwin’s already referred to, and, 
quoting the result, we have 


é,=— 5Q cos x gilatty-x) 
` 2g cosy i 


where tan Y = cr, tany — oT (1+ ar 
0 


T being the modulus of the time of relaxation of rigidity. 


We have also II, = 29po 6, 
. “| K ik 
so that we may write (=— a e", (88) 


where X, k depend on n and 7, being calculable from the above. 
The distortion of the ocean bed, due to the tidal load itself, is here 
neglected. 
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ON THE LINEAR INTEGRAL EQUATION 


By E. W. Hosson. 


[Received November 8th, 1913.—Read December 11th, 1913.] 


In most of the literature in which the linear integral equation 
b 
Jis) = poa | K (s, t) p(t) dt 


is the subject of consideration, somewhat narrow restrictions are placed 
upon the nature of the given function f(s) and of the nucleus K (s, t). 
The nucleus K (s, it) is usually taken to be continuous except at points 
lying on a finite number of eurves with continuously turning tangents, 
and such that any straight line parallel to either of the axes of s or £ in. 
tersects these curves in a finite number of points only. The function f(s) 
is usually taken to be continuous, and the continuous solution of the 
equation is then obtained by Fredholm’s method. In the present com- 
munication a wider range is given to the functions A(s, t), f(s). ‘The 
definite integrals employed are supposed throughout to be defined in 
accordance with the definition of Lebesgue, and the function f(s) is re- 
stricted only to be a summable function. It is shown to be sufficient, in 
order that the solution of the equation may have only the same discon- 
tinuities as f(s), that K (s, t) be restricted in respect of its discontinuities 
in a much less stringent manner than that referred to above. It is shown 
that the only summable solution of the integral equation is that given by 
Fredholm’s formula, the nucleus being limited in the square for which it 
is defined. A large part of the communication is concerned with the 
cases in which the nucleus is unlimited. Fredholm himself considered 
the case in which the nucleus and a finite number of the repeated nuclei 
are unlimited, the remaining repeated nuclei being limited. This case has 
been treated more fully by Poincaré and others, but is here treated with 
greater generality than hitherto, at least so far as I am aware. The 
theory of the canonical sub-groups of the resolvant of a limited nucleus, 
in the form given by Lalesco, has been here applied to the complete in- 
vestigation of the case of an unlimited nucleus just referred to. As this 
x 2 
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ease is the one which actually arises in the application of the theory of 
integral equations to Dirichlet's problem and other problems in the theory 
of the potential function, it appears to be desirable that the extension of 
Fredholm’s method to such cases should be fully investigated. Certain 
cases in which all the repeated nuclei are unlimited, but in which Fred- 
holm’s method is still applicable, have been here considered. 


The Continuity of Integrals with respect to a Parameter. 


1. With a view to a discussion of the nature of the solutions of linear 
integral equations the following theorems will prove useful. 


(a) If K(s,t) is limited and summable in the square defined by 
acs<ba<ct<), and if for any fixed value sy of s the set of values 
of t for which K (s, t) is not continuous with respect to s, for s = se, forms 


b 
a set of linear measure zero, then | K (s, €) 9 (€) dé is a continuous func- 


tion of s at s = sq; where P(t) is any summable function, whether limited 
or unlimited in the interval (a, b) of t. 


Those values of s for which K (s, £) is not summable with respect to £, 
if such exist, form a set of linear measure zero. Such values may in the 
theorem and in the proof be simply disregarded. The theorem holds good 
whenever the integral exists. 

Let M denote the upper limit of | K (s, t) | in the square for which it 
is defined ; and let E y denote that set of points £ for which e 


| 9(0| 2 N, 


where N is some positive number. Let s,, Sa, ..., Sn, ... be a sequence of 
values of s which converges to the limit s. 

The integral of [E (sa, £) — K (ss, E] (E) with respect to £, taken over 
the set of points Ex, does not exceed in absolute value | 


amr | (p(l dé; 
(E y) 


and this is less than the arbitrarily chosen positive number łe, provided: 
N is chosen so great, and therefore the measure of Ey so small, that 


€ 


LIED: 


To estimate the integral of [K (sn, £) —K (sy, £)] 9$ (Ê) taken over the set of 
points C (Ex) complementary to Ey, let «, (£) denote K (Sn, £) $(E), and let. 
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w(£) denote K (s, £) 9(£). Then | w,(€)| is less than some fixed positive 
number for all values of n and for all values of £ that belong to the set 
C(Ey); hence, in accordance with a known theorem, we have 


lim | u,(£)d£ = | wu (£)d£, 
nwo JC(EM) C(Ey) 
since u„(£) converges to u(£) for all values of € belonging to C(Ey), with 
the possible exception of those belonging to a set of which the linear 
measure is zero. It follows that the absolute value of the integral of 
[K (Sn, £) — K (ss, £)! 9 (È) taken over the set C (Ex) of values of £ is less 
than ie, provided 7 is greater than some fixed integer m. 

The numbers N, » being chosen as has been explained, we now see 
that 


b 
| Ute e Ke, 0) olde | < e 


provided » > m. Since e is arbitrary, we see that 


b b 
lim | Keo 69a = | Koy DH 


As this holds however the sequence of values of s which converges to s, 
is chosen, it has now been proved that 


b 
| E6, Dp 


is a function of s that is continuous at s = sọ. 


2. In the theorem (a) we may replace the variable s by a pair of 
variables (s, £, and no essential change will be needed in the proof of the 
theorem. The sequence which converges to s, will be replaced by 
sequences Sı, Sy, ..., Sn, ... converging to sy, and 4, tz, ..., ta, ... CON- 
verging to tfo; w,(f) wil now denote K(s,, tn, £), and w(€) will denote 
K(s, t, €). We have now the theorem :— 


(b If K(s, t, £) is limited and summable in the domain defined by 
ae«s«b,asxtxb,asésx b, and if for the values sy ty of s, t the 
values of £ such that K (s, t, £) is not continuous with respect to the plane 
domain (s, t), at (sy, to), form at most a set of which the linear measure is 


b 
zero, then | K (s, t, €) 9 (€) d£ is continuous with respect to (s, t) at the 


point (so, t); where $(£) is any summable function, limited or unlimited 
in the interval (a, b) of È. 


In case K (s, t, £) is a function of the form f (s, £) g(t, é), it is sufti- 
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cient, in order that K (s, t, €) may be continuous with respect to (s, t), that 
f(s, €) be continuous with respect to s, and g(t, €) be continuous with 
respect to t. Accordingly we have the theorem :*— 


(c) If f(s, £), g(t, €) are limited and summable in the two-dimensional 
domains a<s<ba<€&<b and a<zt<Lb, acE<b, and if 
f(s, Ê) is continuous at s = sj with respect to s for all values of & with 
the possible exception of those belonging to a set of measure zero, and 


g(t, €) is continuous at t = ty with respect to t for all values of £, with a 
b 


similar exception, then | f(s, €) g(t, ©) BlE)AE is continuous with respect 


to (s, t) at the point (sy, t) ; where P(E) is any summable function, whether 
it be limited or not in the interval (a, b). 


3. The particular case of the theorem (c) which arises when 
fs, =K, gÊ = KED 


will be useful later. It follows from the theorem that 
h 
| Kis, €) KÈ 0 pÒ dÈ, 


b 
or, in particular, | K (s, €) K (8, 0 d£, 


is continuous with respect to (s, & at a point (ss, £j, if A (s, t) is continuous 
with respect to s at s = sọ for all values of ¢ which do not belong to some 
set of linear measure zero, and if it is also continuous with respect to ¢ at 
t — t, for all values of s that do not belong to some set of linear measure 
zero. 

If K(s, t) is a function defined for a Ls <b, a x ts b, such that, 
for each value of s, it is continuous with respect to s for every value of ¢ 
with the possible exception of a set of linear measure zero (dependent in 
general on the particular value of s), and also such that a similar condi- 
tion holds for each value of ¢ as regards continuity with respect to t, the 
discontinuities of K(s, t) will be said to be regularly distributed. We 
now have, by employing the theorems (a), (c) above :— 


(d) If K(s,t) is limited and summable in the domain a xs « b, 
a «ix b, and if it have its discontinuities regularly distributed, the 


* The particular case of these theorems (b) and (c) which arises when the function ọ (è) 
is taken to be a constant has been given by Prof. W. H. Young, in an article '* On Parametric 
Integration,'' see the Monatshefte fur Mathematik und Physik for 1910, p. 141. 
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integral [ K (s, £) K (£, Dd£, or, more generally, [ K (s, €) K(&, t) 9 () d£, 


where p(€) is a limited or unlimited summable function, is continuous 
with respect to the two-dimensional domain (s, t) throughout the whole 


b 
plane domain. Moreover, | K (s, £) $(£) d& is a continuous function of s 


b 
for all the values of s, and | K (È, 0 9(£) d£ is a continuous function of t 
for all the values of t. 


As in the ease of the former theorems, those values of s for which 
K (s, €) is not summable with respect to £, and those of ¢ for which K (£, 2) 
is not summable with respect to €, if such exist, may, as they form sets of 
linear measure zero, be disregarded. The theorems hold whenever the 
integrals exist. 

By some writers* the discontinuities of K (s, t) are said to be regularly 
distributed in the square for which the function is defined if all the dis- 
continuities with respect to (s, t) lie on a finite number of curves with 
continuously turning tangents, no one of which is met by a line parallel 
to the axis of s or of ¢ in more than a finite number of points. The 
theorem (d) shews that the more general definition given above introduces 
a sufficient restriction on the function for the purposes of the theory of 
integral equations. It will be observed that the term “regularly dis- 
tributed,” as here used, refers only to the discontinuities of the function 
with respect to the variables s and ¢ separately, whereas the narrower 
definition hitherto employed has reference to the discontinuities with re- 
spect to (s, £). 

In case the discontinuities of K (s, t) with respect to (s, t) form a set of 
linear measure zero on every straight line parallel to either axis, the 
above integrals exist without any exception. 


The Method of Successive Substitution. 


4. The well known method of successive substitution, when applied to 
the equation 


b 
fis) = | K (s, t) g(t) dt, 


* See, for example, Bócher's Tract, An Introduction to the Study of Integral Equations, 
p. 3. 
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gives us 


b 
g(s) = fota | [K (s, HHAK:(s, +... FA" K. (s, 0] fH at 


b fb 
on | | .. K(6, &) K (Ê, &) .. K Eu 0 9 (0dt d£ dé, ... d£, 


where K,(s, t), K,(s, t), ... denote the successive repeated nuclei corre- 
sponding to K (s, t); provided this expression has a definite meaning. 

We shall in the first instance suppose that K(s, t) is limited and 
summable in the square for which it is defined, and we shall suppose that 
f (s) is summable in the interval (a, b), whether it be limited in that in- 
terval or not. 

In accordance with a known theorem,* since K (s, ¢) is summable in 
the square a Ls <L, a « 6 «; b, it is summable with respect to s for 
each value of £, with the possible exception of a set of values of linear 
measure zero; and a similar statement holds good as regards summability 
with respect to ¢. The function K(s, t) being limited, it follows that 


IE: (s, t) f ( dt exists for each value of s, with the possible exception of a 


linear set of measure zero. The function 
b a 
K,(s, ) = | K (s, É) K (È 0 d£, 


exists for all values of s and ¢ with the possible exception of those belong- 
ing to sets of linear measure zero. Moreover K,(s, t) is a continuous 
function with respect to (s, t), in case the discontinuities of K (s, t) are 
regularly distributed. It is easily seen that similar statements apply to 
K,(s, 0), K,(5,D, .... 


The series K (s, 0 - AK, (s, 0 -FX* Ks (s, +... 


converges uniformly and absolutely for all values of s, 4, A, such that the 
terms of the series have a definite meaning, and such that 


1 
0«IA «Ix iro 


where M denotes the upper limit of | K (s, ¢)| in the square for which it 
is defined. We denote the sum of the series by — K (s, t). 


* See my paper on ‘‘Some Fundamental Properties of Lebesgue Integrals,’’ in the Pro. 
ceedings, Ser. 2, Vol. 8 (1909), p. 25. 


m A — oo 
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It follows that, whether f(t) is limited or not, the series 


b ) 
| K (s, proda | K (s, o Qdt4x | K;(s, t) f(Q)dt+... 


b 
converges to -Í K (s, f(t) dt, 


uniformly for all values of s and A for which the terms of the series have 
a definite meaning, such that 


0xlAl «INI. 


It will be shewn that the integral equation is satisfied by 
bo 
$6) 2 /9— | Ko, 07 dt 


for 0 «l^|I«lXl, 


which determines ¢(s) for every value of s, with the possible exception of 
a set of linear measure zero. 


Since 
b 


9( = fex [ K (t, t^) feat v | Kalt, t") f (t^) dt' +... 


we may, on account of the uniform convergence of the series with respect 
to (t, A), apply term by term integration with respect to /, after multiply- 
ing both sides by the limited function Æ (s, t). We have thus 


b 


f K (s, t) 9 (t) dt -| K (s, prodata | K,(s, t) f (dt 


b 


+A? | Es, 0f (dt... 


e aan 


— $(9-—/(5). 
A 3 
remembering that the order of repeated integration in a Lebesgue integral 
is immaterial. 
It has thus been shewn that the value of ¢(s) assumed above satisfies 
the integral equation. The following theorem has now been estab- 
lished :— 


(e) If the nucleus K(s, t) of the integral equation 


b 


f(s) = paa | K (s, t) 9 (dt 
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be limited and summable in the square for which it is defined, then if 
f(s) be any summable function, limited or unlimited, the equation is 
satisfied for every value of X, such that 


1 
0 < |X & ma 


b 
by p(s) - fe^ | K (s, t) f (0 dt, 
where — K (s, t) is the sum-function of the series 


K(s, )+AK,(s, OHAK, 6, D +... 


The value of $(s) is determinate for every value of s, with the possible ex- 
ception of those of a set of linear measure zero. In case K(s,t) has its 


discontinuities regularly distributed, K (s, t) has the same points of dis- 
b 
continuity with respect to (s, t), and | K (s, t) f(0 dt is a continuous func- 


tion; thus in this case (s), f(s) have the same points of discontinuity, 
and if f(s) is continuous, so also ts $(s). 


5. There is one case, in which the nucleus and all the repeated nuclei 
are unlimited, to which the method may be readily extended. Let us 
suppose that A(s, t) is of the form mu(s) v(t) P(s, 0, where P(s,t) is & 
limited summable function, and u(s), v(t) are unlimited, but such that 
p (s) v(s) is a summable function in the interval (a, b) of s. 

b 
Let | | u(s)v(s)| ds = A, 
and let the upper limit of | P(s, t)| be B. We have 
b 
Kals, 0 = ur | €) Po, But P E Oa 
= u(s) v(t) Pa(s, 0, 
where | P4(5, 0 | < AB’. 
: 
Similarly K;3(s, t) = | K,(s, £) K(£, dÊ 


b s 
= us «e v(Ê) Py, Ê) u(Ê) PE, 0 d£ 


= pu (s) v(t) P3(s, 8, 


am 7° 
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where | P&(s, 0| < A*B*. 
In general K, (s, t) = u(s)v(t) P,(s, t, 
where | P, (s, 0| < A"! B", 


We have —K(s, t) = u(s) v(t) { P(s, )-AP4(s, 0 4-MPg(s, t) +... !, 
where the series converges uniformly for all the values of s, ¢, A, such that 
0 [^| | Xl « 1/A4B. 


Let it be assumed that /(s), whether it be limited or not, is such that 
f(s)v(s) is a summable function. We see then that 


— [ K (s, t) f(0dt 


= u (s) f f(Dv(D P(s, Ddt4-A | f(t) v(t) Pals, dat 


b 
+r| F(t) v(t) Ps(s, ddt+... 


where the series in the bracket on the right-hand side converges uniformly 
for all values of s and A, such that 


0<|Al <|\|<1/AB. 


The integral equation is satisfied by 


b 
$() = f(9—A | K6,0/(dt 


= FOHA | Ko, 0 fOdt+r | 16 0 fats... 
povided 0<|A| <1/AB; 
for we have 
[ p(t) K (s, t) dt 
= nls) i «(0 (0 PG, NAHA | vO flO Pals, dat 


b 
+2" | »(D FO Pals, ddt+... 
where the series on the right-hand side converges uniformly for all values 
of s and of A, such that 


0 < |A| < [à| < 1/4B. 
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= (s) 


The expression is equivalent to , and therefore the integral 


e 


equation is satisfied by the value of ¢ (s) ER 
We have thus :— 


(f) If the nucleus K (s, t) of the integral equation 
b 
f(s) = | K (s, t) 9 (dt 


is of the form u(s) v(t) P(s, 0, where P(s, t) is a limited summable func- 
tion, and one or both of the functions u (s), v(t) are unlimited but such 
that u(s)v(s) is summable in the interval (a, b); then the equation is satis- 
fied by bo 

@ (s) =fi—r| K (s, 0 f (Ot, 


for all sufficiently small values of |X|, where —K (s, t) denotes the sum 
of the series K (s, 0 +AK,(s, )--...; provided f(s) is a summable function, 
and such that f (s) v (s) is also summable in the interval (a, b) of s. 


As an example of the application of this theorem we may take 


P (s, t) 


K (s, 0) = [s-«]* 2-37 , 


where p and q are both less than 1, and a, 8 are both in the interval 

(a, b), but are unequal. In this case f(s) | s—8|^^ must be summable. 
Again, we may take 

P (s, t) 


|s—a|"^ |t—u!®’ 


K (s, t) — 


where p+q « 1l, and a is in the interval (a, b). As before f(s) |s—a| ^" 
must be summable. 


6. Let us suppose that K (s, t), Ka(s, t), ..., Kn-1(s, t) are all unlimited 
in the square for which K(s,t) is defined, but that K,(s, f) is a limited 


function. It will further be assumed that [ | K (s, t)| ds is limited for all 
values of tin (a, b), and that i | K (s, t) | dt is limited for all values of s 


in (a, b). Let a, 8 denote the upper limits of these integrals. 


b 
We have Kran, -| K,(s, €) K(é, 8 d£, 
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and therefore IK | < aMn, 
where M, denotes the upper limit of | K, (s, ©) |. Again we find that 
Kr. sd x aà2M,, = Kusg(s, t) < aMM,, 
It follows that the series 
A” K, (s, D FA" Kn ails, OF... 
is uniformly convergent with respect to (s, £, A), provided 
OLIA] <A, < lo. 


If we had expressed the repeated integral K„+:ı (s, £) in the form 


b 
| K (s, Ê) Knlé, dag, 


and proceeded as before, it would have been shown that the series is uni- 
formly convergent if O < |A| < àz < 1/8. The radius of convergence of 
the series is therefore not less than the larger of the two numbers 
1/a, 1/8. 

We shall assume that f(s) is either limited and summable, or that it is 
unlimited and summable, and also such that 


K (s, t) f(0, Kals, 0 f(D, ..., Kn-1(s, H fH 


are all summable in the interval (a, b) of t, for each value of s (with the 
possible exception of a set of values of linear measure zero). 

Subject to these assumptions, it can be verified that, if œ (s) denote 
the sum of the series 


b b 
JOH| KG, o ftat... 77 EE 


y Ent, 0 fat... 


this value satisfies the integral equation, for every value of s for which 
the terms have a definite meaning. We have thus obtained the following 
theorem :— 


(g) If there exists a repeated nucleus I,(s, t) that is limited, and if 
b 
| | K (s, | ds exists, and has a for its upper limit for all values of t, and 


b 
| | K (s, t) | dt exists, and has B for its upper limit for all values of s, 


818 Pror. E. W. Hosson [Dee. 11, 


then the solution of the integral equation in the form 
bo 
p(s) = sama] K (s, t) f(t) dt, 
for all values of |X| which do not exceed the greater of the two numbers 
1/a, 1/8 is obtained by taking — K (s, t) as the sum of the series 
K (s, HAK, (s, +... ; 
provided f(s), if it be not limited, is such that 
K (s, t f(), Kals, Of), ..., Kn-ils, 0 f (0 


are all summable with respect to t, for every value of s (with the possible 
ezception of values belonging to a set of linear measure zero). 


As an example of the application of this theorem, the well known case 


P (s, t) 


|s—t|*" 


K (s, }) = 


where a < 1, may be cited. 


7. It has been shewn by E. Schmidt, by a method depending upon 
the use of Schwarz’s inequality, that 


h fb n-—2 fb b 
[K,(s, 0]? < nu | K (s, 0*dsdt | | | K (s, njas | | A (s, t); * dt, 


where it must be assumed that the integrals on the right-hand side have 
a definite meaning. This may be applied to the method of successive 
substitution in certain cases when K (s, t) is unlimited. 

If we assume that |K(s, 0]? is summable in the square for which 


K (s, t) 18 defined, and also that | | K (s, t) * ds has a finite upper limit for 
all values of Z in the interval (a, b), and further that [ LK (s, t] * ds has a 
finite upper limit for all the values of s, we see that the Series 

K (s, 0 +A K,(s, t J-X? K4(s, 0 H- ... 


converges uniformly for all values of s, £, A, such that 
h ri —-1 
0«Ix «Ix LI LK (s, 0j? dsdt ; ; 


and thus that the method is applicable. 
This theorem is less general than the theorem (g) of $ 6, because it 


— 
N 
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applicable only in cases in which K,(s, ¢) is limited in the fundamental 
square. 


Fredholm's Solution of the Integral Equation. 


8. Fredholm's solution of the integral equation is given by 


b — 
(s) =fø-a| K (s, t) f(é dt, 


DA? 
where — Ñ (s, t) = aw 


the quotient of two integral functions of X, expressible in the forms 
b 
D ( > = s,t)— (7 2 
A, K (s, t) ^| K EÈ dé, 


(—1)"A™ f? ETE SEE 
4 Ze | " 2 K F Ê, É,. 5 ) dé, dé eis dé, ..., 


MES m 


b 
DO) — 1A | KG, £)d&... 


(—1P"A" id ES GQ eres En 2 
n m! Ib» .K (2 Ea Ren 2) d£, d£, ... dé, ..., 


the notation K Ge es) being used for the determinant 
2 eee Ein 


K, &), Kié, å) +, K (Em £) 
K (£4, £5), K (£, £), ELLE K (£n, £5) 


rid AN K (£, "> ores K (Ems es 


It is known to be sufficient to ensure that D (^ » D(A) are integral 


functions, that K(s, t) should be a summable function which is limited in 
the square for which it is defined. It simplifies the statements to 
assume that X (s, t) is summable with respect to s for every value of ¢, and 
with respect to ¢ for every value of s. This assumption will here be made, 
though it is not necessary for the essential validity of the results obtained. 
It is clear, by employing the usual method of verifieation, that in this 
ease there is & solution of the integral equation, given by Fredholm's 
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formula, provided A is not a zero of D(A), and provided f(s) is & 
summable function, limited or unlimited. We have, by taking out the 
term K(s, £) multiplied by its minor, 


S, £y eo e...) Em £y TO ..; f E t 
E EE N e) = 60K (b NN a 


where E„(s, t) denotes the determinant 


| 0, K (£1, t), K (&, t), ...9 K (€n; t) 
|K(s, é) Kés) Kés) oo Kém ED 
| K (s, £93) K(&, £3, K (£s, £3), erry K (Ens wail 


K (s, t2 K (£4, En), Kié; En) eti? KE. i. 


On substitution in the expression for D (^ > , we have 


D (x *) 2 DO) KG, 02-2 cr [ ... En (5, t) dE, d£, ... dên. 
Hence the solution of the integral equation takes the form 


b 
66) - fe | K(s, t) f(t) dt 


+55? eet [ E, (s, 5 f (0dt d£, d&, ... d£ 
DO) m Qoo EMG 10€, ... d£,. 

By applying Hadamard's theorem to the determinant L,,(s, t) it is 
seen that, for any value of A which is not a zero of D(A), the series in the 
last term of the right hand side converges uniformly with respect to (s, t). 
The determinant £,,(s, 0, when expounded, has the form 


Z Kis, £9 K (Eq, 0 K (Sa) EB) K (Eag Say) ++» K (Eo, 19 Eau.) 


where the indices q, ai, as, ..., Gm—, are all different, and also the indices 
P, By, Ba ..., Bm-1 are all different. On substitution in the expression for 

10 (—1P"A" 
DA m! 
terms. ‘The terms of the first of these kinds, corresponding to q = p, 
are of the form 


p(s) we see that the coefficient of consists of two kinds of 


b rb 
A | | Kis, &) K Ey D f © d£, dt, 
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where A denotes a constant. In case the discontinuities of K (s,!) are 
regularly distributed, we see by theorem (d), that 


b 
|. K (s, £) K(&, 0d£, 


is a continuous function of (s, D, and it then follows that the term is a 
continuous function of s. The terms of the second kind are of the form 


b b 
A NI RT Jj K (s, &) K (£y, £p) K (£y, Ep) e. K (£y, En) K(&, OfO 
did£, eee dé)". 


On the same assumption, that discontinuities of K (s, t) are regularly dis- 


b 
tributed, we see that | K (s, £) K (£j, £j) dé, is a continuous function of 


b 
(5, £j), say C(s, £j) ; then | C (s, £j) K (£y, £p )déy is continuous relative 


to (s, £j), and so on. The term ultimately reduces to the form 


b rb 
| FG, £) K (Ê, 0 fit) dtd£, 


where F(s, £) is continuous with respect to (s, £) ; this reduces to 
b 
| G(s, D f(b dt, 


where G(s, ¢) is continuous relative to (s, £), and therefore by the theorem 
(d) the term is continuous relative to s, for any summable function f(t). 
Since the series in the expression for 4(s) converges uniformly with 
respect to s, for any fixed value of A, and since its terms are continuous, 
it follows that its sum-function is continuous. Therefore, when K(s, 0) 
has its discontinuities regularly distributed, $(s) and f(s) have only the 
same points of discontinuity; and in particular $(s) is continuous when 
f(s) 18 80. 

It can be shewn that Fredholm’s solution is the only possible solution 
which is summable in the interval (a, b). For, let w(s) be any summable 
solution of the integral equation, thus 


b 
foi= waa] K (t, Ê w(€) dá 


Multiplying the equation by K(s,£), and integrating with respect to t 
BER. 2. vor. 13. No. 1410. X 
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through the interval (a, b), we have 


b b bfb _ 
| K (s, D f(bdt = | ts, t) nat | | R(s, © Kit, £) w(€) dEdt 


h 


h _ = 
=| w(t) (KG, 0-1 | t (s, £) K (£, 2) dé} dt. 


b 
= -| K (s, €) w(t) dt, 
in virtue of the fundamental relation 


mE b — 
K(s, 04- K (s, 0 = 3 K (s, ) K (é, 0 d£. 


b 
Since now | Kit, £) w (£) d£ has been shewn to be equal to 


b — 
— | K (t, E) fÐ dE, 
we see that w (t) =f- f| K (t, €) f(é)d€, 


b l 
or w (s) =f | K (s, 0 f(t) dt, 


and thus w(s) is identical with Fredholm's solution. 
The following results have now been established :— 


If the nucleus K(s, t) is limited in the square for which it is defined, 
and f(s) is any summable function, limited or unlimited in the interval 
(a, b), then for any value of X that is not a characteristic value, the only 
summable solution of the integral equation 


f(s) = pioa | Ko, t p(t) dt 


is that of Fredholm. Moreover, in case the discontinuities of K(s,t) are 
regularly distributed, the solution has only the same points of discon- 
tinuity as f(s), and is continuous if f(s) be so. 


A non-summable solution of the integral equation may exist which 
will not be given by Fredholm's method, Assuming that, in the equation, 
the integral is restricted to be of the Lebesgue type, it may happen that, 
although (t) is not summable in the interval (a, b), K(s, t) p(t) is so. 
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For example, the equation 


l 
1 = $«-| K (s, 0 piti dt, 
‘) 


where K (s, t) = t—40 
admits of the non-summable solution 
p(s) = 1/s. 


An example of such a solution has been given by Bocher for the case 
of Volterra’s equation ;* he states that such solutions must necessarily be 
non-integrable. 


The Integral Equation with Unlimited Nucleus. 


9. We proceed to consider cases in which the nucleus K(s, é) of the 
integral equation is unlimited. Let it be assumed that one of the re- 
peated nuclei K,(s, t) is limited, A,-1(s, 2), Ku-2(s,Ö, ... being all un- 
limited. 

The method of successive substitutions discussed in § 4 shows that 


b b 
$(s) = fe | E (s, 8 fo dt 4-X | Kals, 0 fib dt^... 


b b 
a 


arm! | Ku-ı(s, t) foda | K,(s, t) 9 (0 dt, 


(t 


it being assumed that K(s,t) and the limited or unlimited summable 
function f(t) are such that 


K(s, 0 f(0, Kas, Of, ..., Ers, 07 (0 


are all summable in the interval (a, b) of £, for all (or almost all) the 
values of s. 

If the integral equation has a solution, that solution must satisfy the 
equation " ` 


$6.» | K,(s, 0 9(0dt = f.(s), (A) 


where /„(s) denotes 


b b 
roal K (s, t) f (0 dt... | Ky-ils, 0) f (0 dt. 


at mn en s — CC “= SSS 


* See Bocher’s tract, p. 17. It has been remarked by Prof. W. H. Young that the solu- 
tions contemplated by Bócher are examples rather of unlimited than of discontinuous func- 
tion; see his paper ‘‘ On Integral Equations,” Quarterly Journal of Math., Vol. XLi, p. 184. 


Y 2 
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If i& be now assumed that the integrals 


b b b 
| K (s, 0 dt, | K,(s, dt,  ..., | K,n-1(s, dt, 


b 
[ Kw ofeodt, | Ky, fod, ... EE 


all exist, and are summable functions of s, it follows that f,(s) is a 
summable function of s, and that the equation (A) has a single solution 
given by Fredholm's expression, provided A" is not a characteristic value. 
Conversely it will be shewn that this solution ¢(s) of (A) also satisfies 
the given integral equation. 
Let the functions ¢,(s), ¢2(s), ..., &n(s) be defined by 


duis 3! Ks, © $(0 dt4-f (9) 


b 
hal) =A | Ks, piddt+foo 


b 
Pals) =A | K (s, 09, 1 (Oh dtf (5). 


It will be shewn that, in virtue of the hypotheses made as to the 
nature of the functions f(t), K(s, t), these functions ¢,(s), pals), ..., $.(9 
are all summable in the interval (a, b) of s. 

The function $(0, being given by Fredholm's formula, is equal to 
Fr(O+ x(), where x(t) is a limited summable function of £, for a fixed 
value of A. Since 


b b 
| Ke. 09(0dt = | K (s, t) ftat | Kis, © x (at, 


b 
it follows from the hypotheses made that | K (s, t)ġ( dt is a summable 


function of s; therefore ¢,(s) is a summable function of s. 
Again, we have 


b b 
a (5) =fø+ | K (s, f ate» Koks, t) 9(0 dt, 


and it then follows that $,(s) is a summable function of s. Simiiarly it 
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may be shewn that ¢,(s) ... 9, (s) are all summable functions. We have 


b b 
:(S) = fe K (s, 0 f(0 dt... x] K, (s, 0 f(Odt 
b 
ex K, (s, t) p(t) dt 
b 
= fi) | Knl, 0 pide 
and therefore $.(s) = p(s). 
By adding the equations which define ¢,(s), a(s), ..., $,(s), we see that 


fie Gale) Ft = fori) (+ UE nol) Fe (s. t)dt, 


and since p(t) = pð, 


it follows that (+ SEE n(S) 


l " 
tion, and it therefore satisfies the integral equation (A). Since (A) has a 
unique summable solution, it follows that 


_ gis) + 94 () 2... + pas) 
p(s) = : : n , 


satisfies the given integral equa- 


and thus that ¢(s) satisfies the given integral equation. 

The following theorem has now been established :— 

If K(s, 0, Ky(s, D, ..., Kn-ıls, 0 are unlimited, and K,(s, t) is limited 
in the squareasx ss b, ate b, and if | K,.(s,t)dt exists as a 
summable function of s, for r= 1, 2, 8, ..., asd; then if f(s) be any 
summable function, limited or unlimited, such that f K,(s, t) f(dt 4s a 


summable function of s, for r = 1, 2, 8, ..., n—1, the integral equation 


f(s) = p(s)—A | K (s, 0 9 (0dt 


has a unique summable solution given by 


n $ 
(v) 


(s) = fais | Day fe dt, 
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where D, ( ? : denotes the integral function 
b c 24 fb 
Ks, 0— | KE, " E dé, 4 - : =|. f Ka tay ev ) dé,dé,— 
a t, €1 2! f, is £a 
and D, (X") denotes the integral function 
F b ae » A^" b fp Ê, 
1—A . Kale, &)dé,+ 31], KK, D ; ^ dê dé— 


é È 
and K, s Ën» > J denotes the determinant 

Êi, £5, oeey Ê 
Ke dos uu Ke) 


Ka (£o, £y, K, (£a, Ê), ...9 K eus Ê) | 


Kals ED BulSy Sd s KW) 
The function f,(s) denotes 
soa | K (s, t) f(t)dt+...+A"~! | FK, 0 f(0dt. 
The value of X must not be a zero of D, A"). 


10. Using the notation A,(s,f, A”) for the reciprocal function of 
K,,(s, t) when the parameter is A", we have 


Kis, t, A") = — - Da(X) E 
Thus the solution of the integral equation 


b 
F(s) = pox | Ka(s, t) p(tidt 


b us 
is p(s) = Fi)— | K,(s, t, A") F(Odt. 
Writing the solution of the equation 


b 
f(s) = poa | K(s, 0 p(tdt 


b 
in the form p(s) =f Waf K (s, D fid dt, 
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we obtain from the expression obtained in $ 9 the relation between A (s, €) 
and XK,(s, t, A”). | 
| b 
It will be convenient to use the notation U,x(s) for | K (s, 0 x (0 dt, 


the symbol U, denoting therefore an operation. We have then also 
b b b 
Us x (s) = v, | K(s, 0 x(t) dt = | K (s, t!) ar | KE, 0 x(Ddt - 
h 
-| K,(s, Ð x (dt, 


and generally U;x(s) = ac t) x(t) dt. 


b 
In a similar manner we denote by V,x(s), | K(t,s)x(dt, and therefore 


V;x(s) denotes [ K,(t, s) x(dt. With this notation the integral equation 
ean be written n the form 

f(s) = $(s)—AU, (s), 
and the associated equation in the form 


Jis) = $(s)—AV, G(s). 


We have now, from § 9, 
K (s, t) = —{K(s, D--ARs (s, 0 -M Ks, +... FA"? IC, (s, 0] 
HA 1 4-AV MY; +... EA IV, E, (s, t, A). 


If G,(s, t, A" denotes that part of K(s, t, A") which consists of the 
sum of terms that contain negative powers of A*—2Aj, where Aj is a charac- 


teristic value, or zero of D,(A"), then that part of K(s, t) which becomes 
infinite when X has any one of the values A, Ac, Aw, ..., A;w"~!, where 
w is a primitive n-th root of unity, is that part of 


A*7 (12 AV, AMV H+... EA" VE" G(s, t, A”) or. Hs, t, A), 


which consists of negative powers of A—A,, A—wA,, ..., A—ow"7!X,. The 
remaining part of K(s, t) remains finite for the values Ay, eA,, Ay ... 
of A. 
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We find easily that 


- —— | H(s, t, X)H-oH(s, t, wa) + ^ H (s, t, wA)+... +o! H(s, t, "^! X)! 
= G(s, t, A^); 
thus G(s, t, A”) is expressed in terms of the function H (s, t, A). 
In accordance with Lalesco’s theory* of the canonical forms of the 


resolvant G(s, t, A"), that resolvant is expressible as the sum of a number 
of eanonieal sub-groups, each one of which is of the form 


C, (s, t) Co (s, t) Cs, t) 
Ta AT TV (A^ — AA) + Den + (AY — A2) d 


where Cils, t) = (s) (+ pals) Vra (0 H- ... + py (5) Vr, (D, 
C»(s, t) — ay $i (s) Vra(£) + as pals) V4 (04- .. .t+ta,-ı $p-1(9) V(b), 
Css, t) = Qı a3 pen y kis 20p-1 Pp—2 (s) V», (t, 


C, t) = ajaz ... ay d. (s) T 


The sets of principal functions 
f(s), Pols), ..., (s and Yalt), Walt), ..., Vr (t) 


form a biorthogonal system. Of these only ¢,(s) is a fundamental fune- 
tion, 2.¢e., a solution of the equation 


$(s) —A] | K,(s, t) $(0dt = 0. 


Only y^, (s) is a solution of the reciprocal equation 
b 
yo-a | K (t, s) (dt = 0. 


If, in the expression for H(s, t, A) in terms of G(s, t, A"), we substi- 
tute all the sub-groups of the above form of which G(s, ¢, A”) is composed, 
we obtain an expression for H(s, ¢, A) which consists of terms each of 
which involves a negative power of A"—Aj. These terms may be ex- 
pressed by resolution into partial fractions, each as the sum of terms 
involving negative powers of A—A,, A—«oX,, ..., A —e"-! X,. 

It thus appears that the part of K(s, t) that becomes infinite when A 


nr a M — MÀ -— ——— = mm mum a —— — —- 


* See his Introduction å la théorie des équations intégrales, Chapter II. 
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has one of the values A, wÀ; W Aj, ..., WT! A,, is of the form 


CP (s, t , C2 (s, m 4 Ch Gs t) (sd), C$ (s, 2) 
Keil — À Paar tH ALAY j+ [Sp SO da. 


oo (s, © C? (s, t) 
+ + erw et 3 


where all the functions C are expressed in terms of the principal functions 
p(s), Y(t), of Kals, t, A”). 
The function X (s, ©) must satisfy the equation 


K(s, 0--K (s, 0 = 3 K (s, t) Kl, t)dt’, 
which is a necessary condition that 
$ (s) =f) | K6, t) f(d) dt, 
may satisfy the integral equation 


b 
f(s) = $(9—A EXC 0 pit) dt. 


It is clear that the parts of K(s, t) which involve negative powers of 
A—A, A—wA,, ..., A—w"'A, must each separately satisfy this equation. 
It follows that Lalesco's theory of the canonieal sub-groups must be 


applicable to 
Cos, t) 4 Crs, t) 
A T Ay (A "T A? 


CC (s, £) 


+...+ AA)" 


as also to each of the other such portions of K (s, t). 


This part of K (s, t) is therefore expressible as the sum of à number of 
canonical sub-groups, each one of which is of the form 


B,(s, © , By, 8) B,G, © 
uM TAA TU CASU 


where B,(s, t) = $ (s) Vi (HPs) Va(O+... + P,(s) V.(0, 
B,(s, t) = B,P,(s) V(t) +-.- +8,-1P,-1(s) V, O, 


B,(s, t) = 8,08; ... By-1 Py (8) Yo. 
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The sets of functions 
(s), $4(5, ..., &,(s and W(t), Pa, ..., PO 


are principal functions forming a biorthogonal system. The function ®,(s) 
is the only one of these functions that satisfies the equation 


| e (s) —X, U,P(s) = 0; 
and W,(s) is the only one which satisfies the equation 
Y (S) — A, V, Y (s) = 0. 


We proceed to form that part of K, (s, t, A”) that corresponds to one of 
the canonical sub-groups of K (s, t). Corresponding to 


By(s,0) , Bals, © D, (s, t) 
=" — À; + E THO 


the di of K, (s, t, A”) is 


w or 
x nv") [ Pa 01 AE UC wA—A, Ài II Tr) 
By, D. duc. de ei 
ore iets S i? ae = (wA—A,)" (w"-1A—A,)? J 
( 1 m o7! ! 
+ B,(s, t) f (A—A,)! + (wA—A,)! + eee + (WAR) j I 


Employing the identity 


"m Em we =l ar"! di^! 1 
antrat ty = 6-0 x PO 


where s = 1, 2, 8, ..., q, this dan may be written in the form 


Bs D 1 


2 ALAS Ai n 


1 d ^ | 
(q— 1 P6 Na xy 


2 +7 ; Bals, ) Xm: X: — + 2; Bis, D Tx T ———-+... 


-- 


It will be observed that the first term in this expression is the only 


one which involves the first power of v x em v and that the last term is 


the other terms 


the only one which involves the q-th power of ————; V ] or ; 
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1 l 
contain more than one power of ———— xm)" zs — Each canonical sub-group corre- 


sponding to any one of the values A, wA;, ..., e"^! A, of A in K(s, t) gives 
rise to a part of K, (s, t, A") of the above form. The sum of all the parts 
of K,(s,t, A”) so obtained must be equivalent to the expression of the 
same resolvant as the sum of canonical sub-groups. It will, however, 
be shewn that 


u 2 1 d'-! 1 


men 2 
PH ; Pos, t) —— X^ ua EET (q — 1! Bs, D - IN” 71—1 \r— AT AM? 


A"— dx ATX" 


is itself equivalent to one of the canonical sub-groups of K.(s, t, A"). To 
see this we observe that this expression satisfies the condition that it is 


the resolvant of the nucleus 


B(s, 
Y 


T 1 


rt 11 Pals, 9 + S By, D TX: TAE Edd 
1 


s 


1 


1 
Tl) B(s, Ü T e 1 AU 


with the parameter A". Denoting this last expression by k,(s, £), and the 
former one by Kk, (s, t, A”), it is sufficient to shew that 


kals, t) 3- k, (s, t, A”) = AM t Kk, (s, t) k, (t, t, A) dt". 
In accordance with Lalesco's theory, the functions B satisfy the conditions 
[ 5.6 t) Bg(t, t)dt' = Ba+g-1 (s, t), 
for 1<a+ß—1xg. Forming the expression for 
A^ f Ken (s, €) k, (t', t, A") at’, 


the coefficient of B,(s, f) becomes, in virtue of the relation quoted, 


1 1 d 1 yiad da a" i 
A? (p— (p—1)! dX A —A? AT 1! dA, At dX? NP_AR Ar 


1 dà 1 d^? 31 
t at N a oe 

1 ( 1 1 
(PD! dar! A? Dar 
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1 d- 1 
(p—1)! dX din)’ 


or to LOAD E (s +) 
DD! ar xr Fran’ 


which is equal to 


and this is the coeflicient of B,(s, t) in Kk, (s, d-+%"(s,t,A”). It has accord- 
ingly been verified that 


4 6. t d 1| 


dX17! Rx” ’ 


ti EZ Ax ai P6 D 


is a resolvant, for the parameter A". This resolvant can be expressed as 
a canonical group, or else as the sum of a number of canonical sub-groups. 
But the latter case cannot arise, because since the expression contains a 


term in AX the order of one of the sub-groups must be q, and if 
i ; 


there were other sub-groups the total number of principal functions in s 
would exceed q, being the sum of the orders of all the sub-groups, and 
this cannot be the case, because the total number of linearly independent 
functions of s involved in the expression for the resolvant is equal to q. 
Therefore the above resolvant is reducible to a single canonical sub-group 
in K, (s, t, A”). 

It must therefore be reducible to the form 


C(s, S C(s, t). t) 
A” = (A"— =À) 


C, (s, t) 


An 22 +.. BENET Ar =v")! AD 


where the functions E C; ..., C, are expressed in terms of principal 
functions $,(s), ..., $,(s), Wals), ..., V4). 


1 


On equating the terms in Zii , we have 


1 
A" A LAM (A"— 
o, (s) Y. (04-9, (s) Fai + ... T, (s) Vv (t) = $i (s) Ja (0-4... $«(s) V. (£), 
and By Bq... Ba-1 Py (s) F(t) = ajag ... a4-141(9 Yo (Ë) ; 


from which it follows that the fundamental functions œ, (s), P, (s) must be 
identical, as also the fundamental solutions v^,(s), Y,(s) of the reciprocal 
equations. The other principal functions (s), ..., 9, (s) can be expressed 
as linear functions of ®,(s), ..., &,(s); and a similar statement applies to 
Va (s), Wals), rg Wy (s). 


It has now been shewn that :— 


To each canonical sub-group in K(s, t) there corresponds a single 
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canonical sub-group in K,(s, t, A"); the fundamental solutions of the 
integral equation, and its reciprocal in the one case being identical with 
the fundamental solutions of the integral equation and its reciprocal in 
the other case. The corresponding canonical sub-groups have the same 
order. 


11. Let it now be still assumed that all the repeated nuclei K,(s, 4), 
K,(s, 0, ..., Ka-ı(s, 0 are unlimited, but that K,(s, £ is limited in the 


b 

fundamental square. It will also be assumed, as in § 6, that | | E (s, t)| ds 
b b « 

and | | X (s, | dt are limited functions. The trace | K,(s,s)ds corre- 


sponding to A,(s, t) being denoted by k,, we see that An, Aisi, ... are all 
finite. 

Let the function Q,O), defined for all values of A, be such that, for 
sufficiently small values of |A|, it is the sum-function of the series 
kazı 


zur si ic le Abl Kuss AL 


n n+1 n+2 UMS 


which has a radius of convergence 2 0. The function Q,(A) outside the 
circle of convergence is determined as the analytical continuation of the sum- 


ns 
D, (à ; 


D, (A") 
functions of A. This theorem has been established by Poincare* in the 


function. It will be shewn that e9«? and e% 0? are both integral 


special case in which each pole of K,(s, t, A") is of the first order, and in 
which there is only one fundamental function corresponding to each such 
pole. The theorem will here be established, independently of any such 
restrietions, by means of the results developed in $ 10. 

We have, for sufficiently small values of | A |, 


AQ (A T F 
— S kN 1H kny À +... 


oo d iid 
= » 2; A"? k, ap tr A” p> A a capi t e HATT? 2 A"? s —1 + ups 
p=0 pe 


p=9 


— ee nn Á er er 


* See *' Remarques diverses sur l'équation de Fredholm,” in the Acta Mathematica, 
Vol. 83, 1910. 
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AO) 
AA 


It follows that the value of — , for all values of A, is given by 


K,(t', s)ds dt" 


rpm 
«Ja DA”) 
nS 
q-n—1 b » D. (à 2) 
+ > peter] | 


a D.A K, (t , s) dsdt ; 


ga 


provided 1t be assumed that 
b b h 
| IK, (s, t) | ds, | | K,(s, t) | ds, cacy | | Ky-1(s, t) | ds 


are all limited functions of t. 


Hence we have 


ns 
D. Q Jy A 


b 
— 26509 al Tace exte HA rr s- 


dA 


In accordance with the procedure in $9 for finding that part of K(s, t) 
which becomes infinite when A” has the value Al, & zero of D,(A"), we 


AQ) (A) 
A 


now see that the part of that corresponds to a canonical sub- 


d 


group of E (s, t) is 


E 8, 1 (8) Ura (s) 3- see Toi X—1 (s) W (s) m. | ds, 
(A — A3) 
and this is equal to i . Here we have taken A, to be the character- 
TM 


istic value for J (s, £) corresponding to the characteristic value A; 
for A,(s, t, A"). A similar result would hold for a canonical sub- 
group for which A, or any of the numbers «e, ..., #""'X, is the 
characteristic value. The sum of all the integers q taken for all the sub- 
groups which belong to all the characteristic values Aj, wA;, ..., "^! À, is 
the sum of the orders of all the canonical sub-groups belonging to 


K,,(s, t, A”) for the characteristic value Aj, and is therefore the degree of 
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multiplicity of the zero A; of the function D,„(A”), in accordance with 
Lalesco's theory. | 


AQ (X) 


dX eonsists of the sum, taken for all values 


The eomplete value of 


of A,, of terms of the form 


po Pa EN 
A—A, ASON Jui A—w"- X? 


where pi, po, ..., Pn are integers, any of which may be zero, and such that 


pid pa..-d-p. is the degree of multiplicity of the zero \; of D,(A”), 
together with a function which has no singularities for any finite value 
of A. It follows that e®:™ is of the form 


" A ) | ( A » A y n-1 
n(A) piu (A AX) pou (A &A3) ER p,t(Aa@ An) 


1 OA 
and it is therefore an integral function of A. 


D, A^ $ 


To show that eq. A) Dim is an integral function of A, we observe that 


S 
D, Ar 
if a, is the order of infinity of A—2, in Day”? there must be a canonical 
sub-group in the expression for K (s, t) of order a,, and therefore Pı > A; 
D, (v : 
it follows then that X, is not an infinity of c9»? Daw” and similarly 


that eA, eA, ..., e"^!A, are not infinities of that function. Since 


D, (~ $ | 
cQ. O) Dn") has no infinities for finite values of A, and all its zeros are 
of integral order, it is an integral function of X. 
Since 


K(s, t) = —[K(s, t) +A KQ(s, )+... FA"? Ka-r(s, 0] 


AH LAAVAT H. At Vt) a, 
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it now follows that K (s, t) can be expressed as the quotient of two integral 
functions of A. Hence we have the following theorem :— 


If K,(s, 0, K($, 0, ..., Ku-1(8, ©) be unlimited, but K,(s, t) is limited 
in the fundamental square, and if 


h b b 
f | K (s, 0| dt, | | K (s, t) | ds, | | Kals, t)|ds, ..., | | K, is, £) | ds 
are all limited functions, the resolvant K (s, 0) of the integral equation 
D 
f(s) = | K (s, 0 9 (0 dt 


is the quotient of two integral functions of X. 


12. In the ordinary case in which K,(s, f), K,(s, t), ... are all limited 
functions, and thus k,, %k,, ... are all finite, we have 


b 9. fb (b 
a = 1A | Kis sd ds ul | K (Bv 99) as ds... 
" 2! a Jc $1; Sg 


mym fh b 
+E G. G x (een m) and... den 


a "u sis $9; .... OM 


Bis Sg 
Let Ky ( Lii b: ") denote the determinant 
Sis Say ..., Su: 


0, E (Sz, 84); eoey K (Sms Sı) , 
K (8,, $2), 0, esu, K (Sm, 53) 


K (5,, Sm), eee *»*9 0 


which is obtained by putting zero for the terms K(s,s), K (Sa sy, ..., 


m . . » $ $ eee Sa 
K (Sm, Sm) in the diagonal of K ( Bv >): 
5 59 ...9 Sin 
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It is easily seen that 
b (b b 
$1; $59, ..., S 
| | eee | K ( i il , " ds, ds, eee d$, 
a Ja a Sis 85, +++) Sm 
b fb b 
z [Sp Say sse 8 
= | | ... | K,( E 23 : 2 ds, dsa NN ds, 
a Ja a Si» $85; eres Sm 


k 2 "X 81, 85, very Sm-1 d d d 
+m 1 ... 0 $1 Sg .. . S$m-—1 
aJjd a 


Say S2, e. Sm—] 


u b (b b 
LED «| | | K, " e =) ds; ds ... dSm-.2 


a $1, "295 Sm- 2 


ae 


It follows that 


2 rb rb 
1—k, A+ a | K p. J ds,ds,— 


$1» £ 


dirum b 
ehr En t «| k Cr Sas rn ds,ds; ... ds, 


m! $1, 595 eoacg Sn 


a ?u mpm A” ) 
euge —khA+k, = "Y —...$(—1)"k, mi +... | 


2 fh fb 
a (en 


$1, $ 


+ (— ae f [ .. By (» $35 «5 i ds,ds, ... dsn+... | : 


m! a $1, $2; peey m 


That the second series on the right-hand side is an integral function 
follows from the fact that it differs from the expression for D(A) only in 
the assumption that the value zero is assigned to K(s, £ when s = t, the 
function remaining unaltered otherwise. We thus see that 


2 fh fb 
ETARA- AR, sae ciem =14 5, | | Ky hi 2 ds,ds;-4 .. 
(—1)" m b fb h Sp So RN l 
Lene | Ls Ky " s» ir a) ds das don 
+..., 


and this holds good for all values of A. The coetlicients in the series on 
the right-hand side involve powers of kz, kg, ..., but are independent of k. 
SER. 2. vor. 13. No. 1211. Z 
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h b 
Thus N Es | Ko H Say ves ee ds, ds, ... dSm 
a Ja a Sis $2» RE 8m 


1 kaka.. 


Z c 1)***.- m 


u 25! b!c!... vB. 


the summation being taken for all integral values of a, b, c, and of 
a, B, y, ..., (> 1), such that aa+bß-+... = m. 

Let us now consider the special ease of the method of $ 11 which 
arises when n = 2, i.e., we suppose K(s, t) to be unlimited, but A,(s, D, 
K,(s, t), ... to be limited. It has been shewn that e 5"-95*-- is then 
an integral function. In its expression in powers of A the coefficients 
involve powers of kz ks, ..., and these coefficients are of the same form as 
has been obtained above. It follows that in this ease the series 


A? 
z [Si $2 
ex € K, D 2 ie. 


a Jymyn h 
jc 6e DA bi ho (5 Say very 8 ") ds, ds, . ‚dsnt... 


m! Sis $5, eoeg Sm 


is an integral function, and it represents e?«? the denominator in the ex- 
S 
D, (v 


DO has been shewn in 


pression for K(s, t). The numerator —e%™ 
§ 11 to be an integral function. 

It ean be shewn in the same manner as above that the numerator in 
the expression for K(s, t) differs only from that in Fredholm’s formula 
in having zero in all the diagonal terms of the coefficients, instead of 
K (Sis s), A (Sg, 83), .... 

` We have now established the following theorem :— 


b b 
If K(s, t) is unlimited, but such that | | K (s, £)| as, | | K(s, | dt are 


limited functions, and if Kls, t) is limited, then the solution of Fredholm's 
equation 


b 
f(s) = se. K(s, 0 pit) dt 


is given by the modified form of Fredholm’s expression that arises when 

zero is substituted for K(s,$), K(Sz sj), ... in the diagonal terms of 

K (7 sa ») K » dii a; which occur in the integrals that express 
t, Sis ...9 Sm 81; teog $ 

the coefficients of the two integral functions. The function f(s) may be 
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b 
any summable function, limited or unlimited, such that | K (s, 0 f( dt ws 
a summable function of s. i 
This theorem is a generalization of the well known theorem of Hilbert 
applicable to the special case | 


he, djs ct oe 


Is—t|* 


where a < 3, and P(s, t) is a limited function. 
In the more general ease in which the order of the first repeated 
function that is limited is greater than 2, the forms of the integral func- 


tions that occur in the expression for E (s, t) are of a less simple character. 
These forms have been investigated by Poincaré (loc. cit.). 


18. In the case in which K(s, t) is of the form (s) v(t) P(s, t, where 
u (s) v(s) is summable in the interval (a, b), already considered in $5, it 
ean be shewn that Fredholm's formula is applicable to obtain the solution 
of the integral equation. In this case all the successive repeated nuclei 
are unlimited, containing u (s) v(f) as factor. 


We have K D E : .. hi equal to 


m (s) v(t) u (t1) v (ti) m (ta) v (£5)... p (bn) v (tm), 
multiplied by the determinant 
GP, Phs, t) a PhS, im) |. 
Pit,d, P(t 6), .., Pi tn) 
Plin, 0, P(t, i), .. Pit, En) 
Hence, since the numerical value of the determinant is, by Hadamard’s 
theorem, not greater than M"m", where M is the upper limit of | P(s, ¢)|, 
and | | u (t) v(t) | dt has a definite value y, the series in Fredholm's 


expression i8 of the form 
t À is 1)" a 
u (S) v (t) (a.—a, + 5, —...+(—1) Am 1 +): 
where | am| < Mm". 


It follows that the series in the bracket is an integral function of 4. In a 

similar manner it can be shewn that the denominator in Fredholm’s ex- 

pression is also an integral function of A; therefore Fredholm’s expression 
z 2 


840 THE LINEAR INTEGRAL EQUATION. [Dec. 11, 


is equivalent to „(s)v(£) multiplied by the quotient of two integral func- 
tions. The value of — K (s, t) so determined is the analytieal continuation 
of the expression given in $5, and satisfies the necessary condition for 
being the resolvant of K (s, t), as may easily be verified. 

We have therefore the theorem :— 


If K(s, t) is of the form p(s) v(t) P(s, 0, where P(s,t) is limited and 
u (S), v(t) are one or both unlimited, but such that u(s)v(s) is summable, 
the solution of the integral equation is given by Fredholm's formula, in 
case f(s) is such that f (s) v(s) is summable in the interval (a, D). 


Finally, i& may be remarked that this theorem could be extended to 
cases in which P(s, ¢) is unlimited, for example, to a nucleus of the form 


u (5) v (0 k i P, where a < 1, and Q(s, ¢) is limited, the formula of 


Fredholm being modified in the manner explained in $ 12. 
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SOME RESULTS ON THE FORM NEAR INFINITY OF REAL 
CONTINUOUS SOLUTIONS OF A CERTAIN TYPE OF SECOND 
ORDER DIFFERENTIAL EQUATION 


By R. H. FOWLER. 


Communicated by G. H. Harpy. 
[Received November 24th, 1913.—Read December 11th, 1913.] 


I. 


1. This paper is the outcome of an attempt to apply to the differential 
equation Pire: 
where P is a polynomial, the methods used by Mr. Hardy* to discuss the 
equation PG, y, y) — 0. 


It is concerned with the form near infinity of a solution, 


(1) y = y(x), 
of a simple form of second order differential equation, namely, 
(2) y" = Re, y) = PG, y/QG, y), 


where R is a rational function of x and y, and P and Q are polynomials.+ 
The solution (1) is always supposed to be real and continuous, and to have 
real continuous differential coefticients of the first two orders, at least 
when z > ry Moreover all the constants in R(x, y) are supposed to be 
real. I propose to consider how the solution (1) behaves as «> œ. 

The problem to be considered includes, for this simple form of second 
order equation, the problem proposed by Borel in his Mémoire sur les 


* Proc. London Math. Soc., Ber. 2, Vol. 10, pp. 457-468. 
T P and Q will always be polynomials in y, but we shall find that it is unnecessary to 
assume that they are polynomials in x as well. 
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Séries Divergentes.* He indicates the general lines of a proof that 
PG, y, y, y^) =9, 


where P is a polynomial, cannot have a solution y such that (in the 
notation of Mr. Hardy's tract on Orders of Infinity)‘ 


y F O(es (x). 


Borel's proof is not complete even for the simple equation (2), and the 
most important lacuna is the omission of a proof that it is impossible that 
solutions should exist such that 


y 2» egy), {x}, 


where x is some finite constant, and {x,}, (&] are different sequences 
tending to infinity. 

It is precisely here that the difficulty of the problem lies. Even for 
the equation (2) it seems to be the case that the more unlikely a solution 
appears to be, the harder it is to prove that it cannot exist. 


2. The results which it is my object to prove are closely analogous to 
the results of Messrs. Lindelof and Hardy! concerning solutions of the 
general polynomial equation of the first order 


(8) P(e, y, y) =9; 


the solutions of equations (2) and (3) behave in very much the same ways 


ee 


* Annales de l' Ecole Normale, t. 16, pp. 26 sqq. 

T The notation of this tract, Cambridge Mathemalical Tracts, No. 19, will be used 
throughout this paper. I shall also frequently make use of relations that hold for a sequence 
of values of x tending to infinity. Such a sequence will be denoted by {z} or {&}, and the 
fact that the relation in question holds for these values of x will be denoted by writing [z.! 
or {¢} after the relation. Thus, for example, 


y>x, {r,}, 


means that y/z*— o as z— o through the sequence of values denoted by {z,}, że., as 
$— 0. 
It should also be observed that O and o are always supposed to be uniform with respect to 
any parameters that may occur. I 
I (1) Lindelöf, Bulletin de la Société Mathimatique de France, t. 27, p. 205; (2) Hardy, 
Proc. London Math. Soc., Ser. 2, Vol. 10, pp. 451-468. In the latter further references wil! 
be found, to which I have none to add. 
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as z—- o .* If the solutions which I have already specified in § 1 be 
ealled proper solutions, my results may be summed up thus :— 


If y = y(x) is a proper solution of equation (2), then either there 
exists a number K such that 


ya) = O(z"), 
or there exist numbers A and p, such that 

y (x) = eir Uro, 
where e— 0 as >», and p is rational. 


The proof falls into four parts. In the first part I prove that, if P(z, y) 
is a polynomial in both z and y, any proper solution y = y(x) of 


(4) y" = P(z, y), 
is such that y (x) = O(r*), 


for some value of K, if the degree of P in y is greater than unity. In the 
second part this result is extended to the equation 


(2) y" = Pi, y/Q(z, y), 


for which the degree of P iu y does not exeeed the degree of Q by unity, 
and Q has no real roots at least when z > zy. P and Q are no longer 
restricted to be polynomials in z; a less stringent assumption about the 
nature of P and Q as functions of z is sufficient for my purpose. In the 
third part the condition that Q should have no real roots is shown to be 
irrelevant, and in the fourth the results are completed by the considera- 


tion of the case in which the degree of P exceeds the degree of Q by 
unity. 


II. 
8. Let us consider equation (4), 
(4) y" = P (z, y), 


where P(z, y) is a polynomial in both x and y, and of degree in y greater 
than the first. We proceed to prove that, ¿f y(x) is any proper solution 
of equation (4), then ya) = O(z^), 


for some finite value of K. 


* Cf., loc. cit., (2), p. 464. 


844 Mr. R. H. FOWLER [Dec. 11, 


If there is no finite value of K, such that 
y(r) = O(c"), 
then either 
(1) ty >a, 
for all values of K, 
or else 
(2) for any sufficiently large value of x there exists a sequence of 
isolated* points | P], tending to infinity, at which the curve y = y (x) 
crosses one of the curves y = a^, y — — q". 
The nature of the proof that eases (1) and (2) are both impossible depends 
on the form of P(z, y) when x is large and y is large compared to x. More 
precisely, we can find a number A such that if 
ly > 2’, 
then as x > ©, 
(5) — Pa, y) = bry" (14-89, (eO), 
where m and n are positive integers. The nature of the proof depends on 
the signs of b and (—)". 


Case 1.—It is easy to show that Case 1 is impossible. Positive and 
negative values of y(x) may be identically treated, so we shall confine our- 
selves to the former. Since, for any value of K, 


(6) y (x) > x", 
equation (5) holds. If therefore b < 0, then 
y" < 0, (x > Z9, 


and this is inconsistent with y(x) > z’. 
In dealing with the case b > 0, we shall make use of the fact that, 
when (6) holds, 


(7) y (x) 20, (r2 xg. 
This is proved below.t From (5) and (7) we obtain 


y" y! > yy", (x > X). 


* The existence of a sequence of limiting points of ntersections tending to infinity is 
barred by the continuity conditions imposed on y, y' and y". Consequently at least when 
x > x, all the intersections of y = y (c) and y = x will be isolated. 

f If y' (x) $ 0, (x > x), then either (1) y’ (x) < 0, (£x > x,) ; or (2) a sequence of values of 
a, {a}, exists tending to infinity such that y' (x) = 0, (a.]. 

Both (1) and (2) are impossible. Case (1) obviously contradicts y >= x. Case (2) implies 
that there exists a sequence of stationary values of y(x) for all of which y” (x) has the same 
sign [by (5) and (6)], which is absurd. Consequently (7) is true. 


LI om aa D SERE M —c— eee 


a em 
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Integrating this from z, to z, and using the fact that y(x) > ©, we obtain 
20 PPSM, (2 2g. 
Since n > 9, 1(n—2)-4-1/4 = T > O0. 
Therefore, when we integrate again from z to z, we obtain 
[y (z9)*—((2)7] > Ma-r), (x >z, 


which obviously contradicts y(r) — ©. Case 1 is therefore impossible. 


4. Case 2.—It is convenient to divide this case up into three parts. 
We shall consider separately 


(i) 520; 
(iil) b < 0, n even; 
(iii) b < 0, n odd. 
In this case the fundamental supposition is that y = y(x) cuts one at 
least of y = z* and y = — z^, for any value of « (> xj, in a sequence of 
points tending to infinity. We can assure ourselves that it cuts y = x" 


by changing (if need be) the sign of y” and y throughout equation (4). 
The sign of b may thus be changed, but this does not matter. It is 


. clearly sufficient to prove that y = y(x) cannot cut y = x" infinitely often 


in any of the three sub-cases (1), (ii), and (iii), in order to show that the 
whole of Case 2 is impossible. 


5. Case 2 (1). 


Fig, 1. Fia. 2. 


Since the sequence of isolated points {P} exists, there must exist a 
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sequence of intervals (PQ; whose least abscisse tend to infinity, such 


that y(x) © zx", {PQ;. 
Now at Q, y (x) < xr*^!, 
and at P, y (x) 2 ke"t, 


Therefore in each interval of {PQ} there must exist at least one point S 
of abscissa z, such that 


y" (x) « x (x—1) (ea). 
In other words, there exists a sequence 1z,| tending to infinity such that 
y") Şe =D A) TAN 
y(x) > a“ 


But it follows from (4), (5), and the conditions of Case 1 (1), (namely, 
Su 


provided x œ> x. We have therefore arrived at a contradiction. 


6. Case 2 ()).—When b < 0, the intervals in which y(x) >.“ give us 
no information. By considering the intervals in which y (x) < z", we can 
obtain a contradiction when » is even, but not when 2 is odd. The argu- 
ments already used show that there must exist a sequence of points of 
abscisse |z,!, such that 


(8) y" (x) > k(x«—1) x“? 

y (x) < q" E in 
It follows that 
(9) P(z,y)5x(—1)z-?, {x}. 

Now since the sequence [z,| exists for any value of x, in order to 
satisfy (9), it must be the case that | y (x)| is so large at points of {z,} 
that P(r,y)—bz"y'(-Fe, (e—0, iz). 

If n is even the sign of y(x) at points of |x,! is irrelevant, and we can 
deduce that P(z,y)<0, in, 
which contradicts (9). Case 2 (ii) is accordingly impossible. 

If n is odd we cannot deduce an impossibility. It is however true that 


y) « —a*, ete 
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for any value of x, a fact which it is convenient to remember in 
Case 2 (iii). 


7. Case 2 (iii).—It follows from $ 6 that y = y(x) cuts infinitely often 
both y = z^ and y = —z^ for any fixed value of A. We shall suppose 
that A is chosen large enough to satisfy (5); then when z > Zp all the 
roots of P(x, y) = 0 will lie inside the region C defined by 

[YIK mS m to 


A finite number of other conditions may have to be imposed on A and zo, 
all of which can be satisfied by choosing A and z, sufficiently large. Let 
the sequence of abscisse of points at which y = y(x) emerges from tke 
region C be denoted by {£}, and the sequence at which it enters C by 
{Á}, so that the sequence of intervals in which y = y(x) lies outside C 
will be denoted by |&&+1!. (See Fig. 8, p. 849.) It should be observed 
that £ and £,— o as s> c. 
Now it follows from (5) and the conditions of Case 2 (ili) that 


y") <0, [yw S 2, «> xo], 
y") > 0, [yw <q—2*, o> z]. 

Hence in the interval &&+ı for all values of s > 5, 

vol < |y E | (@—-&) + EN. 
If therefore we can prove that, for all values of s > s» 

. (Q0) |y (69 | < Hé, 

where H and q are positive numbers independent of s, we shall obtain the 
u |y (x) | < HEN HEN. 


If (10) is true for q, it is true for any greater value of g. We may 
therefore suppose that q >A, and therefore 
k [ya | < Hw, (sme s>s). 
But at all points not in the sequence of intervals 1 4+1}, 
|y (a | < «^; 
therefore | y (x) = Or‘), 


for some finite value of K, and Case 2 (iii) is impossible. 
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Now it is easy to show how (10) may be deduced from the inequality 
(11) | y' ($+) /y (&) | < (££), (s > So)s 


where q, is independent of s. For suppose that (11) is true. It gives us 
an upper limit of the change in y'(z) in the intervals of the set {&&+1}- 
In any interval of the type {£41541}, | y (x) | < z^, and therefore 


|y" ()| < Gre, (s>s), 


where G and p are constants independent of s. Let us start to trace the 
changes in y'(x) at the point where z = £,4:. We can choose H and g 
to satisfy the following conditions :— 


(a) ly’ 0] < Hén, 
(0) HG, 
() q-1>» I> de 
Then in the interval 41641 (s > $), 
(12) |y" (æ) |< Het, 


where H and q depend on s, but not on s. Applying (12) to the interval 
Å 15,41, and integrating over the interval, we find 


|y! (Ed —Y (Er) |< Hé 0!— H (£s *.* 
With the help of (a) it follows that 
y G0] << HG 
and thence with the help of (11), 
| y (E42) | RH Seo". 
Proceeding thus step by step we find that 
(10) Iy (| < HE), (52 so), 


where H and q are independent of s, which is the relation we require. In 
order, therefore, to prove (10) and so show that Case 2 (iii) is impossible, 
it only remains to prove that 


(11) |y! &«/y' (Es) |< Erle", (5 2 89, 


where q, is independent of s. 


* It is essential to observe that the H here may be taken to be the sare H as the constant 
we have already chosen to fulfil conditions (a), (b), and (c). 
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8. Since & sequence of values of z can be found tending to infinity for 
which y(x) is alternately positive and negative, there must exist a sequence 
of values of x tending to infinity, such that 


y'(x)-—0, {x}. 


We cannot say that all members of {.x,; must ultimately lie in the inter- 
vals {& £41}, nor that every interval of {Â &+1} contains at least one 
member of {z,}. Since, however, y"(x) is one-signed in any interval of 
1€&41}, there cannot be more than one member of {z,} in any such 
interval. All the possibilities that we must take account of are shown in 
Fig. 8. 


Fic. 3. 


It may or may not be the case that A—2 — j—1 = 1. 

Throughout any interval of [&&+ı! in which no member of iz,! 
occurs (such as &s+2&s4+3, Fig. 8), y'(z) and y"(x) have opposite signs, and 
therefore (11) is true for g, = 0, and therefore for any greater value of q. 
An interval such as £ & +1 (Fig. 8) in which there is one member of {2;}, 
namely z; needs more careful discussion. It is convenient to compare 
y' (+) with y’(&) instead of with y’(&), where & is that value of æ in 
the interval £, x; which makes 


(13) y(&) = y(&. 
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It is easily seen that 
Ly (Gy (Ee) |< 1 « (IE, 
for any value of g 2» 0; it remains to be proved that 
(14) ly EDY (|< (ale, (6 > so, 


for some value of q independent of s. 


9. In the range &' xz z «zi, 
—yy = — P(z, y) y', 
both sides being > 0. Integrating this we have 
an vi 
[y (eo? = | — P(x, y)dy.* 
y 


To obtain (14) we require a lower limit for — P(x, y) over the range of 
integration. This we shall get by proving that 


F(x) = — r)! P(x, y) 4G" Pæ, y 250, (s>s), 


for all values of x such that & <z < xzx:, provided only that q > qe 
where q, depends solely on the construction of P(x, y). 
. P(x, y) can be written in the form 


N 
— Pix, y) = È bz" y^, 
1 


the leading term being the N-th, so that 
by = —b> 0, my=m ny—n. 
N 
Therefore F(z) = È b, [2 (x)! — (x) x] y”. 
1 


F(z) vanishes when z = r;; when & <r<z; the ratio of any term of 
this expression to the leading term is 


boy Lime 


ram M M Pv —————————————————————————»—»————Á———————————————— "—— 


* The work is arranged for an interval in which y » z^. For an interval in which 
y < —2^, the sign of y may be changed throughout the differential equation, and the argu- 
ments of §§ 9 and 10 applied unchanged. 
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If we take q > m, (r = 1, 2, ..., N), it is easily verified that 


ro | RER 
1— (ja) <h, (É «r-«z) 


where À is independent of r and ?. Moreover 


g'e m 


y" 


>0, (x-o,lyl5 ^, 


for a sufficiently large A. Therefore 
F(x) = — b[x"(z)!—(z)" (z) ] y” +e), (x Æ zi), 


where |e) < 3, say, if s?» s. Therefore F(z) never vanishes in the 
range £, <x < 2; except for x = z;; and, since F(&) > 0, we have 


F(z) 32» 0, G<ı<e, s> sg, 


provided q be greater than the greatest index of x m P(x, y). It follows 
at once that 


(15a) — P(x, y) > — P (z, Welad' 


Dm P(zi, y) (£ x), 
and therefore that 


(15) Wei > Eey |^, — Pos dy, 6> so, 


7 
y (Ès) 
where q is independent of s. 


10. Again, from the range z; < z < £541, we obtain 


Yi 
[y (41) |? = | , — PG, y) dy. 
u) 
In order to prove that 
(16a) — P (a, y) x UE P (zi, CIE A (X; xc x Est, s> So), 


we repeat the arguments of the last section, writing the ratio of the r-th 
to the N-th term of P(x, y) in the form 


= b, Qj) ee] : 
b y 1—(xia)y-" , 


the result follows as before. We therefore find 


(16) [y (£,40]? < faa? | gh —P(z,y)dy, (s sg. 


Yi 
y( 
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Combining (15) and (16) we obtain the required inequality, namely, 
(14) Ly Eady € | (E/E (8 > sg, 


where q is independent of s. We have already seen how a contradiction 
of the assumptions of Case 2 (iii) may be deduced from (14). We have 
therefore proved the theorem that 


If y(x) is any proper solution of 
y" = P(z, y), 
then | y (x) = O(x5), 
for some finite value of K, if the degree of P in y is > 1. 


TII. 


11. The next step is the extension of this result to the equation 


(17) y" = Pix, y)/Q(e, y), 


where Q (x, y) has no real roots when x >a, and the degree of P(x, y) in 
y does not exceed the degree of Q(z, y) by unity. P(x, y) and Q(z, y) are 
polynomials in y ; it will be found sufficient to suppose that, if f(x) is the 
coefficient of any power of y in P or Q, then 

(18) f(z) = z" Po ia)", 


where u and v are rational numbers and v 2-0, and P,(A) is a power series 
in A convergent when X <A, and satisfying the inequality 


Po (0) Æ 0. 


The fundamental inequalities on which all the reasoning in Part II 
depends are given by (5), (12), (15a), and (16a). We shall require corre- 
sponding inequalities here. Corresponding to (5) we obviously have 


(19) P(z, y)/Q (z, y) = ox"y" (1+6), 


where e—> 0 when z— c and |y|>x* for a sufficient value of A. In 
this case 7 is any integer (Æ 1), and m is any rational number. To obtain 
the analogue of (12), namely, 


(20) | P(z, y)/Q(a, y)| < Hz’, (y| £ >r), 


where H and p positive constants, we need some such Lemma as the 
following, which we proceed to prove. 
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Lemma.—If Q(z, y) has no real roots when x > Zp, and the coefficients 
of y in Q satisfy (18), then [Q(z, y)] ! satisfies (20). 


Let r be the degree of Q(z, y) in y. The implicit function y defined by 
Q(z, y) = 0, 


will have + branches (distinct or not) near infinity, all of which can [by 
virtue of (18)] be expressed in the form* 


g IL ((2)7^] aan TT, ((2)7 ^], 


where u; v Il, Ma vg, II; have the properties of u, v, P, in (18). Itshould 
be observed that II, and IL, are both real for real x. Now since 


Q(z, y) — 0 
has no real roots when z> z» all its roots must occur in conjugate 


pairs, of which the imaginary part is never null. We can therefore write 


1/2 
| Q(z, y) | = u i [y —z*7: IL, i { (a) 1} ] 2+ [a^ II, 2 6774) 3} 


72 
SIL [ete Th, o (2) 77] J? 


> hæ”, (xz >z), 


where h and p are positive constants. The Lemma is therefore proved, 
and the truth of (20) is established. 


12. Before proceeding to obtain the analogues of (15a) and (16a), we 
shall consider the case n <0, for the treatment of which only (19) and 
(20) are needed. For the reasons given in $8 8 and 4 it is sufficient to 
consider only positive values of y. 


(1) It is impossible that, for all values of K, 
y a. 
For when |y| > z^ and x > x, we have, by (19), 
y" = bz"y (1+e), (e— 0). 


* See, for instance, Goursat, Cours d' Analyse, Vol. 11, p. 278 sqq. 


SER. 2, voL. 13. NO. 1212. 2A 
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Therefore either (i) y^ «0, or (i y"<art, 
and in either case it cannot be true that y > x* for all values of K. 

(2) It is impossible that, for all values of x, y = y (x) intersect y = x" 
in a sequence of points whose abscisse > œ. 


Consider the sequence of intervals in which 
y (x) <a”. 


We can deduce that a sequence of points exists, of abscisse {z,} tending 
to infinity, such that 


y" (x) >K (x— 1) gt TA; , 
80 that P(z, Y/Q (x, y) > x(x—1) z^?, 1m]. 


But when n < 0 and (20) is true, this is obviously impossible whatever 
the sign of b. 


It follows that it must be true that 
y(x) = O(z^, 


for some finite value of K, under the assumed conditions, which is the re- 
quired result. 


18. It remains to consider equation (17) when n > 2. The required 
result obviously follows at once (as in Part II) from (19), (20), and the 
analogues of (15a) and (16a) which we now proceed to obtain. They are 
only needed when the leading term in P/Q is negative, so we shall suppose 
that the leading term of P is negative, and the leading term of Q positive. 

The analogues are 


(21) —P(z, 4)/Q (x, y) > G/x)'(—P (zi, y)/Q ai y)], 
(E «Cx Lt, s 5, 
(22) — P(x, yQG, y) S (az)! L— PG WO y]. 


(Xi < T < E541; $ > So)s 
for some value of g independent of s, and they follow at once from the 
inequalities 
(23) 

F(z) = — (à! Ou y) PG, PH" Pu y) QGe, y) 0, (EF KTS t, s> so, 
« 


> : 
«cO, (x; L x x Å+ S> s. 
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a 
Let us write P(z, y) = > Qufa (£) Y, fa (£) ~ 2"; 
u= 


B 
Q(z, yY) = È brg (D Y”, a) ra” 


y= 


© 


Then the leading term of F (x) is 
da bgy*** [ —fa(z) ga (2) NH fa (x) ga(x)(x)"], 
and the ratio of any other term to the leading term when x + 2; is 


Á "E (x) g, (zi) (ri) +f. (72 gv er] 
yet Bev L— f. Go) ga (wid (n! + f. (ri) ga Qo) (x)! 


where A is an absolute constant. 
For the range & <x < ri, this may be put in the form 


eo Se eee ea 


20 88797 Lb dee 


too 


where o(1) — 0, as s— œ, uniformly for all values of x such that 


Bed i, 
and by, (2, 2) = [fa (2) gr (£) fa) g (x) ] Gri] 0) "7^. 
Now (z)^"- f, (z) = 14-0, (2), 


(z) ™ g, (x) = 1+ (x), 


where 0, (x), x,(z) are power series convergent when x > x, whose value 
—O0asr-— o. Therefore 


(25) bu, (E, 2)—1 
(12-0, 0] [1-3- «, (2d ]/[1 +0, (22] [1 3-, (2)] | —1 


[6.014 o3 (1— i) 0014849] (175 e, alle +0(1)], 


Now for all values of u, v, and 4, and for all values of x, such that 
Ly L T Ti, we can find an a independent of u, v, i, and z, such that 


a(1—z[r) S 1— —| 0, (x; 0/0, Cr ) > => 0, 
al—ı/r) > 1—[x, (20]k, (x) | > 0 


This is an immediate deduction from the fact that 0,(c), x,(x) are con- 
2a 2 
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vergent power series whose values >O as z—- œ. It follows at once 
from (25) that 

(25’) by, (2, z) = 1+(1—2z/z,) 0(1), 

where o(1)— 0 uniformly for all values of z, such that & <2 «tz, as 
s— o. It follows that the factor in square brackets in (24) takes the 


torni 1— (z[zjy*".-".-- (1 — z/z) o(1) 
1 —(e/x tt "7" r2) o(1)4' 


for all values of z in the interval £/ <z «cz; we may let z— z; if we 
like; only the point z = x; is excluded from consideration, and we already 
know that F(rj) =0. It is easily seen that if 


q> m,—m,, («=0,1,...,4a; v=0,1,..., 8), 


and s > s, then this expression is less than a constant K independent 
of s. Consequently the ratio of any term of F(z) to the leading term 
ia of the form 


| (x; yn, -m g(x) Mm, “| 
(26) O eee 


yur u.— A 
Now, in the range £/ «zz « zi, 

| y (2) | > (ci^, 
not merely > (x). Therefore 


(x ry Me (Vu 
hae aaa aa 


= o(1), 
if X be chosen sufficiently large. Using this result we have 


F(x) = ky**? [.f. (x) gelr) Ge)! — falzi) ga (2) (2)!] [1 +0(1)], (£ <z < z), 


where k is a positive constant. With the help of (25') we may put this 
in the form 


F(x) = ka)". (zi)* "s y** B[1— (x/r)! * "57". (1 — 2/7) 000] [12- 0(0)]. 
Hence F(x) cannot vanish in the interval & < [Lz < xr; when s > sp unless 
1 —(x/x;) +41 — r/c) 0(1) = 0. 


Since o(1) is uniform with respect to x tnis cannot occur when s > 5. 


It follows that Fa >0, (f <«#<xi, 82 sq, 
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which is the inequality we require. The proof that 
F(x) x 0, (Ti x c x eds 8 > So)» 


is exactly similar. We have therefore established the relations (21) and 
(22). From relations (19), (20), (21), and (22) it follows exactly as in 
Part II that there exists a value of A, such that 


y(x) = O(x*), 


provided the conditions of § 11 are satisfied by P(z, y) and Q (x, y). 


IV. 


14. The final step is to remove the restriction that Q (x, y) has no real 
roots when x > x, leaving the other conditions of § 11 unaltered. 

Suppose then that Q(z, y) = 0 has one or more real roots when x > Zp. 
They can be represented by power series convergent when z > zo, and for 
all values of x such that z > xo they can be arranged in an order of 
magnitude which is independent of z. Let 


y = A(x) 
be the greatest root, and y = A(x) 


be the least root when x> zx, We may suppose that any common 
factors of P(x, y) and Q(x, y) have been eliminated ; there must therefore 
exist a number k such that within the regions 


y= A, (x)(1 + 1/2"), (z > x)» 
y = Ag(e)(1 EU), (£> xg, 
there lies no root of P(x, y) = 0, and no root of Q(z, y) = O other than 


A(x), Ag (x) respectively. 
Now, if y = y (x) is a proper solution, such that for all values of K, 


y (x) £ O (x^), 


it must be possible to find a number x, such that when z 2 z, y = y (x) 
lies entirely above y = 4,(x), or entirely below y = 45(x); for otherwise 
y" (z) would not be finite and continuous as z— œ. It is clearly suff- 
cient to consider only one of these cases; we shall confine ourselves to 


y(x) > 4,0, (x2 m. 


358 Mr. R. H. FOWLER [Dec. 11, 


Now there will be no loss of generality if we suppose that A, (x) = 0. 
This is equivalent to making the substitution 


y = A,(x) tn 
so that » satisfies an equation 
P, (z, n) 
= = — I : > 1), 
n" = R(x, n) PON (p S1) 


of exactly the same form as y, for all the coefficients of 7 on the right- 

hand side are still power series convergent when z œ zy We shall there- 

fore suppose that y(x) satisfies 

P(x, y) 

y" QiG, y) 

where Q,(z, y) has no roots > 0 when z > z,. 
[It follows that Q(z, y) has no roots > — z^" for some positive value 

of k.] 


Now, if we treat Q, (x, y) as we treated Q(z, y) in the Lemma of § 11, 
we shall see that we can find a number A, as large as we please, such that 


y" = R(z,y)— , (p> 1), 


(27) Ria, y) = bx"y^(1--9, (e— 088 2 0, y 2» 2, 
(28) | Ris, y) | < Hz”, (^A y2z^ rcm 
(29) ` R(x, y) = cx'y"(14-9, (>03 z— o, x^ Sy> 0). 


H and N are independent of x though not of A, n #1, and p Ò 1. 

It follows from these inequalities that the proofs of $$ 8 and 12, that 
it is not possible that for all values of K y> r^, hold unchanged. If 
therefore y(x) = O(z^) for some value of K, y = y(x) must intersect in- 
finitely often y = x“. By repeating the argument of $ 6 we deduce from 
(28) and (29) that this is impossible unless c > 0, and the curve y = y(x) 
intersects the curve e 

Y= 
for any value of x, ina sequence of points tending to infinity. Further, 
by the argument of § 5 it follows that, if n> 1, y = y(x) cannot inter- 
sect y = z* unless b «0. [If n< 0, the sign of b is irrelevant.] The 
form of the curve in the remaining cases when 


(1) c>0, n<(, 
or (2) c>0, n22, b<0,* 


* The curve is drawn for the case c>0, b <0. If b>0, its form above y = x”? would 
be different, but its form below y = z ^^ will always be of the type shown. 
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is shown in Fig. 4. 


HÀ 
Isa ns Tg É; Th sı 15 Ti Toti 2m TN, 
Fic. 4. 


15. Case 1.—In this ease it is easy to deduce that it is impossible that 
for all values of K, y (xz) = O(z), when the formula | 


(30) |y Geol y (ns) | < (Hd, (SD 8,), 


Where q is independent of s, has been established. | 
For suppose (80) is true. Since n << 0, the formula (28) holds for all 


values of z and y, such that z > zo y 2 x^^, without any restriction of 
the form y < z^. We can therefore deduce from (80) by the method of 


3 7 that | i G0 |< Hin), (5 > sg), 

and hence that ly (EDI < H(£), (ss), 

for values of H and q independent of s. But in the interval & 41, 
y” < bz"(l-Fe, (e-0). 

Therefore y' (x) < H(z)", (Ê <æ <), 

for values of H and q independent of s. Therefore 


y(x) < Hy HEN (Ê < @ < én, 
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whence it follows that there exists a K such that 
y(z) = O(t”. 
There remains Case 2 (n = 2) to be considered. 


Case 2.—To establish the impossibility of the assumption that, for all 
values of K, y(z) Æ O(z*) in this last remaining case, it is clearly only 
necessary to prove that 


| à ly Edy (Es) | < EEN, (s Ss), n2 1), 
à) |y'GaD/y' Q9 | < (teaa/ns)®, (s = sg, 


(30) 


for some q independent of s. The result will then follow from (28), and 
[(80), (i), (ü)] just as it follows from the analogous relations in Part II. 

The first of these inequalities we have already proved in Part III, for 
the proof of (28), from which [(80), (i)] follows immediately, does not 
make use of the assumption that Q(z, y) has no real roots when z > z» 
It only remains to prove [(80), (ii)]. 

The proof of [(80), (ii)] is exactly analogous to the proof of [(80), (i)]. 
Since c > 0, [(80), (i)] is obviously true for any interval in which y' (x) 
does not vanish once (it cannot vanish more often than once). It is 
clearly sufficient, for an interval in which jy'(x) vanishes once, say at 
£ = a, to establish [(80), (ii)] in the form 


(81) | y! GM y' (ns) | < ml), (S < So), 
where 7, is that value of x in the range n, < x < z; at which 


y (x) = yGa. 


Proceeding, as in § 9, we have 


[y' (v9)? = | UP Qi, Wl\—y'ly?) dz, 
9, 


[y m.2]? = iu [P (z, Q (z, 39] (y'[ y?) dz. 


t 


The proof that, for a value of q independent of s, 
P(g, y)/Qy (x, y) > (g/t)? P ori, [Qin y) (ny <T Ti; § > So) 
« (nl Par, Y/Q ti y) (zi < 2 «0 8 > So, 


is exactly similar to the proof of the analogous inequalities (21) and (22) 
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in $ 18. We therefore obtain 


(n/)) 
(82) [y (ns)? > Gu [zx | [P (xi, y] y" Qi Gs y)] dy, 
Vi 
(ny) 
(33) Ly’ (2.41) ] ? L naalz* f [P(zi, PYP (ti y)] dy, 


from which (81) follows at once. We have therefore proved the following 
theorem :— 


THEOREM I.—If y = y(x) is a proper solution of the differential equa- 
tion 
(34) y" = PG, Y/Q (z, y), 
where P and Q are polynomials in x and y, then, if the degree of P in y 
does not exceed the degree of Q by unity, 
y (x) = O(z*), 


for some finite value of K. 

More generally, we may suppose that P and Q are polynomials in y 
w hose coefficients are functions of x expressible when x > x, in convergent 
power series of the form 


f(z) = x" ( x ayn"), 


where u and v are rational, v>0, and a, Æ 0. 


V. 


16. We have now to consider the case in which the degree of P in y 
exceeds the degree of Q by unity. As before, if y(z) = O(z^) for any 
value of K, then it must be the case that either 


(1) for all values of K, 
y (x) > a* ;* 


or (2) for all values of «x there exists a sequence of points whose 
abscisse tend to infinity at which y = y(x) crosses y = z*.* 


* All reference to the cases — y > x*, and y = y (x) crosses y = —z* will be omitted. They 
‘differ in no way from the cases treated. 


862 Mn. R. H. FowLer [Dec. 11, 


Now when for all values of K y(z)? x*, that is to say when 
y (x) > 2°, 
y = y(x) satisfies an equation of the form 
(85) y"ly = s(z,y) = f ([14-0(x79)), 


where f(x) is of the form 


br" (1+ > ane"), 


n=l] 


where m and v are rational, and v > 0, and the series converges when 
r> z, If now we write 
ye, aV! 


u = u(x) will be a proper solution of the equation 
(86) w = — Wt s (z, y) = -uW+f@)[1+0«9)]. 


Before we can make any further progress with this equation we must 
prove some such proposition as the following :— 


If y = y(x) is a proper solution of (85) such that 
y (x) > z^, 


then y'(x)/y(x) [= u(x)] is such that the ratio of any two of the three 
terms in (86) is ultimately monotonic. 


Without some such proposition as this we cannot deduce from (86) any 
. information concerning the asymptotic form of y. With this end in view 
we prove the following Lemmas. 


17. Leusa I.—If y (x) > zô, then 
(37) y'(z) «Ty()]'*", (© > x), 
where u is any positive constant. 
If (87) is not true then it must be the case that either 
Q yly^" 1, (2 z9, 
or (ii) there must exist a sequence {z,} tending to infinity such that 


(y’/y***) —1 —0, iz 


) LÀ 
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Both of these cases are impossible. In case (i) we can integrate from zo 
to x, obtaining 


[y(z9]"^—[y GO] ^ > & (z—2z9), (£ >z), 


which contradicts y (z) — œ. In ease (ii) since d/dx(y’/y!*") exists and is 
continuous when x > z, there exists a sequence {z,} tending to infinity 


such that y'[y** > 1, d/dx (y'ly'*®) = 0, TAF 
or, with the help of (85), 
y Sy't, (1+uly’)—br"y? (+e) =0, {z}, 


where e— 0, iz,]. Since y(z) > 2x*, this cannot be satisfied and our 
Lemma is proved. 


CoroLLARY.—T he function defined in (85), namely, 


S(z, y) = f( [1+0 7], 


ts such that 
(88) (d[dx)" [S(z, y) ] = [(d/dzY f(x) ] [1+0 (z?)]. 


This is an immediate deduetion from Lemma I, which was proved to 
establish (88). 


Lexma IL—If y — y(x) is a proper solution of (84), y (zx) > z^, 
u(x) = y'(x)/y(z), and H(z, u, S) any rational function of x, u, and S, 


andi dHlde = U (z, u, S, dS/dz)/V(z, u, S), 
then either H is ultimately monotonic, or else 

u = u(£)[1 +0 (17°) ] 
satisfies U = 0 or V =0. 


With the help of (88) it is easily seen that the proof of the similar 
theorem given by Mr. Hardy* can be adapted, with little alteration, to 
prove Lemma II. The proof of Lemma II will therefore be omitted. We 
are now in a position to proceed with our investigation. 


18. When z—> œ and | y| > 2^ for a sufficient value of A, then 


(89) y"ly = bx" (13-8, (e— 0). 


* Proc, London Math. Soc., Ser. 2, Vol. 10, p. 455. 
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The signs of b and (m+2) determine the possible forms of solutions. 
The facts to be established may be arranged as follows :— 


Part 1.—If y = y(x) intersects y = z^ (for a sufficient value of A) in 
& sequence of points tending to infinity, then if b «O0 or 6>0 and 
?1--2 < 0, there exists a A such that 


y(x) = O(e*). 


Part 2.—If b — 0 and m+2>0 and y(x) Æ O(zF), then ` 
y(x) > x^. 


Part 8.—If b «O0 or b 20 and m+2 <0, then it is impossible 
that y(z)»- z^. [Consequently, in these cases, there must exist a K such 
that any solution y = y(x) satisfies 


y (x) = O(x*).] 


Part 4.—If b > 0 and m+2> 0, it is possible that y(x) > z+, and 


in that case (m +?) 
y = gid 049 (e — 0). 


19. Parr 1.—This is certainly true if b < 0, for the investigations of 
Parts II-IV cover this case as it stands. If b — O0 and m+2 < O, in any 


interval of {£ &+ı} (see Figs. 8, 4), y” 2 0; and therefore y' >0.* At 
the end of the interval (x = €,,1), we have 


y' ($4 < A (£^. 
It follows that 


(40) | y'() |< Gia), i€s} , 


where G and q, are independent of s. From (40) we can deduce by the 
arguments used in Parts II-IV, that 


(41) ly œw) | < Hr, i&l, 
where H and q are independent of s. 


Now, with the help of (41) and the condition m-+-2 < 0, we shall prove 
that, in the interval & £41, if s > s, y = y(x) lies below the curve 


y = yi) = (&x--H([x—(£»], 


* Of course this only refers to y> x‘. Similar arguments apply to the case y < —z^. 
Figs. 3 and 4 are drawn for b < 0, and are only here referred to for the notation. 
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for a sufficient value of p (2 q) independent of s, whence it follows at 
once that there exists a A such that | 
y(x) = O(x^). 
It follows from (41) that, at P (Fig. 5), 
yix) > y' (x). 


Fic. 5. 


Therefore, if there is an interval RS in PQ in which y = y(z) lies above 
y = yı(z), there must also exist an interval PR in which y = y(x) lies 
below y = y,(z), and above y = x^. Therefore there existsza point T, 
such that 


(42) y" (x) > yıl) = p(p—1) Ha~. 
Now we may suppose p chosen so that 
yi(t) < H (xy, 
at least if s > sy. Therefore at T, 
y (x) < A(x)’; 
and therefore, since m+2 < 0, 
(43) y" (x) < bH? (14-9, 


where e— 0 as s— c». (42) and (48) contradict each other, if p (p—1) 2 b. 
It follows that y = y(x) hes below y = yı(z) in PQ if s 5 so, and therefore. 


not y (c) = O(z*), 


for some value of A. Part 1 is therefore established. 
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Part 2.—If, for any value of x, y = y(x) intersects infinitely often 
y = x", then a sequence {x,} can be found such that 

ya) «x(x—1)z7, ya) Sa, iz. 
If b>0 and m+2> 0, this contradicts 
y" = bz"y(0-Fe, (>0, {2,}), 

and is accordingly impossible. Part 2 is therefore proved. 

Part 8.—It is obviously impossible that y(x) > z^ if b <0, for this 
implies that y" < 0, (x > zy, which is absurd. We have therefore to con- 


sider the case 6 > 0 when it is assumed that y (x) > 2°. 
If u(x) = y'(x)y(z), u = u (x) satisfies 


(86) wu = — u? + be" (1+6), (e>0) 
= — w?+f(x)[1+0 (z75)]. 

Now, by Lemma II, w'/u? will be ultimately monotonic unless 
u = uw) 1-40 (-?)] 

satisfies 2f (x) [u —f (zx) ]+uf" (x) = 0, 

or u = 0. 


The latter is pap If u = u(z)[14-O(x-^)] satisfies the former, then 


Now when 4-2 x 0, u(x), if it is determined by (44), satisfies the rela- 
uon u(x) < 1/x; 
therefore y'ly < la, 


which may be integrated,* giving 
y (x) = O(x^). 


It follows that u(x) is not determined by (44), and therefore that w'/u* is 
ultimately monotonic. It must therefore be true that either 


(a) wh? S1, 
or (b WW ~ 1. 


* Orders of Infinity, p. 37. 
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In case (a) integration is legitimate and we obtain (without regard to sign) 
l/us z, 


which contradicts y (z) > z?. Case (a) is therefore impossible. 
In ease (b) we have, from (86), 


m 


w~ br", 


and since 74-2 < 0, this again contradicts y(x) > z^. Since every case 
is impossible, it cannot be true that y(x) > z^, when b > 0 and m+2 < 0. 
Part 8 is therefore proved. 


Part 4.—It is certainly possible in this case that y (x) > x*, for the 
solution y = e” of the equation y" = y is a case in point. We have only 
to determine the form of such & solution, when it exists for the general 
equation. 

If u(x) is determined by (44), then 


u(r) ~ + (bz"). 


If u(x) is not determined by (44), then w’/w? is ultimately monotonic, and 
u’/u? > 1 impossible as before. In either case therefore we have 


u(r) ~ + (bx"). 
Since y’(z) must be positive when y(x) is positive, we have 
y' (x) /y (c) ~ Hb at". 


This may be integrated, and we obtain finally 


This completes Part 4. 


20. If we denote by the leading term of P/Q the term which represents 
the asymptotic value of P/Q, when z— o and |y | > 2^ for a sufficiently 
large A, t.e., bz"y in the notation we have been using, these results can be 
summed up as follows :— 


TukonEx II.—Zf y = y(x) is a proper solution of 
y" = P (x, la, y), 


where P and Q satisfy the conditions of Theorem I, and if the leading 
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term of P/Q 4s bz", then if b <0 or m+2 < 0, there existsa K such that 
y(x) = O(xE; 

but if b 2- 0 and m-4- 2 — O0, then either there exists a K such that 
y (x) = Ole), 

or else ya) = ett) (e. 9), 


This last result could evidently be made much more precise by greater 
attention to detail. It is fairly evident that y (x) can be put in the form 


Bate (1+e),  (e— 0), 


where II is a polynomial and v is rational and > 0, but it does not seem 
worth while to proceed to this degree of accuracy. 


VI. 


21. There are one or two directions in which we might try to 
generalize these results without the introduction of any new kind of 
argument. We might try to establish results corresponding to Theorems 
I and II for equations in which the y" of (84) is replaced by 


(a) yP, . (5 d/dziy'?, ^ (e) d[dz [f(x) y'], 


where p is a positive integer, 
f(x) = 2" (= ane") a 
n=0 


mandy are rational, a, »>0, and the series converges when z > 2). 
We shall not consider the changes necessary to adapt the foregoing argu- 
ments to (a) and (b), but shall content ourselves with pointing out that, 
with mere verbal alterations, the arguments may be reapplied ¿n toto to 
the form (c). We can state this result in the following theorem :— 


TnukonEx III.—7f y = y (x) is a proper solution of 
(45) d|dz | fx) y'] = P (z, y/Q@, y), 


where f(x) and the coefficients of y in P and Q satisfy the conditions of 
Theorem I, then, if the leading term of P/Q is bz"y" and f(x) ~ asa", 


y (x) = Ol‘), 
unless n = 1, b/a, > 0, and m—u +2 > 0. 
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If these three conditions are all satisfied, then either 
y (x) = Och), 


4 I m-as?) 
or else y (x) = emp (0*9 — (e— 0). 


22. It is a question of some interest to see if more definite informa- 
tion ean be obtained about the solutions of (45) say, that are O(z*). To 
take an example which is as free as possible from irrelevant detail, let us 
consider the equation 


(46) ` d[dz (ey) = az"(y—aj)...(y—a, (n> 1), 


where m—p+2>0, the a's are power series in z convergent when 
z> ry and no relation of the form a,~ a, holds for any values 
of r and s. Then it can easily be shown that the supposition, that 
| y(z)—a,| has, for all values of s, a lower limit other than zero as z — œ, 
leads to contradictions. It follows that either 


Y (x) 4 0, 
for some value of s, or else y — y (x) cuts one at least of 
yma, (s = 1, 2, ..., 7) 


in a sequence of points tending to infinity. In cases where y = y(x) does 
not cut more than one of these curves infinitely often—for instance, it can 
be proved that a proper solution of 


y" = x" (y? — x’), (m+2 > 0) 


cannot eut both y = z and y = — « infinitely often—we have obtained 
some definite information about y = y (rz). We ean express it by saying 
that any solution is definitely associated with one particular real branch 
of P(z,y) = 0. 

This, however, is not true at any rate when, for some values of r and s, 
u ,—a,—> 0. Consider the function 


y (x) = x" sn (Ax, 2), 


which is real when x is real, and oscillates between the limits z* and —z* 
as r— œ, if 920. It satisfies the differential equation 


d !| 2a B— cda 2 ala +8) 9a—9 
(47) ay | cal tae) emu ag te ! y (y + oe 2] 


SER. 2. voL. 13. No. 1213. 9 B 
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The three roots of the right-hand side are all real if 


a (a-1- 8) < 0, 
and the conditions imposed on (46) are all satisfied if 
B—a> 0. 


Since 8 > 0, a— 8 <a, and therefore the function y = y(x) cuts infinitely 
often all three roots of the right-hand side of (47). It is, however, 
necessary that a « 0, and the example throws no light on the question 
whether if a-—a, does not > O for any values of r and s, it may not be 
true that any solution is definitely associated with one particular real 
branch of P (z, y) = 0. 


28. I shall conclude this paper with some remarks about the more 
general second order differential equations 


(48) y" = P(x, y, y), y" = P(@,y,y')/Q(2,y, y’, 


where P and Q are polynomials in z, y, y'. Obviously all the foregoing 
arguments cannot be applied to them. It is possible to obtain fairly 
accurate information for solutions which are assumed to increase faster 
than z^ for a sufficient value of K, by arguments which are natural develop- 
ments of the foregoing, but some new form of attack seems to be needed 
for solutions not thus restricted. 

The much more stringent assumption that the solution under con- 
sideration is such that any rational function of x, y, and y' is ultimately 
monotonic (£.e., the assumption of strictly regular increase), leads to re- 
sults exactly analogous to the results of Part II of Mr. Hardy's paper 
already quoted. Mr. Hardy there proves that any proper solution of 


(49) y’ = P(x, y)/Q(,y); 


where P and Q are polynomials in x and y, is of strictly regular increase, 
and that if it > oo its rate of increase is measured by one of 


(1) AzPe!G, 
(2) Ar’ log zr)‘, 
(3) Ax”, 


where I(x) is a polynomial, p and q are integers, g0, and A and B 
are any real numbers. 
On the assumption that y = y(x) is a proper solution of (48) of strictly 
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regular increase, which > ©, it can be proved that its rate of increase is 
measured by one of 


(1) dA dm (9) A (log log z)”, 
2) APO IE, (8) A[(log x)" log log x)’, 
(8) eto”, (7) A(log z)”, 


(4) e(4* 00g 2) ^*^ (p — 0), (6) eA te) (log 2)?” (p > 0, 
(5) ri Ye 


In these formule p and q are integers other than zero, 4, B are any real 
numbers, II(z) is a polynomial in z, and e—> 0. If these formule are 
compared with the formule for ZL-funetions* of order 2, it will be seen 
that they differ therefrom, by the admission of certain irrational indices, 
in exactly the same way as the rates of increase of solutions of (49) differ 
from the rates of increase of L-functions of order 1. 


* G. H. Hardy, Proc. London Math. Soc., Ser. 2, Vol. 10, p. 87. 
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SURFACES WITH SPHERICAL LINES OF CURVATURE AND 
SURFACES WHERE SYSTEMS OF INFLEXIONAL TANGENTS 
BELONG TO SYSTEMS OF LINEAR COMPLEXES 


By J. E. CAMPBELL. 


[Received September 15th, 1913.— Read November 13th, 1913.] 


A CONSIDERABLE amount of attention has been devoted to the study 
of the system of surfaces on which the lines of curvature are plane or 
gpherical, and the paper which follows is based on the exposition contained 
in Darboux's Théorie Générale des Surfaces, Livre IV, Ch. 1x and x1, 
taken in conjunction with Lie's beautiful contact transformation, by which 
spheres are transformed into straight lines. Lie’s transformation was 
first presented in his paper, “ Uber Complexe, inbesondere Linien- und 
Kugeleomplexe mit Anwendung auf die Theorie partieller Differential- 
gleichungen," Math. Annalen, 5 Bd. (1872), p. 145. A most interesting 
aecount of this line geometry and of the famous transformation will 
be found in the Geometrie der Berührungstransformationen, Lie-Schefiers, 
Vol. I; and I would draw attention to chapters 7, 9, 10, and 14, and 
in particular to Theorem 12 on p. 378, Theorem 25 on p. 639, and 
the relations between the line and sphere geometry illustrated on pp. 654 
and 655. 

In what follows I give & brief account of Lie's transformation ; and 
show how by means of it he connects the geometry of lines of curvature 
with the geometry of asymptotie lines, and in partieular the surfaces, 
whose lines of curvature are spherical, with surfaces whose asymptotic 
lines are sueh that the tangents to them belong to a system of linear 
complexes. Readers who desire fuller information. will refer to the 
Berührungstransformationen. I then consider at much greater length 
the latter class of surfaces, a knowledge of whose properties has been 
shown to involve a knowledge of the properties of the first class, and 
in this investigation I make considerable use of the vectorial notation. 
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1. Lie’s eontaet transformation has the generating equations 


+ y +er2'+2=0, zw —-uy))—y—: = 0, 
leading to 


p'z—g)d-1-4-g: —0, q'G—4)1:0—42) 20, pcz-qG'—u) = 0. 


Each element of space z'j'z' can be expressed uniquely in terms of the 
Corresponding element of space zyz. If, however, we wish to express an 
‘element of the latter space in terms of the first, we have two alternatives, 
viz 


*) 


eu D. e. mx oc ub pe nn , 
1—V1+p"+q" 1+V1+p"+q” 


but we keep to the first of these alternatives. 
Eliminating z, y, z between the generating equations and the equations 
Of a straight line 


a = mz—ny, = ng—lz, y -—ly—mz, 
we have 
l(z? 4 - y? 4-2?) — 8 (z' aiy) mat) ny) z' —a = 0. 
Writing the equation of this sphere in the form 
| alt y"? 4-2? -- gr --2fy' -2hz' +c = 0, 
we see that the line whose six coordinates are 


l m T a B 


1 —gctjf h-r Te —g—dj htr 


corresponds to that part of the sphere for which 
| r= +V +p” Eq", 


where r is the sphere's radius. We call this line the positive corre- 
Spondent of the sphere. The line deduced from the positive correspondent 
by changing the sign of r is called the negative correspondent and 
Corresponds to the other hemisphere of the sphere. For a plane, regarded 
48 a sphere of infinite radius, we see that the corresponding lines will be 
Perpendicular to the axis of x. 


2. If V, m’, n’, a’, 8', y' are the coordinates of a linear complex it is 


If di, My 03, 03, Py, y; and Jy, Ma, Ny, ag, Ba, Ya are the coordinates of two 
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linear eomplexes, and p and q are two parameters, the complexes whose 
coordinates are 


fili pal, PyM pata, pina d- pana p1a44- 203, PıBi + Paba PıYıTt Po ya 


are said to form a pencil. In any pencil of complexes clearly there are 
two special ones. 

Consider now the pencil whose two special complexes are the positive 
and negative correspondents of a sphere, viz., 


l', m', n,a’, 8', y and l', m', y, a’, B', 1, 
then the general complex of the pencil has the coordinates 


0 T 0 . 30 
' f , 9 " , 2. —— , ’ r g , 2 
l, m’, n eos z TY sin 7 a, B', y' cos z t" sin 5° 

We now see that if l, m, n, a, B, y are the six coordinates of any line 
which is the positive correspondent of a sphere, and if this line belongs to 
the above general complex, the sphere will cut at an angle 0, the sphere of 
which /', m’, n’, a’, B', y' is the positive correspondent. 


9. We know that the two spheres, which touch any surface and whose 
radii are the principal radii of curvature of the surface at the point, touch 
the surface at two consecutive points (Salmon, Solid Geometry, 4th edition, 
p.267). If we apply our contact transformation to the surface and the 
spheres, we obtain in the other space a surface and two inflectional 
tangents, and thus the lines of curvature are transformed into asymptotic 
lines. . E 

If a sphere can be described through a line of curvature it will intersect 
the surface everywhere along that line at the same angle, and, therefore, 
all of the spheres of one system at the same angle. This is but & 
partieular ease of the well known theorem that two surfaces intersect 
at a constant angle if their line of intersection is a line of curvature 
on both surfaces. Conversely it must be shown that if a sphere intersects 
all of the spheres which have stationary contact with a surface along a 
line of curvature at the same angle, then the line of curvature is spherical, 
that is, lies on a sphere. . 

Let the surface, referred to its lines of curvature, be given vectorially 
by the equations er. =e 
where the surface is traced out by the extremity of the vector z which 
depends on the two parameters u and v, and where A is a unit vector 
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parallel to the normal. The suffix 1 denotes that the vector or scalar to 
which it is attached is the derivative of that vector or scalar with respect 
to u, and the sutfix 2 has a similar meaning; a and b are scalars, which 
are the principal radii of curvature. The equation of the sphere which 
has stationary contact with the surface along the v = constant, direction 
may be wri a 

ay be written eg 
l' being the vector to any point of it and u a unit vector. 

Let 
z! = y T cu! 

be a fixed sphere of radius c, y be the vector to its centre, and u’ a unit 
vector, and suppose that this sphere cuts all the spheres, obtained by 
varying u only in the equation 


2’ = z—aA-tray, 
at the same angle 6. 
From first principles we have 


(z — aX — y)? -- a? 4- c? — 2ac eos 0 = 0, 


and therefore, differentiating with respect to u and remembering that 


2, = aa, 
we get a, S (¢g—avA—y)A—aa,+a,c cos 0 = 0, 
or . S (z — y) X +c cos 0 = 0. 


Differentiating again with respect to u and remembering that Sz,A is zero, 


we see that S(e—y)A, = 0. 


It follows that a sphere whose centre is at the extremity of y can be 
described through the line of curvature along which only w varies. 


4. From the theorem just proved it follows that if all the inflectional 
tangents along an asymptotic line belong to a linear complex whose 
coordinates are 

U’, m’, n co? $ Ty! sin? 2 , a, B', y' cos? 2 +7! RN 
then, in the transformed surface, the corresponding line of curvature will 
be spherieal. Conversely, from the original theorem, & spherical line 
of eurvature will transform into an asymptotic line, all the tangents to 


which will belong to a linear complex of the kind we have discussed. If 
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the line of curvature is plane, the corresponding linear complex will have 
the special mark that /' is zero. 

If the line of curvature is circular two spheres can be described 
through it, and therefore the intlectional tangents in the corresponding 
asymptotic line will belong to two linear complexes. 

Suppose that all the lines of curvature of one system are spherical, 
then, in the corresponding surface, all the asymptotic lines along which v 
is constant will have the property that the corresponding inflectional 
tangents belong to a linear complex whose coordinates are functions of v 
only, and conversely. . 


5. Instead, therefore, of investigating the surfaces with plane or 
spherical lines of curvature, we investigate the surfaces whose systems 
of inflectional tangents belong to systems of linear complexes, and, on 
transforming back again, we have the surfaces with plane or spherical 
lines of curvature. 

The equations 


a=mz—ny, B=ne—lz, y -—ly—mz, 


representing a straight line whose six coordinates are l, m, n, a, 8, y, the 
line belongs to the linear complex whose coordinates are l’, m’, n', a’, B', y, 


when a'l+ B'm+y'n+la+m'B+n'y = 0. 


We can express the theory of the linear complex simply by aid of the 
vector notation. Let i, j, k be three unit vectors mutually at right 
angles, and let | 


a — il'--jm'-pkw', b — da! 3B y, 
a = il+jm+ kn, b = iad-J8-r ky; 


then we say that the vectors a and b are the coordinates of the line, and 
a’, b' are the coordinates of the linear complex. 

If x and y are any two vectors, I find it more convenient to denote the 
vectorial part of zy by the symbol zy than by the more usual symbol 
Vay, and tlie scalar part by ry rather than by Szy. 

The two coordinates of a straight line a and b are connected by the 
equation ab — 0, 


and, if the straight line belongs to the linear complex whose coordinates 
' ' 
nd £', we have 
aee ab'+ba' = 0. 
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The equation of the straight line whose coordinates are a, b is 


2' being a vector drawn, as all the other vectors, from the origin, its 
extremity traces out the line. If the extremity of a vector z traces out 
&ny curve in space, we may take, as the two coordinates of any tangent 
line to this curve, 


d mE 05532, 


where u is the parametric coordinate of any point on the curve and 2, 
denotes the first derivative of z with respect to u. The equation of the 
tangent line to the curve will now be 


£24 £5 


If we now denote by a and 5 the coordinates of a linear complex, all 
the tangent lines to the curve traced out by the extremity of the vector z 
will belong to this linear complex if 


Sz,(az+b) = 0. 


If a and b are fixed, this, then, is the equation of the curve whose tangent 
lines belong to the given complex. 


6. Suppose next that we have a surface and that we choose the 
parametric coordinates so that the curves 


v = constant, u = constant 
are the asymptotic lines, then, if the surface is traced out by the extremity 
of the vector z, we have 
21 = ll, £9 = — i, 

where the sufüx 2 attached to any vector denotes the derivative of that 
vector with respect to v. This is true for any surface, and is for many 
purposes the most convenient way of studying the properties of the surface. 
The vector / depends on the two parametric coordinates u and v of the 


surface and is clearly parallel to the normal to the surface at the 
point u, v. 


Since 25 = X 


we must have 7m A s 
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and therefore the vector / must satisfy the Laplacian equation 


l = pl, 
where p is a scalar. 


This equation is said to. be of the first rank if p is zero. If it is not of 


the first rank let a 
E o° log p 


ouov ' 
and let ALL 
then we see that ls = 2 +p’. 


The Laplacian invariants of this new equation are p and p’. If p’ is 
zero we can solve the original equation by quadratures, and it is said 
to be of the second rank. If it is neither of the first or second rank, let 


t= Ar = 2, 
1 p 11 p 1 


then we see that B=pl, lh-—p»l-4pl, 
' Ó Am om 
so that Co 5; log (pp’)/2—p'l” = 0. 


The invariants of this Laplacian equation in /" are 


0°] i 
p' and p — RUP. 


If the second invariant is zero, the original equation 


li = pl 
is said to be of the third rank. 

The above is a brief sketch of Laplace’s transformations in so far 
as they will be required for the purpose of this paper. The method 
is fully explained in Darboux’s Theory of Surfaces, II, p. 28 and onwards, 
as also in Forsyth’s Theory of Differential Equations, Part IV, § 191, &c. 

The fact that we are dealing with a vectorial equation 


lio = pl 
rather than with a scalar one makes no real difference, for if 


l = ix+jy+ kz, 
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the vectorial equation is equivalent with the three scalar ones 


Tiz = PX, Yor PY, Zi = p2. 


7. Suppose now that the surface has the property that the intlectional 
tangents which touch the asymptotic line v = constant belong to a linear 
complex whose coordinates a and b are functions of v, and that this is 
true for all values of v, we shall prove that the equation 


lig = pl 


is of the first, second, or third rank. We have for any surface which 


satisfies our condition 
Sz,(az+b) = 0; 


and therefore, differentiating with respect to u, 
Sz (az J- b). 
Now the parametric lines being asymptotie, we have 


21 = mz n2; 
where m and n are scalars. 


If n is zero we see at once that 
Z = ra+ß, 


where 7 is a scalar and a and ß are vectors depending only on v ; that 
is, the surface is a ruled one. A ruled surface obviously satisfies the 
condition of the question, and the coordinates a and b of the linear 
complex only need to satisfy one condition. It is also easily seen that 
for a ruled surface 


la = pl 
must be of the first or second rank. 
Again, if lı = mh +s}, 
where m and s are scalars, we have, since 
2, = ll, 
Zu = M2; 


and therefore the surface is ruled. 
We shall not further consider the case of ruled surfaces, and therefore 
we may assume in future that 


li Æ mh +s? and lu Fma.. 
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8. Leaving aside the particular case of ruled surfaces, we shall prove 


that not only must ENT 


be of one of the first three ranks, but that, when the surface is given, the 
eoordinates of the complex a and 5 are determined. | 

We shall also see that, if the equation is of the necessary rank, 
we cannot take any value of / which satisfies the equation, but only 
those which satisfy a particular further condition. 


Since Zu = MaF NZa 
and 2 is not zero, we have also 
Sz, (az-]- 0) = 0. 
Since, if az+b = 0, 


the surface is ruled, we need only consider the other alternative that it is 
parallel to the normal, and therefore 


az+b = kl, 


where Ak is some scalar which cannot be zero. Differentiate this equation 
with respect to «, and we obtain 


Vall, = ku+kil, 
that is, l al— lal = kA, 
80 that al =k, k=— ah. 
Differentiating the first of these equations with respect to u, we see that 
Ku —al,; 


w 


and therefore k, must be zero; that is, k is a function of v y As kis 
not zero we may by a transformation of the form 


v' = (v) 
take it to be minus unity, and we thus have 
al+1 =0, l= pl. 
By differentiation we now obtain 


ha = 0, las = p, p last han = p» 


1913.] SURFACES WITH SPHERICAL LINES OF CURVATURE. 381 


9. We first consider the possibility that 
a, = Aa, 


where A is a scalar function of u. The vector a would then be fixed 
in direction and p would be zero, so that the equation would be of the first 
rank. We then have 

l — a4-6, 


where a is a vector depending on «u only and v a vector depending on v 
only. 
Since a must be a vector fixed in direction we may say that 


a = mk, 


where 2, J, k are unit vectors, mutually at right angles, and m a scalar 
function of v. If f(u) and ¢(v) are respectively the coefficients of k in a 
and 8, then, in order that we may have 


al-4-1 — O, 
it is necessary and sufficient that 
m [futo] — 1. 


This involves f(u) being a mere constant and defines 7 in terms of v, and 
thus the vector a. 

We now leave aside the particular hypothesis as regards a. If, 
however, the equation is still of rank 1 we have i 


l = mađ; 
mM 
and therefore Dic d 
m 
which leads to a ruled surface. 


10. Differentiating with respect to u, the equation 


Ó 
plas la, Em o log p, 


we get pp — P Ly dg — la Qs, 
Glog p 
where ' = p— SR 
p P CUCU 


If the equation is of the second rank so that p’ is zero, then, from what 
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we have said about Laplace's transformation, we know that 
hy — A I = , 


when ¢ is a vector depending on u only. We therefore have, from what 
we have just proved, the further fact about this vector €, viz., that 


(a = 0. 
But ha=0, lja—0, a= py ha. = p; 
and therefore also ĉa = 0, (a,- 0. 


We leave aside the case where ¢ is zero as we have already considered it, 
since then 


The vectors a, dg, and ag, being each perpendicular to ¢ must be 
coplanar, and therefore a mud 


where A and B are scalars. It follows that the vector aa, is fixed in 
direction in space ; for this direction does not depend on v, and we have 
now seen that in the particular case before us it does not depend on v 
either. 
It follows that y denoting a unit vector in this fixed direction 
= my, 

where m is a scalar depending on u only. By a transformation of the 
orm du’ = ym du 


we can therefore bring the equations 
ey Eg ae = 
by p A — my and lie — pl, 


to the respective forms 


iim Pı l =y and l= p'l, 
p 
where p! = pm}. 


We now omit accent on p and have to find the most general common 
integral of 
D DN and la = pl 
Cu p Yy 4 12 — Ph 
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C? lo 
Where p = LP . 
Let 0, = = : 
p 


then the first equation gives us 
l 0, = Oy +n, 


where » is a vector depending on v only. 
Differentiating with respect to v and remembering that 


la = pl, 
we see that jc G 0+6,) y T ntm 


and it is easily verified that this value of / satisfies the condition of being 
the common integral of the two equations 


lu— FE =y and ly = pl. 


In order that we may also have 
al+1 = 0, 


where a depends on v only, we see that it is necessary and sufficient that 
the vector a should satisfy the three conditions 


ay=0, an=0, amtl=0; 


for we saw from the definition of y that the first of these equations must 
be true, and the second follows from the fact that al — 0. We thus have 


the solution required of the important particular case of 


lig = pl 
being of the second rank. 
It may be noticed in passing that it is only when the equation is of the 
first or second rank that the vectors a, a», Ay, and therefore all the other 
derived vectors a, ..., are coplanar. 


11. We now assume that p’ is not zero, and by differentiating with 
respect to v the equation 


; p 
pp — A li 035 — li og 
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(obtained at the beginning of § 10), and remembering that 
lig = pild- ph, 
we have pp’ < log pp! = & 1a, — lna —p'la 
55 p am "nfem > 22° 


Let lz = Aaly + Baz+ Ca, 


where 4, B, C are scalars depending on v only, then since 
) , 
A la — liaz = pp', 


p 
T ha; — la = 0, 


p 
Pha ha =0, 

e see that A ne t 

we see tha m og (pp) = A— "un 


Differentiating once more with respect to u, we immediately deduce from 


the equation 
pp' — e Aa — li tas, 


that pP = Zion (pp) 


so that the equation must be of the third rank. 


12. Now we have seen that if 
"= dy- D 


! O nm "nn — n. 
2 x> log (pp)l5 —p'l" = 0; 


and therefore if the original equation is of the third rank a first integral 


of this equation 18 , Ologpp', 
um S 


where € is a vector depending on 4 only. But we have just seen that 


la =0, "a,—0,  l'a44- pp =0; 
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and therefore ĉa —0, fa,=0, fay = 0. 
It follows, since Stagtg Æ 0, 


that must be zero. 
We ean now find J, for 


oh p or ,4 IË 
b= Oh 2 3 o P 2 
tra p pp opp 
: ; A 
and, since pp'h = x- (pp') l", 
l" = pp'¢, 


where ¢ is a vector depending on v only; we therefore have 
— Pa 9 \ 2. 0 
= Pa (+65, log pp) +7, (at, log pp’), 


or say l = Ga AG B6, 


where A and B are scalars defined by 


2s y 2p! B= In Ê to +. r 
o, VBP P3 av 08D 5, OB DP T a log pp. 


We have seen that 
va=0, PDa,—0, lastpp' = 0; 
and therefore (a — 0, — $a4 — 0, (ag - 1 = 0. 
It follows that the vector a is determined by the equations 
a= 0, aĝ =0, a6 1- 0. 
We have now seen how to determine the vectors a and l which satisfy the 
three equations sei ipeo. due) 


and seen that the latter equation must be of rank 1, 2 or 8 that this may 
be possible, and that this necessary condition is also sufficient. 
Having obtained a and / we can find z by quadratures from 


a= ii, £g = — ily. 
We now see that az+l 


is a vector which depends on v only, since it vanishes on differentiation 


with respect to u; it is, therefore equal to —5, and we have thus found 
2c 


SER. 2. voL. 13. No. 1214. 
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the vectors a and b uniquely which fit the particular surface. We notice 
that for a ruled surface, and only for a ruled surface, are these in- 
determinate. 


13. We now pass on to consider the properties of surfaces, both of 
of whose systems of inflectional tangents belong to linear complexes, and 
we shall slightly change our notation for the sake of symmetry. 


A 


Ó © Ó e 
Let A= 5z log p*p', A= =- log p — 2 log pp' + a log pp’ , 


Ó EN o o? 

— 3,108» p' B' == log p= log pp'+ ya log pp’. 

And let a denote a vector depending on = only, and 8 a vector depending 
on v only. We are assuming, for the sake of brevity from this onwards, 
that the surface is not ruled and that the equation 


la = pl 
is of the third rank. 
If | l = a,,+Aa,+A'a, 
then the surface, given by 
z = dh,  2,——ll, 


will have the property that its inflectional tangents of the u system will 
belong to a linear complex system which we can determine. If ! can also 
be written in the form 


l = Ba B844- B's ; 


then the inflectional tangents of the v system will also belong to a linear 
complex system which we can determine. 


Let EZ anut Aat A'a, 
we must try if a vector 8 can be found such that 
= Ba BB+ BIB = & 
p, = 0. 


Noticing that B,=p, B=» - log pp', 


we see that & = pB4-p Ê log pp'B ; 
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and therefore 


since 
We must therefore have 0 E at 
erefore have 00 on 


that is, we see that En Aft Â (4' — 4A) — 0. 


If we can find a £ to satisfy this equation, then taking 


2 
p _e £8 
Ou p’ 


we see that 8 is a vector depending on v only ; and, remembering that 
£12 = pé, 
: Q 
we see that & = pB,+p 52 log pp'8, 


and differentiating this with respect to v, we see that 


£ Fr Bot B8, 4- B' 8. 


We have therefore only to see if we can choose a, so that 
Êu —-A Gy + (4 —4A9 & = 0, 
€=a,+Aa,tA'a. 


where 
Expanding the first equation we see that it is necessary and suffieient that 


a vector a depending on «u only should be found such that 
anm T (244 +24'— 4°) ay T (894, 7-841—84 4))a3 
HA 9445—444—24414-47— 4))a 


+ An —4AAh+4'A1— A, Ana = 0. 


This equation may be written 
Amt 2aaq + 8a, a4, + (ay, +20’) a, - a1a = 0, 
where 2a = 2A,4+2A'—A*, 2a!’ = 241, —2AA1-- A". 
It may easily be verified that, from the definitions of A and A’ and the 
2c 2 
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fact that the equation is of the third rank, a and a’ are functions of 
u only. The only additional condition necessary in order that the 
surface generated from 

l = ant Aart A'a, 
by epo 7 Z m T 


may have both systems of inflectional tangents belonging to systems of 
linear complexes, is that a, instead of being an arbitrary vectorial function 
of u, must be one which satisfies the equation 


ann T 2aaıı + 88; ay + (Ay - 2a") a,+a a = 0. 


When a has been obtained, 8 is given uniquely, as we have seen. 
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SOME RULER CONSTRUCTIONS FOR THE COVARIANTS OF A 
BINARY QUANTIC 


By S. G. Soar. 
[Received September 21st, 1913.—Read November 13th, 1913.] 


I. Introduction. 


IN Section III of this paper we give a discussion of the systems of 
conics which are associated with the unique C», of a binary sextie. 
Section IV is a lemma by which we construct certain joint covariants 
of a quadratic and a binary p-ie which are used in V to obtain ruler 
constructions for the lines which connect the marking points of the 
quadratic covariants of a binary sextic. Section VI deals with an in- 
teresting conic associated with the sextic. In Section VII a method is 
described for constructing by ruler the Cz >of a quantic of odd order, the 
work being illustrated by reference to the septimie and octavie.. 


II. Notation. 


We shall represent a p-ic by means of p-points taken on a conic, 
which will be referred to as S. Following Prof. Elliott,* it will be 
convenient to take for S the parabola y^ = x. The linear form z—ty will 
then be represented by & point on the parabola whose coordinates are 
xe’ =, y' = t. Throughout the following work z, y or X, Y will be used 
to denote either the variables in & binary form or the coordinates of a 
point on the conie y? = x. This need cause no confusion, however, since, 
if the first of the two meanings be intended, the equation or expression 
containing z, y will be homogeneous in these quantities. The advantage 
of the above representation lies in the fact that if 


ty) (x— ty) zer —(t, +t) xy tih thy’ 


denotes a quadratic form, then the equation of the line which connects 


* « On the Projective Geometry of some Covariants of a Binary Quintic,’’ Proc. London 
Math. Soc., Ser. 2, Vol. 6. 
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the points on the conic which mark the quadratic will be found to be 
z—(t&--6&)y--t4 t; — 0 referred to the axis and vertex tangent to the 
parabola y? = x as axes of coordinates. We thus pass immediately from 
a binary quadratic to the equation of the line that represents it. 

In what follows we shall say that we have “linearly constructed a 
eonie" when by a finite number of joins of points and intersections 
of lines we are able to construct with respect to the conic the polar 
of any point in the plane. 

The notation employed for invariants and covariants is the one given 
in Prof. Elliott’s Algebra of Quantics, Chap. xim, pp. 822, 823. 


III. The C5, of a Seztic. 
Writing the unique Cs, , of the sextie in the form 
Aozi d- A ry A As c y dr Ary HA y, 
then the equation of any conic through its marking points is given by 
[I] 84,X?--2A4,Y?-F84, XY -F AX 3-345 Y -84,- 11, [ Y? — X] = 0, 
where J, denotes the invariant agq,— 6a, a54-15a,a,— 10a, of the sextic 
which is taken to be (a, a4, Ay ..., ag (z, Y)°. 


The point on S which corresponds to the linear form ér+ny will have 
the coordinates j 


Keala Poe 
and the polar of this point with respect to any member of the above 
sytem of conics [2] is 
X [6A qn?—3-1, &n+ A2E”)+ Y [84,7 — 4A 969 +84 5€7] 
cH [4555 —845£14- 64,27] 
—AL[EX +27 Y +n] = 0. 


wr, 


Now suppose &c+ny to be a factor of (ag, Qis Ay ..., Ag) (z, y), and, 
further, for simplicity, take £ — 0. Then we may write the sextic in the 


am Yy (b, bi» bə, “rn, bi, b;) (z, yy. 
Now eall the point y, P, and denote the other five marking points of the 
gextie by (Pe, Ps, Py, Ps, Po), these being given by (bo bis bas ..., 5) (c, y. 


Then putting = 0 in the above equation of the polar of £z--;y, 
we shall obtain the equation of the polar of P, = (y) with respect to any 
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conie of the system [X] in the form [after expressing all the A’s in terms 
of the /'s]. 


[H] [bo b,— bi] X-F[^, b— b, bs] Y [d, b,— ba] 
— > [bo 0,10, b +80] = 0. 


This system of polars, corresponding to different values of X, all 
intersect the tangent at P, in the same point O. If we can construct the 
line for two values of A, say A = 0 and A =a, we are able to construct 
it for every rational value of A. For if the line corresponding to A = 0 
be OX, and that for A = A, be OX,, then to determine OX corresponding 
to A = A we have only to construct OX so that the anharmonic ratio 


—M À 
O[P X94 X4 X] = x . 


Let us consider first the case A=0. The equation [H] now becomes 
(bo 0,— 05) X+ (Uy bg— b, 0,) Y+ (0,03 — 03) = 0. 


This line represents the connector of the Hessian points of the cubic 
which consists of the polar 8-points of the point P,(y) with respect to the 
quintic (P4P4P,P; Po). It is therefore the line joining the poles with 
respect to S of the lines 

2,X+20, Y+b = 0 (i) 


Now (i) is the connector of the polar 2-points of P,(y) with respect to 
the quintie (P,P3;P,P;P,) [?.e. the quintic (do, bis be, ..., b) (£, y] ; while 
(ii) is the connector of the polar 2-points of the point denoted by x [the 
origin] with respect to the polar 8-points of P, with regard to the above 
quintic. 

It is easy to give a construction for (i) by a process of induction such 
as Mr. C. F. Russell * has given. ` 

The following direct method of finding the polar 2-points of a point P, 
with respect to a quintie [P P3 PiP; Ps] may be noticed :— 

Separate the quintie into [P,P,] and [P,P;P,]. Construct the polar 
line of P, with respect to the triangle [ P,P;P,], meeting the tangent 
at P, in M and [P,P,] in N. Join P, to the pole (with respect to S) 


` * ' Qn the Geometrical Interpretation of Apolar Binary Forms,” Proc. London Math. 
Soc., Ser. 2, Vol. 4, 1906. 
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of P4P,, meeting S again in T. Let P,N meet S again in R. Join M to 
the pole of RT, meeting P,P, in X. Then X is a point on the line 
required which will be given by ten collinear points, corresponding to the 
ten separations of (P4 P4 P, P, P,) into sets of 2 and 8. 
To verify this construction take P, to be y [point at infinity on axis of 
parabola] and take the quintic to be z (z — y) (x? —s,z^y 4- s4:y? — sgy’). 
Then the polar 2-points of y with respect to the quintie are given by 


10z72— 4(14- s) zy + (sits) y^, 
which may be written 
62? —4s zy + (sits) y^ - 4 (23 — x y). (A) 
Now the polar 2-points of P,(y) with respect to the cubic 
r’ — sz’ y +H sary? — sy? 
[the polar line of P, with regard to the triangle P, P,P,] are given by 
6x3 — 4s zy 4-254 y?, (A^) 
and the mate of (y), [P,] in the involution 
62° — 4s, zy + 25, yY HA? — cy), 


18 (8—2s)z-d-sy. | (B) 
Now the harmonie conjugate of (y) with respect to z?—2y is 
2x — y. (C) 


Hence (B)X(C) = (Qex—y)[(8—2s,)) z-- sy] 

= (6— 4s) z?-- [25,4 - 2s, — 8] xy — s, 4?, 
and this is seen to be harmonically conjugate to the quadratie which 
occurs in the first part of the expression (A), t.e., to 


6x3 — 4s, zy + (sts) y. 


Further, this last expression will be seen to differ from the expression 
(A) only in the coefficient of y^. This justifies the construction given. 
We have now to construct the line (ii), ?.e. 


b, X--2b, Y+b, = 0, 


which we remarked was the polar line of z, the origin, with respect to the 
triangle consisting of the polar 3-points of y. It is clear we may take 
x to be one of the marking points P, of the quintie [Pa P3} Pi PP]. Then 
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it is easy to verify the following construction :—Construct the line joining 
the polar 2-points of P, with respect to [P,P,;P,P,P,]. Join P, to the 
pole of this line with respect to S, meeting S again in X,. Join P, to the 
pole * of P,X,, meeting S again in Xy. Again construct the connector of 
the polar 2-points of P, with respect to [P4P4P,P,D,]. Join P, to the 
pole of this line, meeting the conie S again in Y. Then P,Y and P,X; 
intersect in the pole of the line required. 

We may observe that the line of the system (H) which corresponds to 
A = 0 is the connector of the polar 2-points of P, with respect to the 
covariant C» 4. 

If the five corresponding lines be constructed one for each of the 
remaining points P, P}, P, P;, Ps, then the six lines so obtained touch a 
conic which passes through the Hessian points of the quartic C, ,, t.e. 
through the marking points of the C, , of Elliott’s list. 

We consider next the line obtained by putting A = —2. This line 
represents the connector of the polar 2-points of P, with respect to the 
Hessian points of the quartie which consists of the polar 4- porte of P, 
with respect to the quintie (P,P;P,P;P,). 

Now we know that the connector of the polar 2-points of any point A 
with respect to the quartic of polar 4-points will envelope a conic which 
passes through the Hessian points of the quartic as k moves on S. 

Now it is easy to show how to construct this connector when K is at 
any of the points (Pa, Ps, Py, Ps, Po). 

Taking A to be at P, we shall proceed as follows :—Construct O, the 
point conjugate to P, with respect to the 4-point system of conics, 
through (P,P,P,P,). Let OP, meet the conie S again in X. 

Again construct the connector of the polar 2-points of P, with respect 
to the quintic (P,P,P,P;P,). Let the connector of P, to the pole of 
this line meet the conie S again in Z. Let PZ meet the tangent at 
P,in Y. Then the required line is the line joining Y to the pole of P,X. 

We have thus constructed linearly a conic which passes through the 
Hessian points of the polar 4-points of P, with respect to (P,P;P,P;P,). 

It will be useful for our present purpose and for future reference to 
give a ruler construction for the connector of the polar 2-points of any 
point on S with respect to a quartic which is given by the intersection of 
@ given conic with the conic S. 

Writing the quartic as 


t—seytnry—sysrytsy', 


* Unless otherwise stated, pole and polar refer to the conic S. 
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we consider the conic 
8X?+ 2s, Y* — 8s, XY 4-54, X — 8s5 Y 4-85, = 0, 


which passes through the marking points of the quartic. The polar of any 
point P on S with respect to this conie is the connector of the polar 
2-points of P with respect to the quartic. 

Further, this conic has the property that if K., K, are its intersections 
with the tangent at any point P of S, and if Hj, H, are the points of 
contact of the two remaining tangents which may be drawn from K;, Ko 
respectively to touch S, then the line H, H, is the polar of P with respect 
to the conic. 

We may now proceed as follows :— Take any point Q, on the tangent 
at P and let Q4 be the mate of Q, in the involution determined by the 
system of conics on this tangent. Draw from Q, and Q, the remaining 
tangents to touch S at R,, E, respectively. Then the line 7i, E; will pass 
through O, the point conjugate to P with respect to the 4-point system. 
Construct (as is easily done) the polar of P with respect to the conic of the 
system which passes through Qj, Qz- Denote this polar by a; it is clear 
that a passes through O. Then for different pairs of mates of the in- 
volution like (Q1 Q4) there will be a one-one correspondence between the 
corresponding lines (E, R;) and the lines a. One of the self-corresponding 
elements will be the tangent at P to S, while the other will be the 
connector of the polar 2-points of P with respect to the quartic, t.e. 
the line required. 

We may note that if u be the anharmonic ratio of the marking points 
of the quartic taken in any order on 5, then the anharmonic ratio of these 
um 
2u—1 

By making use of this construetion we are at once able to complete our 
determination of the conic which is got by putting A = —£ in equation (2). 

And by the preceding work we are able to construct the member of the 
system which corresponds to any rational value of X. 

Two cases are of interest. 

Taking A = —32 we obtain a ruler construction for the connector of 
the polar 2-points of a given point (Dj) with respect to the sextie which 
represents the Hessian of a quintic (P,P; P,P; P,). 

Corresponding to A = 1 we obtain the conic which has for a pole and 
polar pair any point P of S and the connector of the marking points of 
the covariant Cs,» of the quintie which consists of the polar 5-points of P 
with respect to the sextie (P, P, D, P, P. P,). 

The line which represents the C. , of a quintie was first constructed 


points taken in the same order on the above conie will be 
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by F. Morley in the case when the marking points of the quintie are- 
assumed. We shall refer to it as Morley's line, and to the above conie, 
which is associated with a sextie, as Morley's conic. 

. We may notice that the polar reciprocals with respect to S of the 
system of conics (2) intersect S in the marking points of the system 
of covariants given by Cy, 4 HAI Cas ,. 

In particular the reciprocal of Morley's conic passes through the 
marking points Of C, 4+J,C,,,, a fact which will be used later on in 
connexion with the construction of the unique Cs,» of the sextic. 


IV. Lemma on Joint Covariants. 


It will be useful to indicate here how to construct certain joint co- 
variants of a quadratic and a quantie which are linear in the coeficients 
of both. A quadratic zy and a (2p— 1)-ic given by 


q-! — prt ls2773 1 2. nz — Sa, -1 y?-l, 
have the pair of covariants Sp-14 — 8, 1, (a) 
and SLES, y. (b) 


A quadratic zy and a 2p-ic, 
t E aan) tse uibus 
have an involution of quadratic covariants given by 
Sp- 12? — AS TYH SH 1Y". (c) 


If AB is the quadratic, then (a) denotes the polar 1-point of B with 
respect to the polar »-points of A with regard to the (2p — 1)-1c. 

Also (a) and (b) are harmonie conjugates with respect to AB. A 
similar interpretation may be found for (c). 

The construction of (a) depends on the construction of (c) Let 
[P,.P,P,P,, ..., P4,.;] be a (9p—1)ie, and denote by Ps. the 
harmonie conjugate of P,,-ı with regard to AB. Then the covariant (a) 
taken for zy, and the (2p—1)-ie is seen to be the harmonie conjugate 
of P;.; with regard to the joint covariant of zy and the (2p—2)-ic 
[P, PaP}, ..., P2,-2], which is obtained by writing A = 2 in the system (c). 
lt is elear that we need only consider one value of A in order to construct 
the involution (c). In the case of a quartic and a quadratic the members 
of (c) are merely the polars of C, the pole of AB, with respect to the 
4-point system of conics through the marking points of the quartic. 
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Hence we might easily deduce the construction of (a) for a quadratic and 
a quintie. F. Morley gives another method in this case.* 

In order to construct the two linear convariants of a quadratic and 
a geptimie we have to indicate how to construct + the covariant 


sx?’ — Zs xy +s i? 


taken for (xy), and the sextie [ P; Ps. P, P,P; P,] given by 


z5— si ty + saxty? — ... + so yf, 


an expression which we write as 
| (c— ty) (x — ty) [x! s zy +H sar’ y — sy? 4- s, y* ]. 
The covariant in question becomes 
Lés+ te] [s 8 — 3s ny sy] 
-F [t te 5) 3 — 3 (5155, 3-53) cyt (t; tes2+ s4) y?]- 


Now s,25— 35,29 d- 543? ... (a) is constructed immediately as a member 
of the system (c) for AB and [P,P,P;P,]. Again, if M' is the harmonic 
conjugate with respect to AB of the point M in which AB meets P; Pe, 


then the part (8) in the second bracket is the polar of M' with respect to 
the conic 


z^ — sy — 8,3 +25, 2—sgy +s, = 0, 
which is a member of the system through (P, P,P3P,) and readily identified 
by constructing the polar of C with respect to it. The point [a] is then 
a point on the line required, fifteen such points being obtained by the 
various separations of | P,P4P4P,P, P,]. 
For the purposes of the next section it is necessary to consider a joint 
quartic covariant of a quadratic (AB) = £x?-- 5j? and a sextic 


(Gg Ay... ag) (x, y)°. 


This quartic (which may be interpreted as the polar 4-points of B with 
respect to the quintie eonsisting of the polar 5-points of 4 with regard to 
the sextic) may be written as 


(aont a £) r*+ 4 (a nta £) ^ y +6 (9n a,£) x* y? 
+4 (a55- a5 £) zy? + (ant asé) y*- 


* See also Elliott, Proc. London Math. Soc., Ser. 2, Vol. 6, p. 228. 
+ Our construction applies to the case when AB meets S in imaginary points. 
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The equation to the connector of the polar 2-points of K, = = 0) with 
respect to this quartic is 


(2) nl age +2ay+a:]+ Ela: £+2asy +a] = 0. 


The part (a) in the first bracket denotes the join of the polar 2-points - 
of K, with respect to the sextic. The part (8) in the second bracket 
represents the covariant (c) = s,2*—3s,ry-+s,y? in the former notation, 
taken for the sextic and the quadratic which consists of K, and its 
harmonie conjugate with respect to AB; (aß) wil be a point of (8. 
Then K,, (aß) are a pair of conjugate points with respect to a conic 
through the marking points of the quartic covariant. By varying the 
position of A, on S we may determine any number of such pairs, and the 
conic is linearly determined. 


V. The Quadratic Covariants of the Sextic. 


The irreducible system of quadratic covariants of a binary sextie 
consists of a Css; C52; C725; Cs2; Ci, 2; and a Cis. Of these the 
C52 is the most important, as, having effected its construction, we can 
easily deduce constructions for the others. Now we have just shown how 
to determine linearly a conic through the marking points of a joint quartic 
covariant linear in the coefficients of a quadratic and a sextic. If we apply 
this construction to the unique C3, and the sextic itself we obtain the 
quartic Cy, 4+1,C2,4. In Section III it was stated that the polar reciprocal 
with respect to S of Morley’s conic passes through the marking points of 
this covariant. We proceed to reverse the above process. Since we have 
determined a conic through C, ,-4-1,C»,, we may use the method given 
in Section III to obtain the join of the polar 2-points of any point 
K,(y = 0) of S with respect to this quartic. Denote this line by (p). Then 
K(x = 0) being any other point of S, we may construct for the quadratic 
K, K, and the sextic the line (8), which is represented by the coefficient of 
€ in equation (é) of the last section. We may also construct (a), the first 
part of (4), which denotes the join of the polar 2-points of K, with regard 
to the sextic. Now K, being fixed, while K, moves on S, then [ K,, 8] will 
be a pole and polar pair with respect to a certain conie which has also 
[Ka] for a pole and polar pair. Let the lines p, a meet in X. Then it is 
clear that the polar of X with respect to this conic will be a line which 
passes through K, and through the pole of the line that marks the unique 
Cs,» of the sextic. By taking a different position for K, we obtain another 
such line, and the construction required is completed. l 

Having obtained the Cs,: we may at once deduce constructions for any 
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of the other quadratic covariants. For example, if C is the pole of the Cs, >, 
then the polar of C with respect to one of the conics through Cz, is 
& C5, 2% 

The problem of the remaining quartic covariants of the sextic presents 
no difficulty, as each may be obtained as the Jacobian of Cs, 4 and a 
quadratic covariant. It is easy to determine a conic through the marking 
points of the Jacobian of a quartic and a quadratic. 


VI. A Special Conic associated with the Sextic. 


Consider the joint quartic covariant of &c+ny and 
(Ay Ay, Qas ..., Gg) (2, y)6, 
which has for leading term 
[9 (aja5— ai)! — 18 (ag g— aaa) PEH 50a, — 6a,a4— 9a5) PE? 
— 6 (dol; — azg) NÊ? + (agag— a3) £t] x*. 

Putting £ — 0, the complete expression of the above quartic is 

9 (ay a5 — ai) z* 4-18 (aga — a4 as) ay + (15a9a,— 6a,a4— Jas) x3 y? 

+6 (a444— a3 a3) + (ay a4 — a3) y. 


The following equation represerits à conie through the marking points of 
the above quartic 


9 (agda — a) X?2- 18 (ayag—a, a.) XY+9(a,a,—ay) Y? 
+6 (gy—@, 43) X+ 6 (Aa; — Ag a3) Y+ (ajag— 43) = 0. [K] 
Corresponding to each point P = (c+ ny) of S there will be a conic of 
the system [A], and it is easy to see that the members of this system are 
all harmonically inscribed in (apolar to)* some conic 2’. Now take 
€c+ny to be a marking point P, of the sextic, and, putting € = 0, write 
the sextie as y (bg, by, by, ..., b (x, YY. 
Then [X] becomes the coincident line pair 


[04 X 25, Y+b = 0. 


This line represents the join of the polar 2-points of P, with respect to the 
remaining five points of the sextic, and being apolar to Z' must touch it. 


—— ——— ——Ó—ÓÓMÓ— —— M ———À — M a — HM e 


* Sce Grace and Young, Algebra of Invariants, Chap. XIV, 
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Hence we have the theorem that the sic connectors of the polar 2-points 
of each of the marking points of a sextic with respect to the remaining 
five points touch a conic E', which is apolar to the system [K]. 

[When I, = 0, (K) becomes a pair of conjugate lines with respect 
to >’.] 

In concluding we may remark that the four points of contact on S of 
the common tangents to S and 2’ give the marking points of a Cio,4. 


VII. Construction for the Cz,» of a (2n4-1)-ic. 


F. Morley* has given a ruler construction for the line that denotes the 
C5,» of a quintic (D, P,P3P,P;). In essence his construction is a method 
for finding the point Q, which is the conjugate of P, with respect to the 
four point system of conics which pass through the Hessian points of 
(P,P,D,Dj. The point Q, and the corresponding points Q Qs, Qu Q; 
are collinear in the required line. 

This method is easily generalised to apply to the case of a (2n + 1)-ic. 

In fact, if P be one of the marking points of a (2n+1)-ic, and Q is the 
conjugate of P with respect to the four point system through the C», of 
the remaining 2» points, then Q is on the line that denotes the C.» of 
the (211 4- 1)-1c. 

For example, since we have determined conics through the C; of a 
sextic, we may construct immediately the C; » of a septimic. 

Further, the construction of the C; , of a 2n-ic depends on the follow- 
ing result :— 

If P is one of the marking points of a 2n-ic and (p) denotes the Cz > 
of the polar (25 —3)-points of P with respect to the remaining 2» —1 
points, then [P, »] is a pole and polar pair with respect to a member of 
the system of conics through the unique Cz, , of the 2n-ic. 

Thus in order to treat the case of an octavic, we musi show how to 
construct Morley's line for the quintie which consists of the polar 5-points 
of P,, with respect to the remaining seven points. 

Take P, and P, to be y = 0 and x = O respectively, and write the 
ln LY (Ags Ay Qo, .... Gg) e, y)’. 
Then the required line will be found to be 


[21Ax+14By+12C]+12 [(a?— a, a3) £+ (d, 4— aa) y 4- (as — aza] 0, 


— - — SS ee —— — 


* F. Morley, Math. Ann., Bd. xvi, $496. 
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where Ar+By+C = 0 is the equation of Morley's line for the quintic 
which consists of the polar 5-points of P, with respect to the sextic 
(P,P,P,PQ,P,Pg. This last line is constructed by Section III, and it is 
easy to deduce a construction for 


214z4-14By--12C = 0. (a) 


Again, the line (8) contained in the second bracket represents the 
connector of the poles of the two lines 


aax + 2a43y +a, = 0, | (i) 
a,x+2a,y+a, = 0, (i) 


each of which may be readily constructed. Then [a, 8] is a point on the 
line required. By taking the pair P,, P4 in place of P,, P, we obtain 
another such point, and the line is determined. 
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STUDIES ON THE THEORY OF CONTINUOUS PROBABILITIES, 
WITH SPECIAL REFERENCE TO ITS BEARING ON NATURAL 
PHENOMENA OF A PROGRESSIVE NATURE 


By A. G. McKenprick, M.B., Ch.B., F.R.S.E., Major, Indian Medical 
) Service. 


[Received January 17th, 1914.—Read February 12th, 1914.] 


THE accompanying analysis had its origin in the following problem :— 

An intimate mixture of leucocytes and micro-organisms in a medium 
of serum is prepared and kept at the heat of the blood. Collisions occur 
between the two types of cells, with subsequent inclusion of micro- 
organisms into the substance of the leucocytes. These two stages 
constitute the phenomenon of phagocytosis. The process may be stopped 
at any moment, and a specimen preparation obtained, which, after suitable 
treatment by staining fluids, renders it possible for a complete record to be 
made of the distribution amongst the leucocytes of such micro-organisms 
as have been ingested. It is required to find the mathematical law which 
governs such distributions. 


1. If 9 be the probability that an individual will be affected in a 
particular manner in an event, then, amongst vg individuals which are 
simultaneously submitted to the event, øv, will be affected. The system 
of individuals will, after such an event, comprise two groups, vo which 
have been affected and v4— $v, which have not been affected. Thus, Pv 
measures the decrease in the unaffected class. If we consider an event as 
occupying an interval of time Af, and that the events follow each other in 
gueeession without intermission, then 


ze ee — ovy. (1) 


If we further consider that these decrements take place continuously 
BER. 2. VOL. 13. wo. 1215. 2 D 
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from moment to moment, 2.e., if v, is a continuous function of the time, 
then 


— = — guy, (2) 


Taking into consideration the condition that individuals may be affected 
once, twice, three times, ..., x times, then for each class of individuals 
above the zero class there is an increase due to incomers from the 
preceding class, and a decrease due to outgoers from the class under 
consideration. These are proportional to ¢ and to the numbers of 
individuals in the respective classes. Consequently 


dv, 
Tr = (Vz-1— Vz) ®, (3) 


an equation in v, continuous as regards t, but not as regards x ; for, from 
the very nature of the problem, the happenings z are positive integral 
numbers. 

Combining equations (2) and (8) we have 


dv, E Vp-p Vr 


dv, — vo 
1 dv v, Uo 
v d wo we’ 
d (v, | va 
T 
= c.—| 713 dy, = C+ | ==! dlog 22, 
Uo v? Uo Uo 


where v, = a, when ¢ = 0. 
Let log <2 = m, then for z = 1, we have 
0 


v a 
— — Cim = +m, 
Vo Qo 


where v, = a,, when t = 0. 
Similarly for z — 2, 


2 
Ua M4 G m 
— = — 4 — m ER 
y aQ a 2!" 
and generally 
' 2 r-—1 x 
De 0, 1 05:1 Ay. M a, m m 
SS eS ee het a e (4) 
Ug Ao Qo ay 2! ay (z—1)! z! 
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2. As v, denotes the number of individuals in the z-th class, the mean 
class among the total individuals is 


IEN JyLu 
2 mw. 2 v. 
0 0 
The numerator is 
a 
— +m 
(lg 
9 
a a m 
+2 (2 +— m+ 27) 
Ag A 2! 


v 3 3 
0 a a a, m=, m 
Qo Qo ay 2! 383! 


" 


dos ($+ Int. DE E 


ny (1tm+™% +.. PT s) 
+ (142m 43 + +2) 


=v : m n ^ 
TEE a (248m4 7 +. cro a 


Ey: 


Qo 
When x is very large, we have in the limit 


Uo l me" + qe n) erm) +...+ Fr e" (r-]-m) ... | 


tt) 


n (€ ra, | 
we (O22 TESI 
= mlatar ta:t...) 4- (a4 +2a,+3a3+ ...). 
The denominator when similarly treated becomes 
oye” (1+ dpud +...) m aka basa sss 
0 


a8 it should be, since the total number of individuals is unchanged. 
2 pn 2 
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Thus the mean class is 
in in 
m+( > ra, X as), 
. o > 0 
or if u, denote the mean at the time f, 
M — My = m. 


Equation (4) may be now written in terms of the mean, 


PN 2 
v, = e Tro) iiaii unt +... 


pm = 
2 dm 
From equation (2) we have Fr $; 
t 
therefore Mu = | pdt. 
( 


Thus the complete solution is 


Len] E. 


v, — Tht” | a.a. |, odt+a;-2 


rap! 


Note. —The square of the “ standard deviation," t.e., 


r 2 =m 


>> (u — xy. D > Ur, 
0 0 


ai téa: 3- 9a44- ... ! 
aota taat... ) ' 


which, when. u, = 0, is equal to m. 


becomes e^ Mb ugt 


3. In the particular case of the phagocytie experiment the following 
conditions occur :— 


(a) All leucocytes are initially empty, i.e. 


x 


N 
ceM! 


A. = Ay and Mo = 0. 
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(b The probability ¢ is an unknown function of the time. It is 
dependent on a diminishing concentration of micro-organisms, on a 
diminishing concentration of specific accelerating substances in the 
serum, and on the temperature. The distribution is thus defined by 
equation (4) in terms of vo, as 


ELE 
or, by equation (5), in terms of the mean, as 


= (u) 
Vr, = Ape Pt E ° 


In the following table are shown results observed by various workers, 
and figures calculated by equation (4) from observed values of v, and dy. 


| 


i : 
Calc. Obs. ! Calc. Obs. | Cale. Obs. Cale. Obs. | Calc. 


— 


(19) 99 | (99) 41 | (41) 620 (620) | 632 | (632) 


rz0 19 
1 59 57°89 297 206°8 196 1191 282 296-3 282 | 290 
2 98 882 908 | 216'1 154 1731 79 708 65 © 6065 
3 88 ` 897 134 |1505 164 ' 1677 | 16 : 11:29 16 ' 101 
4 65 | 68:04 78 | 78°63 121 {1218 | 2 | 1349 4 11 
5 97 | 41:58 | 94 | 32:85 62 : 708 | 1 0131| 1 0:10 
6 17 : 2112 9 | 1144 36 94:8 | 
7 8 | 919 7 3:415 35 14°2 | : 
8 5 3:501 3 0:8921 5 517! 
9 2 . 1185 0 9 1:67 
10 1 ; 0361 0 3 0:48. 
11 0 | 0 1 | 
12 1 1 


| | | 

Mean 3:005 | 3:04702 2:0825| 2:0832 , 38:040 | 2:9065 ; 0°50 0°47804 | 0°48 , 045887 

S.D. i ais 14194] 1:448  1:8997 1:74" | 0°74 07757 | 0°74 | 0:6893 
l 


4. As an example of a complete solution in the form of equation (6) 
the distribution of collisions amongst a, molecules of a gas occurring 
subsequent to an arbitrary point of time ¢ = 0 is denoted by the equation 


dv, 
dt = (0; 1— v) aq Y, 


where y. is constant. The solution by equation (6) is 
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5. Returning to equation (4): in cases where 
X a, -— ag (ee, ug = O), 
0 


let us ascertain the maximum value of v. This will be the r-th term if, of 


m77! m” mitt 


the middle term be the greatest, or if, of 
a(e+1), (rJd-1)m, m? 
the middle term be the greatest. 


Thus, r<m<rtl, 
or x must be the greatest integer not exceeding m. Proceeding to the 
limit where a, is indefinitely large, and the number of classes is in- 
definitely large, we may put zr = n, where r is a fixed small quantity. 
Thus, in the limit » may be regarded as increasing continuously from 
class to class, while z increases by successive steps of unity. The mean, 
for the continuous curve whose ordinates are v, and abscisse 2, will be at 
n=ır=mr. The mode occurs when n = (m—/f)7, where f is a fraction 
less than unity. Thus n is equal to mr in the limit for the mode as for 
the mean. 

The form of the curve in the limit may be approximated to, by the aid 
of Stirling’s formula, 


at the mean, where z = m, Omn = —=—, 
y 2mm 


and at a neighbouring point where z = m-+r, 


aye m? +r 


3 —— ————M—MM————s 
Un er Var e (mtr) (m-J-r)^***i 


m 5 tg =...) 


= (14 5) (r— HM =.) 


mtr +8? 


Ym 12m? 


Now log (1+ zy" = mr (Z 


= r+ 
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Thus Dads do e € + r) 2m + (2r! + 8r?) I2m3—.. 
A 9m 


and if 7 be large, though small as compared with m, 


o hai EEN zn (7) 
aM O0 


Umir 


6. In three dimensions equation (3) has the form 


dv. Wc 


dt = (0.1, y, * — Us, Un 2) dit (ts, y-hz — Uz, Y, :) pat (t., y, 3—1 st Uy, Y, 2) $3. 


Consequently when 4, = pa = 4$, we have 


dv,. ME cuum U,-1, Y, ety. y—1, zt Ur, y, 2-1 


Bvr, y,2 
? 
dvo, 0,0 — 3o, o, o 


which, when y, = 0, has for solution 


Uo, 0, 0 e 
9 


z!gy!z! (8) 


Cio e 


7. The theory which has so far been developed refers to cases of 
an irreversible nature, in which the only limitation to ¢ is that it is not a 
function of z. This restriction may now be removed, and equation (8) 
may be written 


dv 
ui m i Uz-1 —f, vz) $, (9) 


where f. is a function of x 


Consequently E 2 = — fono or = = fod, 
where m = log c. 
Vo 
dv, 
Thus dm 3 - V; = U;-1 


whence o, m ets [ Ment mec]. 
0 
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When r=1, 0, =e ifm | vernon dnt, | ; 


but vy = age", hence 


(AJo—1)m 
= grim pat Lc, — Gb" s pia fon. 
= e € 
| &h |" AAT 
D 


In cases where u, = 0, t.e., a, = O for all values of r other than r = 0, 


C, = — efe 
] Jh 
Consequently 
ERN Jo ( Ag _ ") I 1-fı fo) 
vu =» 1— — e (fi fo) =» 1— de Ado my | 
: ° fi— fo Ug Af, 
Similarly, 


2 fo Ji Rh 1-fı fom l-h Sm 
ee em 


In the case where f; is a linear function of x, we have, for f, = b+ cz, 


b | 
UV; = Ug T a ae 


b b (1—2e7* dum 
n= wr) TN 


wank (bt) (Eten) SE qo 


The mean grade is 
r=% 


b 
z ld, — P V, = — A = u. 


The square of the standard deviation is 


L=n r=2 r= DP 
E (u—zfyv,- È y= 2 
0 0 0 


Hence in terms of these moments 


yes 


0, = Ay b (2 +1) (2 +z—1 
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For f, = b—cr, we have similarly 


ebem 31x 
Te n (= -1).. (> —2+1) er, (19) 


r! 


TE (1 s e n "y 


8. Let us now consider cases in which the phenomenon is of a 
reversible nature, and let us confine ourselves to partieular cases in which 
¢ is independent of x. Equation (8) takes the form (in one dimension) 

dv, 


d: 9a-13edv) 9. (14) 


In order to include cases in which & is a function of the time, let 
us write ¢ for | pide. 


v 


By Maclaurin’s series we have 


v, = (v+ (T, t+ (52). f d: 


If when ¢= 0, v, = a,, then for z = 0, 


~ 
ez 

QU 

e 
I 


Go; 


dv 
M 


(Tx) = 4.5—4a.,4-6a,— 4a, + a, 
0 


dt? 
(^v 2n (2n —1 
Gal = a-,—2na-s,1-r D a aas 
+ AC ara öl 


2! 
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Similarly for z — 1, 


(vg = l, 


dv 
(=) "no ae 2a, a2, 


dv 
(58). = a_,—4a,+6a,—4a,+4s3, 


and so on. 


In the case of an instantaneous point source ay at x = 0, when t = 0, 
all terms except those in a, disappear; and the derivatives in Mac- 
laurin’s series for vy are equal to a, multiplied by the coefficients of 
the middle terms of binomials of the type (a— 8)” (i.e. the n-th terms), 
whilst for v4, the coefficients are those of the (n F 1)-th terms of the same 
expansion, and for v+: they are those of the (n + z)-th terms. 

Consequently 

nee yes 2n (2n —1) ...[2n — (n—x)+1] t 


V: = da > (— 
ö er (n—2a)! n! 


aes 2n! P 


— do 2 er (n—ı)!n!(n+r)! (19) 


The distribution is obviously a symmetrical one. The mean grade is 
at z= 0. 
The square of the standard deviation 


y= > (u— r} v: > = v, = 9t, 
0 0 
where t= | pdt. 


9. Cases in which the number of classes is limited are found in the 
laws governing chemical reactions. Thus, confining ourselves to mono- 
molecular reactions, we have 


(a) For an irreversible reaction in which the number of classes is two, 


dv dv 
20 = = p 3 cd — p ) 
dt Yor dt "o: 


which, when v = a, and v, = 0, when t= 0 gives 


dv, _ 


dt — p (dao — vi). 
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(b) For an irreversible reaction in which the number of classes is three 
or more we have 


Avy _ 
a Po Yo» 


dv 
di = $Qvo— $t, 


dv, 

dt = $.,-10.-1— (xv, 
dv, 1 
dme. 


(c) For a reversible reaction in which the number of classes is two, 


dv dv 
at vec En = — dt $10, 
dv, 
or for three classes, Hr Polot Pile 
dv 


d = $qU,— $101 — $30, + 93s, 


dv 
d: = $4U,— gs. 


In the theory of the spread of epidemies by contagion similar cases 


occur. For instance, where there is no recovery, we have for distribution 
according to multiplieity of infections, 


dt = (0; -1— Vz) $ 2 Ux; 
where a, cannot be less than unity; and in cases where the community 


may be divided into three classes, v, not yet infected, v, affected, v, dead 
or immune, we have 


dv 
dt = — PU, 
dv, 


Pr $7, v1 — Y^t;, 
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10. Cases in which v, is a continuous function of z. The differences 
Az between successive classes have been, in the cases considered in 
paragraphs 1 to 8, equal to unity. Let us now apply the same reasoning 
to cases in which Az may be made as small as we please. 


11. Irreversible Phenomena.—The flux over a face c—JAr of a 
parallelepipedon Az, Ay, Az, whose centre is at æ, is proportional to 
V,-ar Ay Az, and that over the face x+3Ac to —v,AyAz. Consequently 
the excess of influx over efflux in the parallelepipedon is, in this dimension, 

1 
equal to —¢ — dr. dydz, as Ar, Ay, Az tend to zero, if ¢ be independent 
of z, y, z. But this excess can also be considered as the rate of increase 


in the contents of the parallelepipedon, i.e., by A, or by the rate of 


i ; "M CU 
Increase in concentration, i.e. by En dz dy dz. 


Hence equation (3) has the form 


QU _ Ov 
pce US) 
whence v = f(z— 9t). 


Thus, for any constant value of (r—4t), v is constant, that is to say, 
equation (16) expresses a translation along the x axis. 


12. Reversible Phenomena.—In this case the flux over the face x —1Az 
is proportional to PE RE Ay Az, and that over the face z+3Az to 


U,— Üy4 Ar 


en AyAz. Thus, if $ be independent of x, and identical in 


the positive and negative directions, the excess of influx over efflux, as 
Az, Ay, Az tend to zero, tends to 


Ov, ji C r—ldr 
( rer, v 4*) dydz, 


CL x 
ssa ov 
which 1s equal to J dr dydz. 


But, as before, this, with similar terms in y and z, measures the rate 
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^ 
. e . e . cv 
of increase in concentration of the parallelepipedon, i.e. ap ae dydz. Hence 


ov, 0% cy d?v 
Eat tens (17) 


If ġa, p, and ¢: be equal, that is to say, if there is randomness in 
direction as well as in sense, the equation is that of Fourier. For an 
instantaneous point source of value Q at z = y = z = O0 the solution is 


$e Q —(x* + 2+ =?) I6l 
t=; mon ; (18) 


This is the error function of Gauss in three dimensions, and is the 
logical outcome of equation (1) for cases of random reversible progressions, 
from & point source at the origin, in which v is a continuous function of 
t, x, y, and z. 


18. Incomplete Reversibility.—Certain cases occur in which ¢’ in the 
positive sense is not equal to $ in the negative sense. If we divide the 
greater, say $', into two quantities p and Y (i.e. Y = $'—4), we may 
consider the phenomenon as the resultant of two progressions, one of them 
reversible and proportional to ¢, the other irreversible and proportional 


to y. 
Thus, eombining equations (16) and (17), we have in one dimension 
Ov ov Qv 


The solution of which for an instantaneous point source at the origin, 


18 
v= Q e Ua yty ipt (20) 


EP. 


14. When ¢ is a function of z, the flux over the face r—3A: is 


Vyp—ar— Ur 
Puttar mu ae Ay Az, 


that over the face x+iaAr is 


— Dr+4ar ae Ay Az. 
KL 


Hence the excess of influx over eftlux, as Ar, Ay, Az tend to zero, is 


^ 
OV zd CU, ldr 
— dr m dydz+ iyu m dy dz, 


C 
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T Op, Cv 
hieh l (9. z =) 
which is equal to p coy oe T dc dy dz. 
Co , Cp | og, Cv _ O , Ov 
Hence, as before, "ram $: 3 + abe A. ADÜUmS (91) 
If ¢, = x2?, we have 
CU _ 9 OV cv) = ex (z$ e? = Cv 
C P (n za par Tor aad "Er ur" 
|. 0 Ww cv ev OU. 
OM Or Or ‚ten = «ge TESI. 
hence v = Q e (9€ Xo kf) idat 


ON rt 


15. A modification which is of peculiar interest to statisticians occurs 
in what I may call the target distribution. It may be obtained as 
follows, taking the type of phenomena dealt with in paragraph 13 as 
an example. Consider a case of random diffusion in three dimensions, 
combined with translation along the z axis. 


cv (Cv , Cv Cv 
T s(a tiatia) jor 


The solution for an instantaneous point source Q at the origin is 


Zu Q g^ Lett t+ Gn aet 
8 (mept)? 


Let a target be introduced in the plane z = a, which records the 
position of particles in transit, but does not interfere with their progress. 
Writing Ê for z?°+y°+a’, and integrating according to the time, we have 


4 zi TR m Qe*" = |, e rate C 
t 3 


ö 8 (74) 
_ il 
putting = Vt" 
a2 = a— Vzte yt tat 
A= Qe" d | eg "9 36-9? aor ds — (Cail nn (22) 
8 (T9)! Jo drev z^ +y ta 


On integrating again according to x and y, from —œ to +œ, using 
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polar coordinates, we have 
* f? ya $ r^? 
B= | \ Adrdy =< | : 
ze dro Jo Jo v+ 
u Qe" 2 [ e 2p Vira 
26 Jo VPH 
Putting s? = PHa, 
B = )e"^ 2 m a _ Q 
2p y 


a 


uU 2 V r 4. o0 


rdrd0 


r dr. 


Now A represents the length of time during which any point whose 
coordinates are z and y has been occupied by particles in transit across 
the plane z=a. It is thus directly proportional to the number of 
individuals which have crossed, and inversely to the time occupied 
in their transit. It will be noted that in the differential equation the 


translation due to the factor — y 2e does not deviate from the direction 


z plus, and that, since by hypothesis ¢ is random in direction and sense at 
any moment of time, momentum is excluded ; thus, any lengthening of 
individual occupation due to obliquity of transit is equally probable at any 
point in the plane z = a. 
Hence if tw, , represent the number of transits at any point z, y in the 
plane z = a, 
y 26 (a— Vit + y! +a) 
Wr y, = AY = QY N S ; 28 
» y V 4T Vr -- y* -- a? ( ) 
and the total number of transits is 


By =Q. 


The approximation of the target distribution expressed by equation (28) 
to the error function, when y is great as compared with ¢, and 2?+4/ is 
less than a?, may be shown as follows :— 


y ey 2b (a- Vr et) 
w = SA 


ELEME 


= QY era (1— VTF a$)- 3 log (1 +72 a2) 
droa 


— QY e"? 26 (— r? 2a3  r! Sa$ — 15 1606+ ...)— (r? 201? — r! 4at + 15/628 — ...) 


iroa 


Em Q y e 4ga [(1+2$ ya)— r? 4a? (1 4$ va) t rt/sat (14 16h 8ya)—...) 
droa l 
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16. In conclusion, I trust that I have in these notes directed attention 
to methods of attack which will be of service in the solution of problems 
chiefly of a biological nature. Statisticians have not, I think, recognized 
the applicability of Fourier’s theorem to many of the problems in the 
investigation of which they are engaged. If diffusion be considered 
as progression, random in sense and direction, and uniform as regards 
time, its applicability is apparent. For instance, the broad lines of 
mosquito distribution may be resolved into a problem of “ sources," and, 
if destructive methods be employed, it may take the form of a problem of 
“sources” and “sinks.” The range of applicability is further ex- 
tended when the dimensions are not those of space, but of degree of 
certain characteristics. In paragraphs 13 and 15 I have broken ground for 
further investigation into the processes of Evolution; for evolution, with 
its accompanying degeneration, is in its essence a phenomenon of in- 
complete reversibility according to a number of characteristics. A 
collection of fossils is a target distribution, though of & much more 
complicated nature than the simple case I have instanced. The target 
may be considered as a fixed degree in the development of some 
characteristic z ; the target distribution will classify this selected population 
according to degree of characteristics x and y. Some of the population 
(z= a) will be early comers and some late comers, and, according as 
they come early or late, so will they tend to take up different positions 
according to the characteristics x and y. 
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GENERALISATIONS OF THE HERMITE FUNCTIONS AND THEIR 
CONNEXION WITH THE BESSEL FUNCTIONS 


By H. E. J. Curzon. 


[Received November 10th, 1913.—Read December 11th, 1913.) 


Introductory. 


In a preceding paper I have discussed a connexion between the 
Hermite functions and the Legendre functions analogous to the 
connexion between the Legendre functions and the Bessel functions." 
Prof. Hill suggested to me the problem of searching for a similar relation 
between the Hermite functions and the Bessel functions. The present 
paper arises out of that suggestion. A connexion is established between 
the Bessel functions and certain functions whose properties have recently 
been discussed by Prof. Karl Pearson and Mr. Cunningham. These 
functions may be regarded as important generalisations of the Hermite 
functions, and in the course of the paper it will be seen that if we 
are restricted to searching for a relation between the Bessel functions 
and the (non-generalised) Hermite functions the problem evades solution. 

In a memoirt read before the Royal Society in June 1908, Mr. 
Cunningham discusses the generalized form of certain functions occurring 
in statistics and called by Prof. Karl Pearson by the name of w-functions. 
The function w,,, discussed by Mr. Cunningham arises in searching for 
all the solutions of the differential equation occurring in the theory of the 
conduction of heat, 


2 
that have the form f e () O, where O depends only upon angular 


* Proc. London Math. Soc., Ser. 2, Vol. 12, pp. 236 et seq. 

t ‘‘ The w-Functions, a Class of Normal Functions occurring in Statistics," E. Cunning- 
ham, Proc. Roy. Soc., A, Vol. 81, 1908. (For particular values of m the function œn, m is 
very closely related to the function 7^," occurring in Sonine's '' Memoir on the Bessel 
Functions," Math. Ann., Vol. xvi, $840, 41.] 
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coordinates. The characteristic property of these functions which renders 
them of interest is that they all vanish at infinity like e””‘, so that they 
are specially adapted to deal with problems of the cooling of infinite 
bodies, more so in some ways than the highly developed Fourier analysis. 
But their special advantage lies in the possibility of fitting approximately 
a given initial distribution of temperature by taking a few terms of an 
expansion, the coefficients being found in terms of the successive moments 
about the coordinate axes, a method of very general adoption in statistics. 
The problem of fitting surfaces to frequency distributions in two 
qualities (see the example in Mr. Cunningham’s paper of the ages of wives 
and husbands at marriage) is, unfortunately, made very heavy by the 
enormous labour in finding moments in two variables. It may be noticed 
that, for ¢ = 0, the functions vanish everywhere except at r =0, so that 
they seem to suggest a means of dealing with problems of the cooling 
of a body which is originally strongly heated in a small neighbourhood 
of r= 0. 

In concluding these introductory remarks I have to very gratefully 
acknowledge the debt I owe to Mr. Cunningham for his valuable 
suggestions concerning the types of problems to which these functions 
may be applied, and for his kindness in allowing me to embody these 
suggestions in my preface. 


1. The fundamental differential equation and its solution by two 
definite integrals. Definitions of H,,, (x) and K, , (2). 


The differential equation for wn, 4 (£) is 


t FOIE t (n+1+ =) y =0 (p. 818, Cunningham). 


On putting 
y — eta. é = g, n = 3 mE m = — ġ +m, 
the equation that arises is 


Ëz , 2u dz dz = 
de En dr ^ ^ as +2(v—p) z= O. (I) 
When u = 0 this deforms into Hermite's differential equation. It forms 
the fundamental differential equation in this paper. 
It is easily seen that, on making the necessary modifieations in 
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Mr. Cunningham’s paper, this equation is satisfied hy 


| c (t — 1) eted p u=- qt, 
L 


if the integrand has the same value at each extremity of L. 

Let To,ı denote a contour starting where the real part of z?i is infinitely 
great and negative, circulating positively round the origin by means of a 
eirele of radius greater than unity and returning to its starting point. 
Then the function H,,,(z) will be defined by 


H, „(£) = iz f, et (6—1) 69970 pu- qr, (ID 


where that branch of (£—1):**"-? is taken which assumes the value 1 
when the modulus of t—1 is unity and its argument zero, and that branch 
of (5-9? is taken which assumes the value 1 when the modulus of £ is 
unity and its argument zero. H,,, (x) is a solution of (I). 

Secondly, let yo,1 denote the double-loop contour that begins at a 
point £ — 1+c, where c is small and real and positive, makes a small 
semicircle of radius c above the real axis round £ — 1, proceeds to near the 
origin along the real axis, circulates positively round the origin by means 
of a small circle, then proceeds along the real axis to near the point ¢ = 1, 
circulates round ¢ = 1 by a small negative circuit, proceeds along the real 
axis to near the origin, circulates round the origin by a small negative 
circuit, finally proceeds along the real axis to near t = 1, and describes a 
small semieircle under the real axis to finish at its starting point. 


; | IN om. 


Then the function K,,, (x) will be defined by 
gh C 7i ri » sci edet 
Keen | e" (t — 19 9*7 d dt, (dm 
47 COS —— 77"? 


the same branches of (6(—1)***^-P? and ¢#@-” being taken as before. 
K, (x) is (in general) a second solution of (I). 
These two functions H,,,(r) and K,,,(z) may be regarded as generalisa- 


tions of the Hermite functions. 
922 


490 Mn. H. E. J. Curzon [Dec. 11, 
2. Developments of H,,(r) and K,,(x) in ascending power series 


2n gz. 


Let v= z?t. Then 


1 U à(vt 4-1) 

H, (x) = — | j (5 -1) ui 7071377 du 
9T Poss x 

2v A(vtu—l1) : 

wi du, 


1-3 
T -f E (1- x 
lo, ,* 


97i u 
where Io, + circulates round the origin by means of a circle which encloses 
u = x, and starts and finishes where the real part of u is infinitely great 


and negative. 
Thus at all points along the path of integration, 


2 
—_|<ı 
u 
Thus 
ala 2 -Fu—1 >) o dre 
HA...) = 2i ES 2 i Da *. T du, 
ji 
where B) denotes ~ = nem, and where I‘, denotes a con- 
tour that begins at the negative end of the real axis, circulates positively 
round the origin, and returns to its starting point. Hence 
m = E vtu—]1 yle +2r | 
en mM 
» 
In particular, 
r (= (—1)" at?! r=) " - 
st 9 Nu 2 y (—1y (2r)”* 
da Wes EE e 
rl 2 —r) TD (r+ 3) | Qr »ir( 2 —r) 
c vmi 
T 2 /*  U.()—U.(—2) 
«om Ten Ä me 
oe 2 sin > 


(see p. 240, preceding paper*). 
* In the formula (v) of p. 240, there is an error. The terms z^ and z?'*! should be re 
This error is isolated and does not affect subsequent work. 


placed by (2x)? and (2z)?*+!, 
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If v+u is an odd positive integer, then H,,, (x) is a terminating series. 
The case where (3—4) is a negative integer receives special attention in 
the next section. 

Before developing K,, „(x) as a power series, we have first to consider 
the integral 
Ly m r = | ({—1)2@te-) phQ—v)tr—1 dt. 

Yo. 1 


Suppose first that the real parts of w+u+1) and of (u—») are each 
greater than zero; and that r is a positive integer. 
Then 


0 
I "REL -e ei (v+a-]) "| (1 — z)iete-Ygi—v)tr-1 dr 
| 1 


1 
+ ela ta-Itu-v] "i (1— r) (v*tu-1) iA(u—v)*r-1 dr 
0 
9 
decies nets] (1 — g) Cte- ri (u-v)+r—1 dx 
1 


1 
eterni] (1— pCt) giG—v)t+r-1 der 
0 


T (ce) T Ce +r) 


2 D(u+r-+4) 


The restrictions upon m, v may now be removed by means of the reduction 
formule for the beta functions. 


Hence 


K, „ (x) = 


cio 7i S ry bv (TI 
v+u Kan Ds y! [ y ( )] 
3 


—p (EM > (—1) 2?" 


To ocurre. VD 
MD (5 - +1) P(u+r+3) 


In particular 

v+1\ ‚nu 
PESCE ee 
7: V(v+1) vr f 


2 cos 5 


Ky, LE (x) = (Vb) 


Combining (Va) and (Vb), we obtain 
="Tw+1l) í var 


5 ay p* 2 
2 


Dr K,.(@)+sin z H, o (2) | . (VD 
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This leads us to construct the following generalisation of the U-function, 
viZ., 


| "ns p d | 
"e 3 T (vu +1) | cos —3- m. K, (x) 3-8in à vH.) 
Ten (tet 1) | eè 679" cos um | 


(VIII) 


It will presently be found that this function is intimately connected with 
Cunningham's generalised w function. 

Returning to K,,,(z), it will be seen that the series terminates if 
y— is an even positive integer. 

The exceptional case that arises when «+4 is a positive integer or 
zero is treated in the next section. 


(a) If v + is an odd positive integer, and at the same time u—v is an even positive in- 
teger (not zero), then H, „ (x) becomes zero. In this case we may take 


H„.(«) = a (t+ 1) ven un -1 dt, 
T Jo 
as a solution of (I). 
(8) If » * is an odd negative integer (u not being half an odd integer, a case dealt with 
in the next section), then K,,,(x) becomes infinite for all values of x. In this case we may 


take RS 
Dee ee Ke e 


l—v—p)\ rao v-u_. 
TEET Deiner ed) 


as a solution. 


(y) If v—n is an even negative integer (not zero), then K,,,(x) vanishes, here we may 
take as a second solution, 


r (eH) Pe +r) p 
But) = 4 3 I IL. 
T reo TiT(utrl) 


(5) In particular 
K,,.(z)=1 and Hy-1,,.1(z) = ene 
3. Discussion of the case when u-F- 3 is integral. The W, , function. 
It follows at once from (IV) and (VI) that 
E, (x) XR H, (x). 


To proceed further, let » = +p, where p is a positive integer. 
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Then 
es ENSE 
Hne o) mace p (ELEA) S —— HT __ 
| rt (ete —r] T’(1+r—p) 
3 n BETTE 
= (nr (tet?) s —— 
mop (EEE s) T(- +D! 
= (—D^K,,,() [by (VD]. 


Similarly it can be shewn that when u = 3—p, where p is a positive 


integer, that Kee esq Ha 
Thus, in general, if p is integral or zero, then 
H,, 445 (2) = (—1)? K, 34, (x), (IX) 


and a second solution of (I) must be found in this case in order to com- 
plete the solution of (I). 


Adopting the same procedure as in dealing with the Bessel equation 
we form a second solution W, +(x) by taking 


W, 1, (x) = Lt (—1* H, 4+ GE N) 
e—»0 


The expansion of this in the form of a series is not required in the sub- 
sequent work. 


The preceding argument needs closer investigation when », as well as u, is half an odd 


integer. Let v = c—i, and u = p+4, where c and p are integral. Then 
+p+1\ 2 alu aee ? 
Hopon la) = r (FE) 3 —— C —  —— y (EV), 
"TID (= -r) r(1+r—p) 
2 
+ +1 P =] r g 
K, sale) e r(**2* 5) 3 ca [by (VD), 


| r0 PD (oet =r) r(1:r-p) 


and further discussion becomes necessary when e +p is odd and negative, If in this case p is 
positive, no difficulty arises, for the first series merely merges into the second. But suppose3p 
is negative; then an examination of the second series shows that a distinctly exceptional 


case arises if c — p is positive, so that zer! is a positive integer and necessarily less than 


424 Mr. H. E. J. Curzon [Dec. 11, 


—p. In this case the theorem of formula (IX) must be modified as follows :— 


: UE Ei —2(m+e,,)+ Qe), 4-7 Qe) 


Tw»-m — P q 2, 
an (—1)"-™ Lt ( s) 3 n- y ak x E 
e, 7*0, en 20 Em r=0 r! (n —m—r) ! (m — 1) ! 


+(=1)" l Lt (1- =) H-2n «n, 4 - » (X): 


€, 20, ey >20 Em 


where m and n are positive (non-zero) integers, such that m £ n. 


4. Formule of transformation required in subsequent work. 


On applying the transformation £ = 1—«w to each of the definite in- 
tegrals (II) and (IID, it is seen that e" H_,_1,, (tx), and e" K_,_;,, (iz) 
are constant multiples of H,,(z) and. K, ,(z) respectively. 

On examining the initial terms in the expansions of each of these 
functions, we obtain 


e" HL, a, a (ix) = eirid-?2H, (2), (XIa) 
cos Ht 
and ed veru) —— K, , (2). (XIb) 
sin —— 7 
2 
Further, by using (IV), 
_ oo MN T uer 
"=° MD ( 7 —r+1) IT’d-+r+u) 
r (5*1) xn 
= 75>" K, , (x). | 
"T tatty nid ms 
2 


5. Recurrence formula. 


" ay .@)= zs ((— 1) 9*»-D Be) x edt [using (II)] 
f° We Toy dt 


=—. l e" (t —1)6*»-9 [670-1 
Oi I'o,1 
(4-4 —1)t4- (& —»)(t—) | dt. 
Therefore 


z D Hs LG) (a) H, +0 Fa —1)H,-s, (1) = 0, KIM) 
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On differentiating (XIII), and then using (XIII) along with (I), we obtain 
(a —v) H, , (c) + (8/—8 — 2x?) H, s, (£) + (8—u—v) H, ,,, (x) = 0. (XIV) 


I(v-u)mi 
These relations also hold good for A,,,(x), since EU is unaltered, 
of increasing v by an even integer. MEET d. 


Another set of relations 18 obtained as follows :— 


£ H, ,(x) = 2rH,-ı, ur (2)' [on using (IDJ. (XVa) 


From this is obtained the relation 
9r  H, 2, w+2 (x) + (Qu +1 — 22’) Ho. (z)d-(v—A)H,,, (x)= 0. (XVb) 
On turning to (III), it will be seen that these relations (XVa) and 
(X V5) also hold good for 


v u 
2 


COS mT 


K, „ (2). 


6. The connexion between Cunninghams w-function and the H and K 
functions. 


First suppose that the real parts of v+}+u+1 and of u—v are each 
positive (and suppose for instance that z is real). 

Let the contour I; take the form indicated in the accompanying 
diagram. 


-— 00 «—— 
0 1 
Then 
1 (? l 
H,, a(r) = -—— | e Peck tu-Dri(u 1560 *47De-7 i6 -79»-1] mi yà (.-»)-1 (—du) 
21 J,,, 
1 1 
+ xl elem} (v t&—l)mi (1 MSN py o tn- [07071 dt 
AT. Ja 
p 
T "d e”! gà (t a -1) ri (1— Diet» Be -9»-1 qt 
Welt 
+ | et seta dry 1)i@te-) eli(u-v)-1 wi Wen 7 ( du). 
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. 3 » 
sin(u—3)7 " PENN Pe 
0 


. vtu-—l 
Al 78 1 
PEN et a En MUR | e"! (1 —1420530*»70 po -7?-! qt. 
7 0 


Now applying the same method as that used in $ 2 for evaluating L, „r 
we obtain 


K, ,(2) 
\(v—p) at 
€ i ] Bee i 
= tr con He eT -9 gin = v 7 COS Se r| e” (1 — p vtu-D p-r) 1 dt 
47 eos —— TE 0 
gn = 


Exe | e" (1— 0M *»-» po -»-1 qt. 
T 0 
Using the notation of $ 2 in Mr. Cunuingham's paper 


1 
3 RR E -rw Kr+a-1) 45 -»)-1 
€ ww} p(T) zi N e *"(u-- 1) u du, 
where y, denotes a contour beginning where the real part of z*"u is in- 
finitely great and positive, circulating round the origin by means of a 
circle of radius less than unity, and returning to its initial point. Thus 
with the present restrictions upon v and u, 


gà ^79 rt gin E 


—— 1 T 
€" wy cà, wa (7) = | e 7" (u4- 1) *»7D ytu- du. 
0 


m 


Therefore, if the real parts of v+u-+1 and 4 —v are each positive, 


— COS ur ^a Hr 
H,, (x) = = crue n-a (2?) + ep Enele). 
à(u—v)ri air ' in —— 
er gin à T sin à T 
That is, 
cos TE a, A. 4G) +sin — Er. H,, , (x) 


e" oy u- (°) = (XVI) 


e C7" cog um 


And the reduction formule (XIV) and (XV) hold good, as can easily be 
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shewn, for each of the functions 


V . vo 
Cos au 7 gın -~ T 
COS uT. C^ eg p-a (E), ee Enele), ee Hua). 


Hence the restrictions laid upon v and u may be removed. 
On applying formula (VIII), formula (XVI) takes the form 


etw] (zu =) 


7 Go-c«1 


The most important case in Mr. Cunningham's paper occurs when v—n 1: 
an even positive integer. In this case formula (XVI) becomes 


own) = KR, , (2). (XVIa) 


Ua). 


x? HRS 
6 oc sc C  — 


Another important case occurs when v+u is an odd positive integer. In 


thi | , 
is case €" oy, usa) = ed H, La). (XVID) 


An interesting case arises when « takes the form p+4, where p is 
integral. For, on putting u = p+4—e in (XVI), 


€" 03,1, sse.) 


cos Epio TN, pcc) ein PIE: a a PETT P 


ev7e7** 90r! eos (o+ —e)r 


gin Cp m. H, p+- (2) —(— 1)’ sin remie T.-K, pth- (T) 


(— 1)? er 7?75*9*"' gin er 


= sin (v— p —3) 5 008 == H, + _.(z) —K,, a | 


eU 7 07**9 hri gin er 


bri ur | s . ET (—1)? rai uet Bet 

TORUS PRA 9 5g | eat) dn! gin er | 

Hence, on making e tend to zero, and on using (IX) and (X), we obtain 

if p is integral, 

gin (v — p — 1) x eos v—p—3) > 

— Wu Wr p432) + — dmm Kn a Q)- 
(XVIc) 


€" wy i p (°) = 
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7. A connexion between the Bessel functions and the functions 
H_,,(2), K, (£) respectively. 


In the fundamental differential equation (I), let v = — 3, so that we 
have to deal with the differential equation 
Ty 4 98 WY _ 97 You ti)y = 0. (a) 
di x dz 


Now let y = e” zi-^t, so that the equation for £ is 


dt, 1 zl 2 wae) = 
ee (2+ 452 oe 
On writing z? = — 2iv, this becomes 
u 1 ) 
dt , 1 dt (- [2 4 u 
diy do t\IT y FO 


This is the differential equation for the Bessel function of order 


a = i. Thus the general solution of (a) may be written in the form 


y = deb at Ja (5f +) + Be t3- “Jiu- (5). 


provided 5 — = is not integral. 
Since H_; „(x) and K_, , (x) begin with terms in x'~** and x? respec- 


tively, it follows that 


1 z? 2 xi 
H-;, a (2) = Ae rJ aua ( 2) and XK.,,(x)- Be? xc? “Jy, 3 (=), 
where A and B are constants, provided u is not half an odd integer (see 
$ 3). 
On an examination of the initial terms in each expansion these rela- 
tions become 


À Q(u—i)iri 2, 
H, w) = Z = ee] aad (=). (X VIIa) 
(4-3) 
4 2 
jede 22 
Hm er, (=). (XVII) 


(1-45 i 2 
4 2 
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MF NE : 
The case where 5 — 7 B integral calls for special attention. Here « 


is of the form 2o0-+4, where o is integral or zero. Then, because of (IX) 
and because of the relation between J,(z) and J_,(z) when » is integral, 
the relations (XVIIa) and (XVII) become equivalent. 

Now, by using (XVIIa) and (XVIIU), 


(VW H -, sea-» (7) — K a, 26 44a s Qn 


= I'(—o+e) 2e 


: 2. ET 
mee T iie DUM  -inio £y) 
- art eh pelee) COS 9 \ € J _(a-.) ( 9 ) € J (s — €) à j 


~ Tote) 2e 
ET ( brio (5) —hrio (55 
NS OBL Jasa 5 +e J (e-e) 3 ) | 
2e l 


Hence when ø is integral, by using (X), we obtain 


"ns eomme e ut o. LÙ ) : 
We) = orgy ae (Fg) im (a) XV 


where Y, is Hankel's form of the Bessel function of the second kind, viz., 


Y, (2) = Lt OI J MI) 
e—>0 € 


It is to be noticed that the case where u is of the form 2A +3, where A is a negative 
integer, comes under the case, investigated in the footnote to § 3, where formula (IX) breaks 
down. The analogous theorem to do with the Bessel functions is as follows : — 


uds | 19M a TAn (A+s—1)l i-te 
ne m et 3, (xci-s)isi Qn 


8. The expression of H,, „ (x) and K, ,(x) in terms of definite integrals 
involving Bessel functions. 


Let us search for a function ¢(v) and an index p, so that 
| e" te o (xt)dt 
G, 


satisfies the fundamental differential equation (D, G, being a contour that 
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begins at the positive end of the real axis, avoids the origin by means of 
a semicircle above the real axis, and proceeds to the negative end of the 
real axis. 

We must have 


ee eee 2u » ) 
fe ae] g +! E t E — $0 |at = 0. 
Now put p = —v+yu—1, so that we have to secure that 
? -y — n 2 , 
Í, e! |: ne $9" (xt) + PL cb | 
—Ort "*" ch +2 — u) een pæn | dt = 0. 
But 


2s je 690] 
= e7” | —4t Hr sc) HI (ct)—2(v—p)t-"t4 "| d(x}. 


Therefore we require to find a function ¢(v) such that 
— 9[e7" t-"*" p (zt) ]a, 
Hyg acci f " 2u , | es 
+ n dias i? (xt)+ "ti (x0) —49 (at) j dt = 0. 


= a 


Now EE + —4u=0 


reduces to the Bessel differential equation 


—1)2 
Tats fti- ET PE 
on putting TI and w= (v. 


Thus we obtain 
(xt) = Are J, (rt) + Br? t-J, ,(—2zti), 
and, clearly, [e^ t^" ** $ (zt)] o, = 0. 


Thus, provided u is not half an odd integer, it follows that H, ,(r) may 
be put into the form 


Ag? | e "tr J, (—2zti) dt, 
6, 
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and K, , (x) may be put into the form 


Ba | e "t7"75J, _,(—2rti)dt, 


tie 


since H, ,(xr) and K,,„ (x) begin with terms in z'~* and 2° respectively. 
After determining 4 and B by examining the initial terms in each 
expansion, we obtain, in the general case, 


cri 6-9 T (tit =) 
2 


H, (2) = Ev p m \, e "t7, u (— 2rti) dt, (XIXa) 
eri@-DT (+3) 
2 TUS 
Bee —— \,2 "t7, (—2rtidt. (XIXD) 


If u is half an odd integer, then by using (X) along with (XIXa) and 
(XIX), we obtain 


sibi u \, e "t3 YY, _4(—Qeti)dt, (XIXo 


M 


gnie-DTD (tet 
Woa) = 


where Y,(z) denotes Hankel's second Bessel function when » is integral. 
On applying formula (VII) to (XIXa) and (XIXD), we find 


To F0 m vr . VT n) 
U, (2) = opr |, a i cos > J-a (— 2ti)-F sin 3 Ja(— 22th) ju. 
iri 
Now (0 JA Cati) = -yp cosh (221), 
T^. . 
—ptini 
and Ji(—9zti) = - = à sinh (2zt). 
Henee 
U, (1) — tt | eh a ide etter edt 
" 
= tet) | —(8—9:t 4-v—1 ZH 124 2rt 4-v—1 
=, A t at-- zi n. t dt 


| er pr] dt, 
ry 


where I‘, denotes a contour beginning at the positive end of the real axis, 
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circulating positively round the origin, and returning again to the positive 
end of the real axis. This is the definition of U,(r) used in the preceding 
paper. Thus, the attempt to use formule (XIX) in order to obtain 
formule expressing connexions between the (non-generalised) Hermite 
functions and the Bessel functions fails in its object. This had an 
important bearing upon the genesis of the present paper. 


9. Relations converse to those of the preceding paragraph. 


Consider the integral 


| een, (=) dt, 


Sii 


where G, has the same meaning as in the preceding paragraph, and where 
p, at present, is an undetermined index. 
This integral is equal to 


(—1y T gel ee ter 
< 2 
> Zaan RE DEUS: u ee —@ g-lt2u-2rtp dt b IV 


= > $$ (en tmi — 1) aT (u—r+ E i 
r=0 rip (EET —r) I'34-r—»&) 2) 
Now choose p=v-u+tl. 


Then the above expression reduces to 


, cay r (HEREN cose 


> FS TT ev utm Lr. 1 
oa pa. ) 


— _ oh @tn) ai COs vee T. ID (xe xè- J, , (2x). 


Thus 


| eU ET B, , (+) dt. — (XXa) 


A (v + 2)Ti 
ettet?) m % 


Ji-, (2x) = 


On substituting 1—u for u in (XXa) and using (XII) (one of the formule 
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of transformation found in § 4), we obtain 


gua} | M x 
aaa — E es ra 
J, 4 ( x) el-u- ri ET ac ae p(t) Cy vB t 
2 C 2 


(XXD) 


Formule (XXa) and (XXb) become equivalent when «+4 is integral. 
Before proceeding to obtain the formula in that case involving the 
Y function, it will be found convenient to apply formule (XIa) and (XIb) 
to formule (XXa) and (XXD) respectively, the result of this operation 
being 


eiri A-2) T (=) ghana 


Ty. (20) = —. \, e-t Pp UL, (7) dt, 
and | 
sin ^ mr 
— eh 67» - Uri ogg Te T Sin a aw. (et) 


x| p "ie GUTER Grek, (=) dt. 
d 


And now the factors outside each integral are not merely equal when u is 
half an odd integer, but are identically equal. Thus, if we now apply 
formula (X), we obtain 


l—v—wu -4 
Y, a r2 )7 a4 put Jy i| dt, (XXO 
Y,-,(27) = gU «Du un "n -r-e (F ; (AAC 


when u is half an odd integer. _ 

This completes the solution of the problem suggested in the intro- 
ductory remarks to this paper. The results established in the following 
two paragraphs seem, however, to be of importance in their bearing upon 
the theory of these generalised Hermite funetions. 


10. The expression of the preceding generalisations of the Hermite 
functions in terms of definite integrals involving the non-generalised 
Hermite functions. 


SER. 2. vou. 13. wo. 1217. 2 F 
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Consider the integral 


ir 
| K,_,,0(2 sin 0) cos*—* 040, 
where the real part of u is positive. This is equal to 


x 


iw 
—— 9 1 ____| sin" 6 cos*-10d0 [by (VD] 
r=O ot T (=;4 = +1) T(r+3) | 


ir 


_rfvatl\ 5 (—1)" z” LC (r+4) LI) 
-r( 9 ) 2 I'(«4- r4-3) 


"06D (“;" —r+1) l'or 3) 


r ZEEL) ru) 
an 


. (Ar 
while | H,-,, o (x sin 0) cos?^7! 0d0 = 0, 
— Ir 
since H,-,,o(z) is an odd function of z. Hence 
jr 
| U,_.(x sin 0) cos**—! 0d0 
— àr 


as es àr 
set LU aN cos — + | K,_,, 0(z sin 0) cos?! 0d0 [by (VID] 
v—utl —) ri 2 —-)h 
T ( 5 ) e" p) ri À 


75. Tl'(v —44-1)cos e T .l(u) 


en (tet) 


K, (£). 


Thus 
ei T (cet 3 


r U,_,(x sin 0) cos™~ 040, 
Im 


K, „ (£) = en 
T3. T (v —u-4-1) '(u) cos —g ^ | | (XXIa) 


provided the real part of u is positive. 
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To generalise this relation so as to remove the restriction upon u, con- 


sider 7 
| Aven 0 (rt) (t— =] i "i , 
Yo: 1 


where y», ı has the same significance as in § 1. 


This integral is equal to 


y—u--1 (—1)" z” Í rhis aec] 
"C An) T (+3) m is vI] 
_ p(v—utl)\ $ (Ne 
-r( 3 ) &- " =H 41) To4-3 cdita in 
_nfv—utl\ & (12° 
= ( 2 ) x r!T (4 )re-p 


X 4e!*! cos (u—}) rsin ^. I' (u) I'r4-3) 


2 T(u+tr+4) 
E u a i 1 
= reer ) 4i gin ur I (u) ME TESU (EEN K, (x), 
2 


; _, at 
while NEL Eri 


© v—u— 1 — VS 
a | ; a 'razs5 |. te 173 dt, 


r 


and the integral in each of these terms is a zero factor owing to the nature 
of yo, ı, and the fact that r is an integer. 
Thus (XXIa) may be extended to take the form 


eene p (vtech) 


K, a(x) = NOCERE IE men 
4i gin ur. cos — T.l(v—u-4d-1LI() 


x| U,. (cé) Va . (XXI) 
YO 1 


2 F2 


436 Mr. H. E. J. Curzon [Dec. 11, 


On applying formula (XII), we have 


pl-u ura) mi D (tert) 
H,,, (2) = 4 


4i sin ur . 7^ gin EE r, Tre+or(i—u) 


x| U, 1r t) (t—1)7^ ^ 
Yur t 


(—1) 
Te - T+ u) 2 (v 4-14) 


ime g@+n-Dei 7° (Fe) T) 


4Ti.T sin 


lem xt — 22 
x| | d (rt) U,., (ct?) | (t D- 


[p. 288 (III) preceding paper] 


gate teri T (1511) I (u) 


4ri. misin Te r.I(e+u+]) 


( d ) 
er Ay | (f1)-# qd 
|. di Dos. (ee) | (—1) dt 


eee D (Fe) I’u+Dr" 
— EFT U, Cet?) (1) +! dt. 
4mi.7* sin 2 m.l(vd 4.1) ^"! (XXIc) 


11. The expression of the generalised Hermite polynomials as differ- 
ential coefficients. Integral properties. 


The Hermite function U,(z) is a polynomial when n is a positive. 
integer, and is defined by the relation 


U) = e” i e^. 


Now when v— u is an even positive integer A, ,(r) is a polynomial, and 
when v+u is an odd positive integer H, „(r) is a polynomial. Further, 
in consequence of relation (VIII), when these functions are polynomials, 
they may be regarded as generalised Hermite polynomials (multiplied by 
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constant factors). The object of this paragraph is to show that these 
generalised polynomials may be defined by means of relations similar 
to that defining U, (x) when U,(z) is a polynomial. 

Let p be a positive integer and let v = 2p--4. 


Then 


1 


Kaia, ad) = ——— 
u+2p, (X) 4T COS ur 


| e" (£—1)^*e-^t-^-!dt [by (ID). 

YO t 

Let T denote e” (¢—1)"*°-4t-°-!, and T" denote e*(1— H)*+r-3t--1, Now, 
in the figure associated with yo, 1, let C denote a small circle of radius c, 
described positively about the origin. Let A denote a small semicircle of 


radius b, described positively about £ = 1, above the real axis. Let B 
describe a similar semicircle below the real axis. | 


Then 


47 cos ju Kos, p (2?) 


— | pathetan | Tate | T'dt 
A 1-5 C 


]-5 
eese bni| rat- rat—| T dt emri +e- | 
A B 


Jo 


T'dt 
b 


le 
. | 1-5 
esito] Trdt-pe-mare-v | rat+| T dt 
C e B 


= 2isin(u+p—}) 7| e"! (1 — tto ened qt, 
C 


where C is a simple contour enclosing the origin but not £ = 1. 


Now let t = 1—v/z, then 


— 1)? e* eT? rept p^*e-i ub —] dv 

Ka+ NS = re a 0m 
: 27rd D x(x —v)P 

e rb" e "v^ *P-À 

= | A 


Ari. |p(v—zr)t 


where D is a similar contour enclosing v = x but not v = 0. 
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Hence, if p is a positive integer, 


Ky +2, p ($) = — er VR "i T. emt uted, (XXIIa) 


And, on applying formula (XID, we see that if p is a positive integer, 


d? 


Hosti- pet) = RT TER —entgruteth, (XXIId) 


Integral properties of the generalised polynomials. 


Now consider 


| e" u^75 K, os (Ut) Kuto, (uS) du, 
Tn 


where p and o are positive integers and where IT, denotes a contour that 
begins at positive infinity, circulates once positively round the origin, and 
returns to its starting point. 

Using (XXIIa) this integral takes the form 


2 ar dw (e^ * un te—4) Kutas, „QĖ) du. 


Now suppose p is greater than c, then, since K, +2v, a (u2) is a polynomial of 
degree c, it is at once seen that, on using the process of repeated partial 
integration, this integral may be proved equal to zero. 


If p 18 equal to c, then the integral becomes 


— 1 
! T Í, e "u" tee i Kutan alt) du 


_( 


= Tutet T (—1) |. e "ut 3du [on using (VD] 


(1) D@+p+4) Ji 
= F (er BR — 1) T'(« 4 - o4- 3). 


Thus |. e" u^7 K, os, QU) Kurze, Q0) du 


=0 (if p Æo) 


— Dorri T ] : 
E cea eben (if p=o). (XXIII) 
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On applying formula (XII) this takes the more compact form 


| e^" Ais p(t) Kuss, du — 0 (if p Æo) 


’ 
ti 


= — 2e" cosum (if p=a), (XXIII) 


and this admits of further simplification if the real part of (u+4) is 
positive. This formula is not new, however; it is merely a generalisation 
of (26) and (27) in Mr. Cunningham's memoir, the method of approach 
being different. 

We shall finally prove the relation 


1 ( e H,.z,1-, (0) dt 
—— | —etplou 5 = eldri o-r À 
OT J. (t— x) ý e T Ky 2p, 1-n (2°), 


where I’, denotes a contour that begins at positive infinity on the real axis, 
circulates round the origin by means of a circle of radius greater than |z| 
and returns again to its starting point, p being a positive integer. 


| eH, 1-y (t) dt 
T, 


(t— x) 


1 


= = x | g^ tt VH aus alt at 
=> x | e d le pe (t^ *^753e75 dt [by (XXIIJ] 
EIU r, I’«+p+t3) dt 


— C TM s 5 Ferr] —r—-l—ptutp—h,5—t 
TP (u+tp+4) aa I(-+1) n iii AL 


4 


(by repeated partial integration) 


1 $v tet) d«-9" 9i sin (u—3)r T(—r--u—3 


= Futet} r=0 


_ _ Net —$ (= a Prt pth 
Tu@tpt+h ^. TFD GH) 


ari (p+) «Pr H opty, „(ieh 
= Zn er ‘arm [by V). 
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Now, from (XII) and (XI), 


K,, 1-4 (te?) 


cos —— T 
2 


CERT) py 
e pe I sed deu (x?) 


e o * Te Key 1-4 (2) , 
2 
therefore 


1 | e Hos icu dt T(p-EDé9-9*  Tiutp+3) , | 
ash = go KK, op, 1-4 (x4) 
Dri)r, (t— x) T'(«4-p4-3) I'(p4- 1) ee 


xl I uU men. (XXIY) 
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ON BINARY FORMS 


By A. Youna. 
[Read January 22nd, 1914.] 


THE object of this paper is to develop a method of attacking some 
of the problems in the theory of binary forms. Problems connected with 
the enumeration of complete systems are particularly in view. 

Every method introduced requires some justification for its existence ; 
its utility needs to be judged by results. In this case the method is 
at once applied to covariant types of degree four of the binary form 
of order z, and the complete irreducible set of these is obtained. 

The preliminary analysis is concerned with the theory of perpetuants, 
and incidentally the complete system of perpetuant syzygies for every 
degree and weight is obtained. It appears that all perpetuant syzygies of 
the first kind can be obtained symbolically from those due to Stroh, and 
that consequently the extension to any degree of the work * of Mr. Wood 
and myself, for the first eight degrees, depends solely on accurate enumera- 
tion, and does not require the introduction of any new principle or the 
discovery of a different type of syzygy. 


I. Explanation of Method. 


1. We are concerned here entirely with the symbolical notation. Its 
introduction by Aronhold at once gave a method by which all covariants 
could be mathematically expressed. At the same time in the calculus it 
provides every form considered has the covariant property. But it has the 
drawback that a great many unnecessary forms appear in any discussion. 
Various methods have or can be suggested by which the forms considered 
may be limited to a linearly independent set. But such methods cannot 
avail much in most problems unless it is possible to express the product of 
two forms so expressed in terms of the corresponding forms. 


r———MÁ—((—————————————————————— —————————————————————————————————————— -` - Ó 


* Proc. London Math. Soc., Ser. 2, Vol. 2. 
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Grace,* in applying the symmetrical notation to MacMahon’s theory of 
perpetuants, has succeeded in doing this for the case when the order of 
every quantic considered is infinite. In this case he selected one quantic 
ai, for particular attention, introducing the symbol a, into every deter- 


minant factor, by means of the equation 
(a203) Ay, = (143) a5, — (a3) Ag,- 


Thus the only symbolical products he had to consider were of the 
form (omitting factors a,) 


(a, Ay)? (aA ... (a.a). 


These, when perpetuant types are under consideration, are all linearly 
independent. There are no superfluous forms. 

Now, when we come to forms of finite order, we cannot, as a rule, 
apply this method as it stands, for the reason that there are not a 
sufficient number of factors a,, in order to be able to introduce the letter a, 
into every determinant factor. In fact, if we can do so, n, the order of 
the corresponding quantie, must be equal to or greater than the weight 
of the covariant considered. 

Let w be the weight of the covariant C, then if we multiply C sym- 
bolically by a ™, we can express LU in the form 

EN (aa (a, a5) ... (aia) ay gy T 


f 


where N is numerical. 
We have thus, as in the case of perpetuants, a linearly independent set 
of symbolieal products 
(Aq)? (A, ay) ... (a,as)* 


to consider. But there is this difference: separate products do not 
represent actual covariants, but only certain linear functions of such 
products. We shall proceed to shew how every such product may be 
made to represent a covariant or else a form which we shall call a 
fundamental form. 

After that we shall proceed to shew how products of covariants may be 
dealt with, as in the case of perpetuants. 


2. Let us consider covariant types of degree 6; that is, covariants 


— ————M a ne —————— ——— = — ae 


* Proc. London Math. Soc., Vol. xxxv, p. 107. 
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linear in the coefficients of each of the quanties 


an ast) —— ay. 
It lis" supposed, to start with, that these quantics are arranged in a fixed 
Sequence. 

Let us fix our attention on some covariant type expressed in the 
ordinary manner as a single symbolieal product. We say that this 
covariant is a term of the continued transvectant 


(( is ((a1a3)^5, ay), a), ...9 as)™ 


(using the single symbolical letter to denote the corresponding quantic). 
This statement is nearly obvious. An immediate proof is obtained by 
induction. Assume it true for degree 6; then, if C be a symbolical 
product representing a covariant of degree 6+1, C is a term of a trans- 
vectant 

(P, dg 1) 4*1, 


and, since P is a symbolieal product representing a covariant of degree 6, 
the theorem in question is true for P, and therefore it is also true for C. 

Now the fact that every term of a transvectant differs from the whole 
transvectant, by a linear function of transvectants of lower index, leads us 
at once to the fact that any term of the continued transvectant 


((... (ara), ag^, ay), ..., As)” 
differs from the whole transvectant by a linear function of forms 
((... (aa, ag, at, ..., ay", 
which are such that the first of the differences 
As — Ms, As-i— May eee Àa— Ma; 


which does not vanish is positive. 
We are then at liberty to express every covariant type of degree ó 
in terms of continued transvectants of the above form. 


8. Let us now retnrn to the consideration of a single symbolical 
product which represents a covariant type C of degree 6. Let the weight 
of C be w. 

The symbolical product aj. C can be expressed in the form 


ZN (a, aa) Xa (a, ag) oe (a, as)" , 
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where N is numerical: by repeated use of the equation 
(aras) 4, = (a,«,) a, — («,4,) a. 
We shall arrange the products in a definite sequence by saying that 
(a, a) (a 04) ... (aq) 
precedes (ly dy)? (Arad ... (a as)", 
provided that the first of the differences 


Àa— us, Ag—1— Mai, eee À9— May 


which does not vanish is positive. 

The continued transvectants will be supposed arranged in sequence 
according to the same law. 

Now it is to be observed that a continued transvectant is defined by 
the same set of numbers Ag, As, ..., As, a8 a product 


(a, ay)? (a, As) As eee (a, asy . 


If the continued transvectant be expressed as a sum of the products 
considered (by multiplying it by a?’”""), the first of the products in our 
sequence to appear will be that which is defined by the same numbers. 

Now every continued transvectant represents a covariant type; but 
only certain linear functions of the products (viz., such as are divisible by 


a) ^) represent actual covariants. The difference between the two cases 


being accounted for by the fact that there are certain limitations to be 
imposed on the indices of the transvectant ; whilst the only limitations to 
the indices of the product are those expressed by the inequalities 


Ng P no, Ag P ng 4 As P Ns. 


These limitations are also necessary for the transvectant, but in addition 
we must have 


(i) Ag pn, ti, P nit 2344-2344 -A,70P 0 9-044 95, ..., 
9A5-- 29Àg-- ... 235 rf As P ntt ngt LL HHn. 


In the case of produets we shall use the term fundamental forms 
to denote products for which the set of inequalities (i) is not satisfied. 


4. We proceed to shew that corresponding to every other product, that 
is to every product for which the inequalities (i) are satisfied, there is 
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a unique covariant which can be represented as a linear function of that 
product and of fundamental forms. We have seen that the transvectant 


((... ((@,Qq)*2, a9", ay), ..., a^ 
can be expressed as a linear function of our products of which the first 
term 18 (a,a,)* (a, a3)™ "y (Ha. 


Let N (a, @2)"? (a, 43)? ... (01a): 


be the next term in the order of our sequence to appear; if it is not & 
fundamental form we may subtract the covariant 


N ((... (a), a)", aat, ..., asy" 


from both sides of our equation. 

Proceeding thus step by step, we arrive at the truth of the above 
statement. That the covariant is unique is evident from the fact that 
every covariant can be expressed in terms of the transvectants considered, 
and that these transvectants can be expressed in terms of the covariants 
found, and vice versa. 


5. Let us use the notation 
Destin cen 
to denote the covariant corresponding to 
(a, Qo) (Aya)? ... (aa), 


i.e. the covariant obtained from this product by the addition of a linear 
function of fundamental forms. l 

Then we have a set of linearly independent covariant types of degree 6 
in terms of which every such covariant type may be linearly expressed. 
And this set is composed of the forms 


(Ag, Ag, e As), 
where Aj P na, Ab oee, Ag P Nés 


and the X's further satisfy conditions (i). 
It will be convenient to have a notation for the covariant 


(Aa, Az, LEE) As), 


in which the letters corresponding to the different quantics appear; we 
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shall for this purpose use the notation 


Ag 7,3 Ag, 
en) ER TER N: 
a, 

In order to discover what forms are reducible, or to find relations 
between products of forms, it is necessary to be able to express the 
product of any two of our forms as a linear function of the forms of 
a higher degree. 

Thus, for example, the product 


AS AA A, Ag A Ay wit A—i 
As? A3? eee a © » A a az” eee a ‘a a 
P m à  8+1 642 
(A) (43414342) = Z(—y (| (=A ). 
ay t ay 


The case of perpetuants is much simpler than that of forms of finite 
order, and the analysis in this case is a necessary preliminary to that of 
the more difficult case. 


II. Perpetuants. 
6. Grace proved that the perpetuants 
(a4a4)^? (a,ag^^ ... (a as)» 


can be expressed in terms of produets of perpetuants and of forms of this 


kind for which | > g-e, y S 2, ng D, 


This is the result. The method by which the result was obtained (by 
means of certain relations due to Stroh) is not the method we require here. 
We shall therefore proceed to establish the same result by a slightly 
different method for the sake of the analysis. The analysis will be 
capable of application to forms of finite order. 


7. It is our aim at the outset to express every possible product of two 
forms as a linear function of forms 


(a,a3)^ (Ag) ... (A, a5)”. 
In order to do this we must separate the letters a,, a5, ..., a, into two 


sets. We may write them 
Ay, Ary sss, Ans 


Os; Gs, LL a. . 


7 


Then we consider the product of any covariant type of the one set by any 
covariant type of the other set. 
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The product to be considered is of the form 


A A, 
(a.a, ^. (a, as)" ... (AA) (a, a4) (Asa... (a4, a4) ^ 


E(—)ss iat.. ti (>) s (s) (a, a, Y. or (aa. y" 
) 


lo 
A, —i 
x (a, a,,)'** wat i (a4 ds, 752 aut (a, Qs ) = 4 
— 97 (9m) 9 Do] G6, ) à Ca (ac) —...—(056,) à Co Q6, )] 
A A, A A, 
X (a, Ar) Te wee (a, dr) (2404, fl cee (aas) "ne 


Let us suppose that s, — 2, and let us use the notation 


o 


8 — ———— a. 
c (a4 4s) 


Then without fear of ambiguity we may write our result [replacing (a, a) 
by a, in the exponential index] 
—a3D, — «4D, —...—a2D, 
Qo NEUEN U^ (0, Ag, Ags ..., As) 
A 
(erts nes 2) (etm ee d 
ER r2 ra r, Sy 44 un R 
Se a. el 
ay da 

since Ay Ag, ..., Ag) = (a,09)^ (Ay ay) ... (a a5) 


for perpetuants. 


8. We thus have a set of equations 
RETRO AA ER 
to consider, where S5 ge ug s 
are any, all or none of the numbers 
8, 4, ..., Ô. 


Since each of the 6—2 numbers may be taken or left we obtain 2°-° 
equations. We shall shew that the 2°”? equations are, in general, 
independent and are just sufficient to express every form 


(Aa, Ag, * e Ay), 


for which X, < 92*-? in terms of similar forms for which A, > 2°-? and of 
products of forms of lower order. 
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In order to prove this we must arrange our equations in a particular 
manner. We begin with the equation 
(Odys A) = R, 


representing the fact that this form has the quantic a; for a factor. 


The next equation will be 


es (0, Nay vues Xs) = R, 
ot (0, Xe: op A9—X(L, Ag «ss w—D+ (32, As os, M— S)... = R. 


This equation with the help of that already used reduces (1, Az, ..., As—1) ; 
t.e., it expresses this form in terms of earlier forms in the sequence and 
of products of forms. 


We next consider 
e "Dia (0, Ay eoey Ns-15 Xs) = R, 


and it is easy to see that this reduces the form 
(2, Ag, ..., As-ı— 2, Az). 
When we come to our next equation 
e 013-1 7t:D, (0, Ag, eee, Np As) = R, 


it is necessary to take it in conjunction with the last. We have, on sub- 
tracting, 


lee — gy 1] (0, Az, LEE Asi, Xs) 
= (l, Ay, Vids Aes As—1)—AzAz_-1(2, Az, Seu Aic =}; As— 1) 


Nie 
LA ( 5)8, ME S EE 


+ terms in which the last argument is less than A;—1 
= R. 
Also 
[e~°2s-1—1] (0, Ag, ..., As- 1, As—1) 


= —(As_1+1)(1, Ag, ..., dm Ns— 1) + puru Ag. As-ı 1, As— 1) 


ER (vita, Ag +, A912, S —1 4... 


= Jj. 


1914.] ON BINARY FORMS. 449 


Using the results of our first two equations we may write these two 
equations 


EC A md x-)- (1 (8, Ay Rue &— D = R, 
(MF a, TE E 


= ee) (8 oco ee 


These two equations are proved to be independent by calculating the 
determinant formed by the coeflieients—its value is 4A;_, tar j : 

Thus we can express 

(2, Ag, ..., As, As) and (8, Ay, ..., As-ı, As) 
in terms of forms (Ma, Ag, ..., As-2 Mi, Ms), 
and of products of forms; where 44-4 and the first of the differences 
M—As,  Ms—1—Ag-1 

which does not vanish is negative. 

In general we shall consider the equation 

ee, Ag So ADER (rr... «rn 

before the equation 


eT nTa (9 As ss, X) ER (s<... L s), 
if 7, > 5, 
If 7, = s, we consider the two equations simultaneously. In fact, we 
have a set of 257" simultaneous equations in which the first operator in 
the exponential index is D,.. 


9. THEoREM.—The 2°-" equations 


—a0D, =D, —..,-—a,D l 
eg "nm, (0, As; 253 = ER, 


where Si, Sy ..., Sy are all, any or none of the numbers r+1, r+2, ..., 6 
are just sufficient to express all forms 

(Ag, Ay, ees Avy Aran s Aad 
for which M < 957" in terms of products of forms, and of forms 


(ua, Aa, e...) Ar, Kr+l cosy Ks), 
SER. 2. voL. 18. No. 1218. 26 
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where ug > 9577, and the first of the differences 
Ns— Ma, Ag—1— Mga, c, Art" Hr 


which does not vanish is positive. 


Let us assume the theorem to be true as it stands for a particular 
value of r. We proceed to show then that it is true when r is changed 
to r—1. 

Consider the equations 


—(9D,—a2D, —asD, —...—a4D 
pm we my (0, As, sess As) = R, 


for which s,, S2 ..., s, are all, any or none of the numbers 
r+1, r+2, ..., ô. 
The equations may be written 
ge DaD Pe (0, Ag, as EE R, 


and when they are written in this way they are identical in form with the 
set of equations for which we have just assumed our theorem true. Hence, 
on making use of the assumption, we find that 


e D, (Aa, Az, EI A Are] P As) = R, 


if Ag < 2°”; and that the symbol E here stands for products of forms 
and numerical multiples of forms 


(4a, Ags RET) Ar, Mr+ls +++) As), 


where ug > 2*7" and the first of the differences 
Ng Ms, As-1 Mayes) Arg — Mrs 


which does not vanish is positive. 

We thus have 257" equations to consider of a simplified form, in which 
the covariants we consider differ only in the arguments A, and A,, the 
general equation of the set being 


X(—y (2) (Ag+ é, Ag, T Ar-n Àr— é, Arty sony As) = Kk. 


Using our assumption again we see that we have a reduction for 
all those terms for which A,+¢ < 2°”, and, in fact, we may suppose 
that these reductions are inserted, taken over to the other side of the 
equation, and included in the general symbol R. Taking then the first 


1914. ] ON BINARY FORMS. 451 


2°-" terms of each of our equations, we have a set of 257" linear equations 
to solve for the 2*7" variables 


(THE, Ay, s.. Az A,—£—92577, Arai E As) (É = 0, 1, "P 95-r— 1). 


If the determinant formed by the coefficients of these 257" variables in 
the several equations is not zero, then the equations give a reduction for 
every one of these covariants. 

The determinant in question is 


s ect = mm 
| 
| 


^,—1 ^,—1 ^,—1 
96-r— 1 Qé-r porre 98-r+1_9 
| a) ( À.—nm ) ( Ay— m ) 
95-r— y 96i-'-E1—m/ ^^ -rt —1—m 


pois) eme a perm 


E A1 O,— 10! ... (A — 2877 1)! 
TR 9371 (a, —9577— 1)! ... (A — 9571-1)! 


1!9! ... (2577—1)! 


X gi-rr(gi-7 4. p... Gy! 


X | 1 1 aah 1 


'96-r $—r 8—r+1 
D 69.cem 
E) Eg 


Dr ) oe) em | 
IE gr] 1) 
(ac er) Gai) 
u o-r 2-41 "e 98-r+1_1 


Wi Ba Mdh 


2a 2 
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This is not zero unless A, < 2°-"*'—1; but in this case our equations 
only involve A,—2°-’+1 variables of the form 
(2°-"-+ £, Az, AREE Ar_1, A,—é—2577, Ari LE As), 


t.e., those for which £ has the values O, 1, 2, ..., 4,—957*. (If A, <2-r 
none of these forms occur.) 

To solve our equations for these, we take the first \,—2°-"+1 equa- 
tions and calculate the determinant formed by the coeftieients. Its value, 


obtained as above, is 
Ge) e) OS) 
98-r 95-r--1 a A. | 
(Tg) Goes) 
1/\2/ 1,29 
Thus in any case the solution of our equations gives 
(2577-- £, Ag, ELE À.-n A,—é—92i7, Ares LES Xs) zm R, 
when E< 2" and A i49. 
The terms included in the symbol R are either products or forms 


(ua, Az, teg Ar-1) Bry Br4 ly cosy Ms), 


which occur later in our sequence than the term on the left, and for which 
ua «X 2°”. By repeated application of this result to all terms on the 
right for which 4, < 2°-"*! we find that we may restrict u, to be equal to 
or greater than 257"*!, 

Thus, if the theorem is true for any particular value of 7, it is true 
for "—1; but we have seen that it is true when r= or r= ó— 1. 


Hence it is true in general. 
In particular we deduce that the form (Ag, Ag, ..., As) can be expressed 
in terms of products of later forms in the sequence when A, < 25-7. 


10. The equations 
p HD 3 (0, Ag, "T As) > R 


result in establishing reductions which depend solely on the value of Ag. 
We have another set of equations 


EINEN OA Nay zen A A ER, 
where 22 27 >>>, 


which establish reductions dependent on the value of A,. They give a 
reduction when A, < 2”, 
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We shall consider all our equations in regular sequence, and those 
equations which affect the value of A, will be considered before those 
which affect the value of A, when r > s. 

Thus, when we examine any form 

(Noy Ag, ..., As), 

we may find that it is reducible because A, < 257" and also because 
A,«957*. Then, if r2 s, we shall suppose that the form is reduced 
hy the A, equations ; it is then necessary for a complete discussion of 
these forms to discover what the A, equations may mean. In the case 
of perpetuants we know from the well known facis of the subject that 
these A, equations cannot introduce any new reductions, for all reducible 
forms have been reduced, and that therefore they must lead to syzygies. 
But, so far as the present investigation has gone, it might happen that 
they lead to new reductions. Indeed, in the case of forms of finite order 
the discussion may be carried on on precisely similar lines, and then it will 
frequently be found that these A, equations lead to new reductions and not 
to syzygies. We have shewn ($7) that every possible product of per- 
petuants of total degree s can be expressed in the form 


—a,D, —a,D, —...—«a,D, 
e = f í (Àz, Ag, ELE Ari 0, Ares € s As), 
where r« s <sg<..<s. 


Hence & complete discussion of our equations involves not only a 
complete discussion of the question of reducibility, but also of that of 
syzygies as well. 

We shall proceed to prove the following theorem : 


The equation 
TATEN hay sony Arcis 0, Arty cosy A) = R, 
where r<s1<g<..<h 


reduces to a syzygy when A, < 277+, or when X, « 2”, where a is 
any one of the numbers 35,585, ..., Sp and T 1s one of the numbers 
r 4-1, r+2, ..., ô, which is not included in the set Si, Soy ..., Sy 


11. Let us first consider the equation (r < s) 
e7 ^D Qu, Ag Xp O, Arin eee X) = R 
= (a.a) (1a) (a,a3)^ ... (a1a. 2 (a4 Arp) ... 
(a, Qs-1)°-1 (a1 asy)" ... (Gy As)" 


| = [As, Ay, "P Ar-15 0, Arts ** 95 Nii As, As+1y 0.069 Às], Bay. 
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Consider the identity 
(a, a9)" (a1a3)* ... (a a, r1 { (Ay ar42) — (G1 Ars) ; ^n? (Apara) rt ... 
(ar a)" (as)... (4, 5)” 
= (a, Ag)‘: en (a a, ^r» (a. 1104 4.3) *? (Ay Qs) rs... (a4a, 1): 
x | (Ay ag) — (ay Ay) |^ (a1a5 41^ ... (a1 a9. 


Expanding the braces on each side by the binomial theorem, we obtain & 


BYZygy. 
The syzygy at once gives us the relation between the equations 


Z(—y P e "D, (Ag, ...9 Anci 0, 5, Ara 1, PES cory As) 


TAY ; 
— Z(—y ¢ ) er aDrs (Ag, ** i3 Aris J» 0, Ar +2 eco A, As—J; Assn eoey A). 
Now every equation on the right-hand side is discussed before any of those 
on the left since r+1 œr. Hence this syzygy yields the relation 
etree [Ags e.) Ar, 0, 0, Àr+2 e...) As-1, As, Asis ES As] mE R. 


And in general when c, > o, >r, and neither e, or c; is equal to s, we 
obtain just such another syzygy which yields the relation 


eto Pe, (IA, PP Apes 0, Aryl "3 As-15 Às, As+l e As] A, -0) — R. 


The result may be at once extended to a slightly more general syzygy to 
which the relation 


ED 7a, D, - .—a D, ([Ag, T Àr—1, 0, Ay+1, TET As ...; As la, =0) = R 


(where r «c «c, <... <T, and none of the o’s which here appear is 
equal to s) corresponds. 
Let us call these syzygies the perpetuant syzygies of the type A. 


12. Consider the identity (r « s) 
(a, a3) ... (a a, ^ | (Ay As) — (A Ar 41) ^» (Ap Ar 422 ... 
(a, a, 1) 91 (a a5 3)... (aa) 
= (a,ag* ... (a a. r1 | (Ar 41 As) — (810^ (Qarr ... 


(a, a5 ^1 (as)... (A, 5) 
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Expanding the braces on both sides we obtain a Stroh syzygy, and this 
at once gives the relation between our equations 


z(—y (Y) e «D. (As, s.. Ar_ı, 0, l, Artes coeg As, A,—1, Asc, ELLE As) 


A, 
-a.D . : 
b) € "ru * (As, ZEE À.-n t, 0, Àr+2s ZEE As—1, À,—1, As+l ZR Aj. 


= 23-1 ( 


Every equation represented on the right is considered before any of those 
on the left of this relation: hence we may write it 


Ms 
zZ(—) e Aa, — Arsi 0, t, Ar+2, ...; À, 1 À,—1, Ast» ec As] = R. 


And although a slightly different meaning must be attached to the operator, 
we may, without fear of ambiguity, write this equation 


€ 0M [Ags 1... Mos 0, 0, Aras, 200 cp Ass Ast ss As] = BR. 
In the same way we obtain, whenever s 2 c, 
El [Ag 5er Aes 0, Ara ose) Act An eis «Aes ER, 
and whenever c > s, 
e 9D. [Ngy 225 Nas 0, Aptis 220, Aerts 0, ua, oar As] = R. 


That is, we obtain syzygies which yield these relations. 
Now combining one of these syzygies with one of those of the last 
paragraph, we have a syzygy expressed by 


(a, a3)^* ... (a, a n1 | (Ay Mr 2) — (64044) ] 9? | (Ap Ag) — (d1 ar41) ] ^ 
(a, G.S) ... (a,05 1-1 (240541) ... (a405): 
= (a, A)” coe (a, Qr—1)*r-1 (Ay 41 art) +2 { (Ar41@s) UI (a, a,) 1 A, (a, Q, s) r3 Sn 


(09-1) -1 (a, ey 91... (a.a), 
which yields a relation 


erde de [Xu Liu Arm 0, Artos u An As Astis ss As] = R. 
In this way we obtain syzygies to give each of the relations 
Qut OC uuu ON Aet Ne avis wens As ae) e 
when r«oc-«co,«o,-—..-—o, aud os. 


These relations have already been fully diseussed in $9, when dis- 
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cussing the question of reducibility : we obtain from them at once the re- 
sult | 
[roy ...; Ar, 0, Ards iu \s—15 As As41) ida As] = R, 


when A, < 2°”, where r «oc 4 s. 
We will call the syzygies of this paragraph the perpetuant syzygies of 
the type B. 


18. In obtaining the limitations to the value of A,, and the correspond- 
ing syzygies, for the equation 


en, (Ag, oe) Apis 0, Aryl s.e.) Xs) = R. 


We shall simphfy the work and not lose anything in generality if we 
suppose r = 2 and s = 8. Thus we consider 


e "25 (0, Ags Xy, ..., As) == [O, Ag, Ay, ..., As] = R. 
If A, = 0, our equation becomes 


0 A, F 
(0, 0, 4, .., A) = az (au Ge) 
1 


a 


but we already know from a previous equation that 


0 24 ^, 
(0, 0, Ay ..., A9 = a? (2:28 8). 


Thus the equation simply gives the obvious syzygy 


À A 0 A 
on MON eee a,? N a, as eve Qs 
a, | —————j-—a,|1—————g. 
x à A Ay 


If A, = 1, our equation becomes 


(0, 1, Ay ...9 As) — (1, 0, Ay EE As) 


A WE 1.4 A 
a"... 4, (aia... a eod: d. eet 
asda) | a pl J[eqWpe xps 
303 2, 3, , 
ài Q1 Qi 


giving again a syzygy. This syzygy is the Jacobian syzygy. 
Consider the two identities 
| (a, 44) — (a20) | * (ay® ... (aa) — { (Ay Ay) + (Ag) j^ (a.a) ... (148), 
and 


(ay a) + (a3a3) ; (A, a5)" ... (a, a4 = 1(a,«g) + (a284); ™ (aia) ... (a,a5)^s, 
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when these are expanded they yield Stroh syzygies. These syzygies give 
us the relations 
es [0, 0, Ay Raus As] = ih, 


and e710, 0, Ay...) As] = R. 
And in general we find in this way syzygies which give the relations 
eD. [0, 0, Ap ..., As] = R, 
and e* P, [0, 0, Ap ..., As] = R, 
for gc 5.29. 
Further, from the syzygies _ 
(sa) —(a5a3) ]^* 1(a1a5) — (aa, |^ (a ag ... (a a3): 
= 1(a4a3 + (aga) }*™* | (dy a) + (a305) |^ (a ag" ... (a aa^, 
and ((a,a4-4-(a5a9) | ^ (aa) + (agg) | 5 (a4 ag) ... (a, a9 
= (aa) + (aa) | * { (ayy) - (452) |^ (a, agy^s ... (A, as)”, 
we obtain the relations 
eiCDeras) 10, 0, Ag, .., As] = R. 


Proceeding thus we can write down a set of syzygies which give us the 
lati 
relations p 13D. * 03D, e +D) [0, 0, Nas -— As] — R, 
where Sis $5, ..., 5, are all, any or none of 4, 5, ..., 6. 
These syzygies we shall refer to as the perpetuant syzygies of the 
type C. 


14. It 1s necessary to discuss the equations just found. 

We shall arrange them in a sequence as we have done the other 
equations : 

Thus the equations 


DE [0,0 Ay ony MSR (m ees 0A. 
will be discussed before the equations 
p 1 CD 58D, sott D,) [0, 0, Ay os As] = R (8 < $89 L.. L Sn); 


when | > 8. 
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But, if 7, = s,, the equations are discussed simultaneously. 
Thus the first pair of equations to be discussed is 


etem [0, 0, Ap ..., A] = R. 
Whence [0, 0, Ay — As—15 As | + Ng [0, 1, Ap i xy As_1, As—1] 


+ > [0, 2, Ay, ..., As-1, 4 —2] + (s) [0, 8, Ay, ..., S25, 4 —8] +... = R, 
giving immediate reductions for 
[0, 2, Ay, ..., 41, 4 — 2], 
and [0, 8, Ay, ..., As—1, 9 —8]. 
The forms [0, Ag, Ay, ..., As] being arranged in sequence according to the 


same rules as the forms (Ag, Ag, ..., Aj). 


15. Lemma.—The 957**! equations 
g 13D, tas D, t. e n3D,) [0, 0. A Er As] = 0, 


where Sı, Sa ..., s, are all, any or none of the numbers r+1, 7+2, ..., ô 
are just sufficient to express all forms 


Oy Ne EET Nes Medi eae Na 
for which X4 < 2°-"t!, in terms of forms 
Oss VER TOUT NENNT 
where ug X 9577*! and the first of the differences 
Ng Ms, As-ı Mil +: Ar4ı Merely 


which does not vanish 4s positive. 


Let us assume the truth of this proposition for & particular value of r, 
and then consider the 257**! equations 


gt (Dom D, sos D,) [0, 0, As oun As] = 0, 


where Si, $5, ..., 5, are all, any or none of the numbers r+1, 7+2, ..., 6. 
Let us write 


e D, [ 0, 0, Ay, ours Asai Ne À+ — As | == [0, 0, Ay "T" A,_ı Ar, Arc " As], 
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and 
e** P. [0, 0,2, ..., Ai As Artis «sep As] = [0,0 uoa Ar Aaa, on XJ]. 
Then we have two sets of equations 
ET 10:0: Nyy a Acts Ao ir kg ow] Os 
and. 9 TPO: O, Ag cas eas Ney Arsis sees As] = O. 


From the theorem of $ 9 we know that the solution of these equations 
expresses all forms (A, < 2577) 


LO As EMT EE E EI 
in terms of forms [0, ug Ay ..., Xe Ars rias ss Mi] 5 
and all forms (A, < 2°”) 

[0, Ag Ags sees Acc Ar» Aras Xx] 


in terms of forms [0, uz, Ay, ..., Aoc Ary uris ss MS] 3 


where in both cases u, X 257", and the first of the differences 
Às— us, As-1— Ms-1, EEF) Às41— Hr 


which does not vanish is positive. 
We thus obtain two sets of equations 


et" Pr [O, X, Ag, een Xe Ary es] = R, 
where As = 0, 1, ..., 2-1. 


Expanding them out, we have 


: (Ar : . 
2(—)' (7) LO, Ast, Ay, AE Ar-1) A,—1, Needs ...; As] = R, 


and 2 pu [0, Aati, Ay, — Needs Ar—1, Ar — As] = i: 


Now using the assumption made we see that these equations may be re- 
garded as equations to give the values of 


[0, 2577-4 E, Ay AXE Ar=1) vlt, Ar eei As] = R, 
$220. 1.9 0,2 1, 


Adding and subtracting our equations in pairs, we obtain two new sets; 
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one of which connects those forms for which £ is even, and the other 
those forms for which £ is odd. 
They may be written 


cosh az D, [0, Ag, X, ..., As] = R 
and sinh aş D, [0, Ag Ag e+ As] = R 


We desire to prove the linear independence of each set. 
For this purpose we must calculate the determinants formed by the 
coefficients. In the first case the determinant is 


( Ar Ar Ar E 
SN tid d TOM X T2... 


( À,—1 ) Ar—1 ^.—1 Ar— 
9à-r41..] 25-4111 vn PV di (s -rt2. 


3 
aes * 


( A.—T ) ( À.—T ) ( Àr—T Js . ( Ar—1 | 
gi-r*l— m Bret 2—r/ U \ys-rt14Ag—7/ ^—— M9 das | 
en areas Cae ( oe ) 
9i-7--1 25-748 EE: 95-7--1-4-2c idi gs—r+2__ 4 — 98-7 
A, Ar A, ) 
Q6-r41 9i-r*1.L.9 us Qó-7r42. 9] 
TI 
1/ \2/ '" Agior—1 
Where, on changing columns into rows and rows into columns, 
u i 95-741 er . ( 95-741 
net | 1 ) | 2 Mary 


Be mes 


1 een Pe a 
: : m ( P» 


1 EI lb eters 
1 2 N gory 
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We shall now consider the more general determinant 


" 


] Dn TI up 
1 re en " ee 


Subtract each row from that immediately below it, then the (r+1)-th 
row becomes 


0, dp acd" " [M (rt), m 


pasa mem, 


Pr = er) 


since 
T T T—1 


= a ae 


T T—1l T—1 


Next we repeat the process of subtracting each row from the next 
below, leaving the first two rows unaltered. The (r4-1)-th element of 
the (c 4- 1)-th row becomes now 


Gu Be we 


T— 2 T—2 T— 


We keep on repeating the process, each time leaving one more row un- 
changed. After ¢ subtractions tbe (r4-1)-th element of the (¢+1)-row 
becomes 


(P906) 4 (0) (mtr 171) 4 (0) prec copas 


T—Íí 1 T—Í 2 T—í 
ES (‘) pm l 
t T—t 


This (r+1)-th row is not left unchanged until ¢ =o, and so its final form 
will be obtained by giving ¢ the value vc. ‘The (r+1)-th element is then 
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zero when T <a, and its value when T — c is 


Que ur 


Thus we eventually transform A, into & determinant in which every ele- 
ment below the leading diagonal is zero, and where the elements of this 


diagonal are 1, 9, 92. ..., 9*3, 
3) 
Hence A, = 90+1+2+...4hk-1 — AC : 


Hence the determinant formed by the coefficients of our equations which 
we wished to calculate 


mu N e mo nu) 
(7) (2) eu) 


The determinant of the coefficients of the other set of equations can, in 
a similar manner, be shewn to be 


(aaa) G2) e 


Thus we obtain 


LO, 2S Ny 53 Ar Ap — 2-71 E, Àr+1s e...) As] = R, 


for all values € = 0, 1, 2, ..., 257'*! —1; provided A, <{ 2°-"+?—1. If A, 
is less than this value, we can remove some of our equations, for there 
are fewer forms to solve for. The determinants, when we take the same 
number of equations (starting from the beginning), as there are forms, ean 
easily be calculated, and are found not to be zero. 

Hence the equations give 


[0, Ag, Ay didis À,—1, Ar, c.. As] = R, 
provided Aa < 96-72. 
Where R consists of forms 


[0, M3 Ay vee À,-1 Mry cess us]; 
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for which ug < 2*7"*', and where the first of the differences 
Ng us, Ng—1— 3-15 ELE Ar Mr, 


which does not vanish is positive. 


We may apply this result again to all forms on the right-hand side 
for which u; < 2°-"*?, and thus ultimately we obtain the condition 
ug < 2°-"+?, "Thus, if the lemma is true for a particular value of r, it 
is true when we replace r by r—1. Now it is true when r — ó—1; 
hence it is always true. Thus the truth of the lemma is established. 


16. We may now apply the lemma to the equations of § 14. We find 
at once that the syzygies obtained in $ 18 are sufficient to express the 
equation (X, < 2-3), 


e~"2P3 (0, Ag, Ay ..., As) = R 
in terms of equations already considered and of equations 
e^ "*Ds (0, ug My... Ms) = R, 
where us <{ 2°-?, and the first of the differences - 
Às— nus Ni Mi o, Ag My, 
which does not vanish is positive. 
The equation e^ Ds (0, Ag, Ay, <.. As) = R, 
then may be said to yield a syzygy when 
Ag « 9577, or A, « 9075, or A4 « 255, ..., or As <1. 
Thus the theorem enunciated in $ 10 is true for the equation 
6 0955.40, AA Au) = R: 
And in just the same way it can be established for 


e. (Ng, Agy ana Ar Os An veep ADER (52 0. 


17. Let us now consider the equation 
e IPIS sn DS, O, Agy es X) = [0 Ags eX] = R 
(s, « S9 « ... L 8,). 


By means of the perpetuant syzygies of the types A and B, discussed 
in $8 11, 12, we obtained relations by which we ean reduce our equation 
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when A, < 2°-’, where o is any one of the numbers 8, 4, ..., 6 which 
is not included among the numbers Si, 55, ..., Sy. 

We may then confine our attention to those syzygies which will give 
limitations to the value of A, when c is one of the numbers S}, 55, ..., $,. 

To fix our ideas let us put s, — 8, and consider the syzygies which 
will affect Ag. 

We obtain first certain syzygies of the type C, 


| (a, Ar.) — (daag) E. (azas) (Agas)... (Ag Qs,) (aa, Ys. ... 
= (aga) +a) j^» 1(01a,) — (4g) i ^» ... (a, as )— (a4a3) | «(a4 a... 


where 7, 7, ... are just those of the numbers 4, 5, ..., 6, which are not 
included in the set S}, S3, ..., Sy 
Similarly we have 


[(a,a,) — (gg) j^» ((a,a,) — (a209) | ™ (45a, ... (Age) (aa)... 
= { (ag Qe) + (a.a) ^». 1(a5a,) + (a.a) L^ (aas) — (aa)... 
| (aas) — (aa) | ^» (aa, s ... . 
Then we have a set of syzygies we will call syzygies of the type D : such are 
{ (454) — (a543) |^: (a3a,,)^s ... (Agas V» (a) ar) (aan .. 
= (454, | (hy a4) — (A, Ay) | ^s ... 1(a,a,) —(a,a9 ] ^» (a4a4 (a4 ar... . 


We obtain fresh syzygies by replacing any term (aga, on the left 
by I(a,a)—(aga;);, and making the corresponding change on the right of 
((a,a)—(a,a9; into (a3a,). Or we may change on the left (a,a,) into 
{(a,a,)—(dga3);, and at the same time on the right (a,a,) into 
1(aga9 + (4,49); - 

In this way we obtain a set of syzygies which will give us the 2°-° 
relations between our equations 


~U D, —e34D. —...—a4D 
€ i ?i " 73 : "k [0, 0, Ay ...yg As] — R, 


where ci, Ca ..., C; are any, all or none of the numbers 4, 5, ..., ô. 
Again, we have the syzygies of the type C, 


| (0445) F (aaa) ; ^« |(a1ar)+ (Aga) |^- (da 4,)^« ... (Ay a.) (aa, ... 
= | (daar) + (ay Ag) j^ | (aaar) + (Ay Ay) | ^ (aa, ... (aga, )"^ (aan... 
for example. This will give the relation 


eg iD 16D, [ 0, 0, Ay e As | = R. 
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And so we obtain syzygies which yield 
d Du rtu ut Da 10, 0, X, ..., A] = R, 


where o,, Ca ..., os, are all or any of the numbers 7, 79, 7g, se.. 
We have then certain syzygies which we shall include in the type D; 
an example of these is 


| (aar) + (agag) ; ™ 1(a4a4) — (a5a9) | ^^ (aaa... ... 
(az a, P^. (a, A," (a, a, ^. tas 
= ((a5a.)-- (A, Ag) | ^^ ((a4 a4) — (Ay a3 } * (gy, ... 


(ag a.) (a, ay, ^ (a, a, )^. aac 
This particular syzygy yields 


eD 7 "3D, [0, 0, Ay ..., As] = R. 
The syzygies of which this is an example yield the set of relations 
er Do, * 08D, ra D, 7s D, —A3D,,—...— aD, [0, 0, Ay ... As] = R, 


where p; pa, ..., Pk are any of ri, rg, rs, ..., ANd Cis Cas ..., Ck are any of 
Bis Soy song Oye 

Lastly, we have a set of syzygies we shall call syzygies of the type E. 
They are really forms of the Jacobian syzygy, an example of these is 


(2544) | (da as.) — (Ag Aq) | ^ ((a5a,) — (agg) |^. (Aas, ... 
(ag d.) (a, a, (Ar, r3 ... 
= (A, Ag) |(a,a,)— (a; ag) E^» { (Ay a.) — (a) Ag) | ^» (a, ar (Ay Ay). 
(a50,,)^«. ... (Ag a.) ; 
— (Ay Ag) (aga...) (Agda) | (aias) — (Ay ay) | ^ ... 
| (ay a.) — (a a3) |^» (aa, (Ay Ay, 2 ..., 
whence e ^D,-75D, [0, 1, Ay, ..., As] = R. 
and so, in general, we have syzygies which yield 
e D. 70D, D C0, 1, Ap ..., As] = R, 


where c, Ca. ..., c; are any, all or none of Sz, Sg, ..., Sy 


18. We have to prove that the 2° +! equations 


() e 9D. DaDa 10, 0, Ay ..., As] = O, 
SER. 2. VOL. 13. No. 1219. 2 H 
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where oj, oy, ..., or are all, any or none of ¢+1, ¢+2, ..., 6; 
“8 D D TT E = D, =D —..—04D 
(ii) e p, ^ 03 ut +a Do a4 D, — 03D, ap [0, 0, XG "P As] = 0, 


where p;, ps, ..., px are all or any of the numbers 7,, 79, Tg, ... which are 
contained in ¢+1, (+2, ..., 6; and oj, og, ..., c; are all, any or none of 
the numbers 5;, S2, ..., S, which are contained in ¢+1, ¢+2, ..., ô; 


(ii) e PaT PaPe TO, 1, X, ..., AZ] = 0, 


where 0,,05,...,0, are all, any or none of the numbers si, sy, ..., Sn 
which are contained in ¢+1, (4-2, ..., 6: 


are just sufficient to express all forms 

[Os Ag, Ags c03 Ab Atis oee As), 
for which A, < 2°-'*1, in terms of forms 

[0, ug, X4, sees At; Mta es M8]; 


where u4 <{ 257'**!, and the first of the differences 
As— Ms, Ag—1— Mgt) s Aryı tl 


which does not vanish is positive. 

The proof follows the lines of the proof of the Lemma of $ 15, and we 
need not give it in full. 

We assume that the theorem is true for a particular value of ¢, and 
then proceed to prove the next step. We have two cases here. 


(i) t =r; then applying the theorem of § 9, we show that 
e 5D. [0, Ag, Ay ..., As] = R for à = 0, 1, ..., 29577—1. 
We obtain, in the same way, for the same values of Ag, 
e* P, [0, Ag, Ay ..., As] = R, 


for the proof of the theorem of § 9 is not altered if the sign of certain of 
the operators is changed throughout. From these two equations we ob- 
tain the result by the reasoning of § 15. 


(ii) ¢ = s; our assumption gives at once 
gU WARE dor. A420; 1, 2 ***. 


Then, applying the theorem of $ 9, we find the truth of the statement of 
this paragraph. 


* 
` 
j Pd 
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Thus, in either case, the induction proceeds step by step, and, as the 
theorem is true for the simplest case of t = 6—1, it is always true. 


19. We apply this result to the relations of $17, and we at once 
obtain the truth of the theorem of $ 10 for the equation 


= D,- D — =D, 
€ TETUR ME j ~ (0, Àg ees `) = R 


so far as the argument Ag is concerned. 
The proof follows the same lines for the arguments As, ..., As. But it 
is necessary now in order to complete the proof to add a fresh convention. 
We have so far regarded the equations 


eg "Duo D, TeDe (As, As, qu Ar_15 0, Artis TEES As) =f 
KLOKO KL... L Th), 


=" D, -a D. S Vie a 
é D rima Tk (As, Ag, ...} Ar-)n 0, Arai .„..: Xs) iam Hh 


Een I T 
as simultaneous when o, = Tı. 

We must now arrange all our equations in sequence according to the 
law that the first of the above equations precedes the second 1f the first of 
the numbers 

; 9% Ty 0477 3545 

which does not vanish is positive, and this rule will be made complete if 
we introduce the symbols oii, Tr+1, each of which is supposed to be 
numerically greater than any given number. 

Thus, when A = 0, we have the equation 


(Ay Ag ... ÀA,-p 0, Ares cory As) = R, 


for which o, exceeds any given number, and which therefore precedes 
all the other equations at the moment under consideration. 

We deal with our equations in regular order, beginning with the 
earliest in the sequence. Each equation will reduce a fresh form or else 
with the previous equations in the sequence it must give rise to & syzygy. 

The truth of the theorem of § 10 is established now for every possible 
ease, exactly as we have established it for those cases we have discussed. 


20. Having arrived at the truth of the theorem of $ 10, let us con- 
. . 4 
sider the equation 
a A ed D 


* (Ag, Ay e... Àr-1 0, Aral, ec As) = R 


(r «5, « 8$ « ... « 8). 
2H 2 
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In general it has been taken as one of 2°-" equations which will reduce 
Formas (Aa, Ag, etj Asp Ars Ael; ...; Xs) = R, 
when A, 09. onc]. co Ore tee], 


We have in the last paragraph introduced a convention by which 
these 2°-* equations are arranged in a definite sequence. We may then 
associate each equation with a definite form which it reduces. We shall 
suppose that the earliest equation will reduce the form with the lowest 
value of A,, and so on. This supposition gives consistent results, for the 
determinants of the coefficients involved are easily seen to be different 
from zero—in general. By this arrangement the equation 


EN Ogs Ags eee Aes, Artis -c AD = R 
reduces the form 
(Aa Ags cing Ar- DPA EIFEL N ss 
Kern) 


t.e. it expresses this form in terms of later members of our sequence 
of forms and of products of forms of lower degree. 

If A, < 2°-**! or if A, < 92577, where r > r and is not one of S}, Sas ..., Sn» 
then this form has been reduced by a previous equation. But, in either of 
these cases, there is a syzygy by. means of which this equation can be 
expressed in terms of previous equations, as we have shewn in our 
theorem of $ 10. 

Thus, to every equation we have a definite reduction or a syzygy. 


21. Now let us review the perpetuant types of degree ô. 
Firstly, they ean all, reducible or irreducible, be expressed linearly in 
terms of the forms Nes ases T 


and these forms are all linearly independent. Secondly, any product 
of perpetuant types of total degree ô can be expressed as a product of 
two perpetuants, neither of which is necessarily irreducible; and, when 
this product is expressed in terms of our standard forms of degree 6, 
it can be written, without ambiguity, 


-eD, —a,D, —...—e,D, 


€ m (As, LEE Asp 0, Àr+1s s.) Aa) 


(r«s LsL. L Ss «6-41. 
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Thirdly, the complete discussion of the equations 
gero M S a sedes Oj Av say dehy A) Em Rs 


involves, firstly, the discovery of the laws of reducibility and irreducibility, 
and, secondly, the discovery of all the syzygies of the first kind. 

The laws of reducibility established by Grace follow from this. And 
we have now shewn that all syzygies of the first kind can very simply be 
deduced from those of Stroh and the Jacobian form of syzygy. 


III. Forms of Finite Order. 


22. The discussion for forms of finite order follows identically the 
same lines as that for perpetuants. We express all covariants of degree ó 
in terms of the forms 

(Ag, Ag, ..., Aa) 


defined as in $5. We then consider every possible product of two 
covariants of total degree ó, and we express it in terms of our standard 
forms. The equations which we get in this way will give us the laws 
of reducibility of our standard forms, and also will yield every syzygy for 
this degree. | 

The discussion is rendered more complicated by the fact that 


(Ao, Ag, EE As) 
is no longer equal to the simple product 
(a A) (A, dg)? ... (A, 5), 


but is equal to this plus a linear function of the fundamental forms. 
If the set of inequalities 


Ag P m, tr; P nita 23,2 - 2234-2, P Nit nat ng ..., 
2AÀa-T- 2A tH gt... 1-224 HHA TP 08 3-73 - Mgt... 3-041, 


is not satisfied, 
aA) (A, ag) ... (a1a5)» 


is itself a fundamental form; and we must write 
(Ao, Ag NE As) = 0. 


The analysis for perpetuants must then be modified in two ways. 
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Firstly, the product (s < s, < sg <... < S, Lô+1) 


Ay Arg A, An n^ A, 
(2 Ant... E (en a ron A) 
a, as 


is equal to a sum of forms, of which the earliest are 
QI eS Uc Ne Oy Nasa N); 
in general; but which contains other terms too. 


Secondly, if the numbers Ass Às» ..., As do not satisfy the set of in- 
equalities 


Ns, P ns, 2X EN, P ny, I, FA n tAn Pr tn emus ---; 
2X, + 2A H ...-- 2A. As, > ny na... Ns, 


a^» a»... g^ 

4 1 cee 7 

then ee) =O; 
As 


in this case there is no equation. 

Thus many of the equations obtained for the case of perpetuants do 
not exist for forms of finite order ; the corresponding reductions either 
do not exist or else they are brought about by other equations. Thus, 
equations which for perpetuants yielded syzygies may now yield 
reductions. It will frequently be found that the reduction which 
corresponds to such an equation is most simply found by a consideration 
of what the corresponding perpetuant syzygy becomes when the orders of 
the quanties take the finite values of the case in hand. 

The forms TU NERO 


are arranged in sequence according to the same law as for perpetuants. 
Also the law of sequence of equations is still adhered to. It is useful 
to remember that no form ean be reducible for quanties of finite order, 
which is not so for perpetuants, and also that an equation which produces 
a reduction for perpetuants must reduce the same or an earlier form (if it 
exists at all) for quantics of finite order. 


23. At the outset the question rises: Can we find an explicit expression 


for Ds er On 
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in terms of (a, a3) (ay a3)" ... (a,as)™, 


and the fundamental forms ? 


We proceed to find such an expression for the case when n, alone 
is finite and the orders of all the other quantics are infinite. In this case 
we observe that a fundamental form is simply a form 


(a,a;Y* (aia ... (Ara), 
for which A, > n, 
We proceed to prove the following theorem :— 


When the orders na ng, ..., na of the quantics concerned are greater 
than the weight of the covariants under consideration, while the order n, 
is less than this quantity, the covariant | 


(Ag, Ag, ..., Aa) 
may be represented by the sum 


(a, 49)” (a1a3)* ... (a, a9)" 


+2(—)' m (5) E sh (5) (a, a5) ** (a, az (a, a4,Y5. .. (ay as), 


where t = LA— Èj — n. 


For simplicity we will take ô = 4. And for this case we will prove 
the symbolical identity 


(D (a,a3)* (a, a3)** (a, a4) 


mew mne (y) boa] (a a5) ^ ** (a, a3) (a, ar" 


= NS uei (a4 Us)? (A, Aq) TF (a, a4)*7*7* (a, a)" 
£-0 \ p—1 


^4 ae . | 


where p = AgtAgtAy— ny. 


The forms on the right are ordinary symbolical products which 
represent as they stand covariants of the quantics with which we are 
concerned. Let us assume the truth of this identity as it stands and 
then deduce that it is true when A, is changed into A,+1 and x, into 
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m+1. It is to be noticed that this change leaves p unchanged. To do 
this multiply the supposed identity by (a,a,). Then when the order 
of the a, quantie is 7",-d-1, those terms under the sign of summation 
on the left for which ? = 1 are no longer fundamental, and those terms 
only. 

From the identity 


(ag a3) (a, a,» J = l(a1ag — (A, ay) | j | (aa) — (a, Ay) | a 
we obtain 
(a, ag) (a, a, 7 


B as ayie iy frd = (?) 4 rd (a, ag)^ *** (a, ay)" (a,a,)? "We, 


We make use of this result and the identity becomes 


(a, a9)* (a1a3)^ (aa)! 


+ 2 =’ po hi (o a (a, a) ^ ** (A, ag (aa P tT > 


put e ER pa (2) V (aya) * 1*6 
X (a, ag ^^ (aa 


= b (^^ 1 ud (a5. a3)? (a, a, (A, ag) P! (a, a Nt? 
t-0 \ p—1l 


A4 == . . 


+2 (2) (, 43 (a4 a3) (aaa) (a, a5) +}. 


The right-hand side of our identity is already the same that we should get 
by writing A,+1 for X, and n,+1 for n, in the identity we want to prove. 
The coefficient of (a,a,)"*'!t* (a.a (a,a,)P"'" on the left is 


pepper T 


tO (3) Lob (G ) E 
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ON z(y ER J Paese 
= the coefficient of z/y^^!z^?7'—/ in the expansion of 
{ity 043-2] ^ i149 y 0-2] 0 2 


= the coefficient of z/y^^!z?7'— in the expansion of 


(,, ey 1%! UNE OPEN 
jit 1+y | ‚Ir ity! (1+y) (14-2) 


HET 


Hence the coefficient of 


(a, 4) * 1*1 (a, a3 (aa,)?-* 

096 R 

«(9 2) (OH) (OP 
er X NGC Coa 


(ji we (*s) ( A+ 1 J 
;—1 j/ \p—i— I 
The identity is true, then, when we replace A, and n, by A, +1 and 
n 1. 
If, then, it is true for certain values of A, and m, it is still true if 


these values are both increased by unity, and therefore if they are both 
increased by any the same number. 


(i) Let n, be greater than A, Then, if the identity is true when m — À, 
and O are written for n, and À, it is true as it stands. It will be sufficient 
simply to discuss the case A, = 0 and leave n, unaltered. The identity 
then becomes 


(ID (a,a,)* (a, a5)" 
pom ) — A *. 
excy (n EN TD) ar 


As—p a | 
= = d = (aa ag (a4 a4)*** (a, a4)*7*75. 
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To prove this we write the right-hand side in the form 


AP /n— 
> (P7 ET) (as a9 — (2) }? map (0,29 777 
io \ pol 
Aa—p —]1 
u = (’ 2] 2 (2) (a, ag ^ *** (a, ag FS, 
The coefficient of (a, A) *? (a1a4) 57" 


Ne 


To find the value of this we shall prove the identity 
C) i () RA * n Pu me e) ^j 
= (FCP) 


Assume that it is true as it stands and add one more term 


er vl Er 3) to each side. 
The right-hand side becomes 


pr PED ipi —Q-FD(p-Fjt1—2; yn prey Gru 
G+! (pt+jy+1—)! G—j—D!i pees S ode 


and so the induction proceeds step by step: for the identity is obvious 
for 7 = 0. 
Making use of this result we find that the coefficient of 


(a,a9^*" (dy ag)8~" is 
(tr es e 


which is the same as the coefficient of the corresponding term on the left- 
hand side of the identity, for A,+A3 = n,+p. This coefficient is unity 
when » is zero, it is zero for 7 = 1, 2, ..., ni —X,, and its value is 


ese Ter 


for n — n4—254-1. 
The identity (I) is then true if A, = 0, and therefore whenever n, > A,. 


(ii) Let n, be equal to or less than A, Then, if the identity is true 
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when 0 and A,—n, are written for n, and A,. it is true as it stands. It will 
be sufficient to discuss the case n, = O. It is just as easy to take the 
case nm, < A, Here the left-hand side of (I) becomes 


—1 


(a4 09° (a, ag) (a a, +)" b. 
every other term under the sign of summation vanishes. The left-hand 
side is therefore zero. On the right there are no terms in the first sum, 
for ^— p is negative, and in the second sum every coefficient is zero for 
€—1 < p—1-—7, since 7 must be less than A, Thus (I) is true when 
^, <A, [In the same way we see that the general expression in the 
enunciation of our theorem 


(a, Ga)? ate (a as) 


PETER pre (>) 5 m e (a a, ** (a ash ... (a, aa^, 


vanishes when m < Aq. | 


The identity (I) is then true when n, P> A,; it is therefore true for all 
values of nı and A,. 
Now the identity (I) expresses the sum of 


(a, «)^ (a, a3)" (a, a4), 


and certain fundamental forms as a sum of symbolical products which 
represent actual covariants of the quantics under discussion. This sum 
of covariants is then the covariant we have named 


(Ag; Ag, ^4) . 


The theorem is then true for degree 4. Assuming that it has been 
proved for degree ó— 1, it can be proved for degree ó in just the same way 
that it has been proved for degree 4. The actual form of the covariants 
on the right of the identity is not given, and it is not required. It 
is sufficient that the right-hand side of the identity should contain 
only symbolical products which represent actual covariants of the quantics 
concerned. There is no difficulty in obtaining the expression, but it is 
troublesome to write out, and no advantage is gained by doing so. 


24. When the orders of all the quantics are finite the case is not 
so simple. For the discussion of the covariants of degree 4 we require 
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the linear function of fundamental forms that must be added to 
(a, aq)" (a, ag) 


in order that the sum may really be a covariant of an, a?*, a. We shall 
prove that :— 


The covariant 
(Ag, Ag) = (a, da)? (A, ag)" 


+ 5(—) NC u Ga (a, a5) ti (a ag tai, 


1—1 Pit 
where pi = AgtAg—ni, or 0, according as Mt Ng > or < ni. 


In the first place the terms under the sign of summation are all 
fundamental forms, for 


2 (n4 — pot) +p t+ pa —$ = am 4d- p3— pa - $ = nnti > ntng 


since the coefficient is zero unless i > 0. 
Moreover the index of (a, a) never exceeds »,— pat p, = Ng, for ? P pj. 
From the identity (II) of the last paragraph, we have for the case 
Po = 9, 
Ag— ,—1\/ à ; i 
(aa) (a, ag 4-EZ(—) ( 8 Z ) EN (a,a,)"+# (a, a4)? 


= As—Ppı [n "en Jj (gg)! (a, Gg) tt (a,a39*7^176, 


£20 Pi 


an identity which establishes our theorem in this case. We shall take 
this as it stands and suppose that ng has its least possible value Ag+ Ag- 

Now in this replace A; by ^,— ps, keeping A, and p, unaltered ; then 
n, must be replaced by »,— pga since n, = A44 -A4—p,, and ny must be re- 
placed by mz—p.; we have 


Àa— 01— PS = . 
(a, ag" (a, 0)" + 2 (AT) TR) (as aget ag 
Às— p1— pa ae, 
== > i i) (Ag Qg)” (a, a,)** (a, da) PaE, 
£-0 pi 
Now multiply this result through by (a, a,)” and we have 


(a, a3)* (a, ag 4- Z ( —) QE uc EE *) TES (a a)" * 7^ (a aphte i 
1 
ME c (n-1Té 


&=0 pı—1 [2 ay)" (a,a99*** (aL ag*s7n-f. 
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Since the right-hand side of this represents a covariant of the quantics 
concerned, it 18 = (Ag, Aj). Q. E. D. 


25. It will be sometimes useful to use the notation 


(A, dy)? (a, a)" 4- 2 (—)! iC D Qa (aaa) "+ 7 (ajaa) *7* 


= (a4a3), (d1 Ag) a; 

Also we shall copy the index notation of ordinary algebra further by writing 

A 
i (a, Q3) — (AQ) 1 , = XàEX(—y e (a, a9); (a, a3). -is 
and also by writing 
( ; (^ 
(a, 44), (dad, | (A, Ag) —(a,a9 ta = Z(— (t) (a, a3), +i (Ay agita- i- 
When we confine ourselves to the operations of symbolical ‘algebra this 


notation will not involve any assumptions. 
We will now prove that with this notation 


(III) f (aiaa) — (aida) = 1 (Ay ay) — (A, A) >. 


In other words we shall prove that 
; (^ [A 
2(—)' (5) a9 (a, ayı- = X(—Y (i) (a, aq)" (a, ag). 
In fact 
(^ ; 
zy (2) a) (api C7 (3) aa gag 


a [A\ [ng 091—997 —1V (m3 —4 E NS 
ee a PL 8 )) (a, 997^ (a ago 7. 

( i j—1 p—J ( 172 ( 1 3 

The coefficient of 
(QQ) ny +j—p2 (aa) +t- 

= the coefficient of z/-! y^^ in the expansion of 

( (4-20 9) —1j^ (zy 7^7! 0 y) Y 
= the coefficient of z/7! y^^? in the expansion of 

(t y zy;^ Qr ^7 (3 y) (Y 

= 0, unless j—14-p,—j > A, 


t.e., unless Acn >À, 
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all the coefficients on the right are then zero, and hence (III) is identically 
true. 
Consider now the difference 


(a, A), (da, | (Ay By) — (Ay Ag) | au» — (A1 49 (4, Ag)” | (A, Ag) — (a1 Ay) ; 7*7" 
—u—v A—p —i—p,— py--j — 1| (A—n —i— 
TEN) 
X (2404) *5 7^: (a, agate, 
The coefficient of (a, A) *J7? (a, a)  * ^J (—y 
= the coefficient of z/^! j^^ in the expansion of 
AAA Hy) 1, (1Ha) aati 1y) 
= 0, unless p; > A—p—», 
t.e., unless uv n. 
Hence | 
(IV) (aa), (Ay Ag), (ara) — (A, Ay)! np 
= (Ay Ay)" (a,a3" 1 (Ay Ag) — (yg) NH", 


unless ety > ny. 


IV. Covariants of Degree 4. 


26. These may all be represented as linear functions of the covariants 
defined by (Xo dae A. 


We shall suppose the quantics of which these are covariants are 
aj, a», Q^, aj. 
Then we obviously must have 
Ag P na Ag P ng Ay P n. 
Also, if the set of inequalities 
Ag P m At, Pr tn, 2At 2AA PH n2] 2+ ng 
is not satisfied, the form Ay Ag, Ay) = O. 


Otherwise these forms are linearly independent. 
The first step towards discussing the problem of reducibility is to 
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express all produets of lower forms of total degree 4 in terms of 
these forms, just as we have done for perpetuants. We obtain thus 
8 set of equations which we have to discuss. 

As a basis of discussion the forms are arranged in sequence as in 


perpetuants; thus (Ng, Ay, Ag) 


precedes (Ma Mg, M4), 
if the first of the differences 


À,— May Ag—My Ag Ma 


which does not vanish is positive. We seek to express earlier members of 
the sequence in terms of later members and of products of forms. 


27. Let us first suppose that the factor containing a, is of degree 3. 


Then, by the theorem of $ 24, 


Ay AA 
Ay? as 
a — À À 
(a) = C 


—y A3—pi—p2ti—1 auo. m -—pati i+ pod 
+X *( "i ) s P2) m a? pati (a, aphte i, 


Henee ur) a = (Ay Ag, 9), 
ay : 
for it can differ from this by fundamental forms only. 
Again, if Py = AgtAy—n, and py = AgtAy—No, 
aa^ 


(V) (>) az = (As, 0, Ay) 


1 


Ng pP1 — t—1\ /^,— p. ; ; 
TEC ( i iN UE ati 0, pi p3— D. 


This gives a reduction for (Ag, 0, Ay), provided 


2a tA, P md n. 
Again, 


As 494 
Q3 A4 


(VD (S ag = 0, As AD 


+2(—)' NL C D Gen (0, 14 — ps +t, pitps—2, 


i—i p? 
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which gives a reduction for (0, Ag, Ay), provided 


QA s+A, P ntn and A, Pnie 
28. If the factor containing a, is of degree 2, we have simply 


(VID (a, a9" (aga = Z(—) vy (a a)" (a,a,* (a4 a*7* 


[(/ 
epu (Ar, 0, Ay); 


using the same notation as for perpetuants. 
Next we have 


(VIII) (aa) (aza) = e7*:P* (0, Ag, AQ), 
and then 
(IX) (a,a4)* (aza) = e^*P: (0, Ag, Ay. 


Finally, the factor containing a, may be of degree 1 only, then we have 


As qM 
(X) m ) ap = e Di aD | o. Ag, Ay) 
i [A — po i—1\ (A,— l i 
+2(—) ( : non ) px (0, Ja — pati, esos |, 
provided 2A HA, P Mtg, Ag P Ng. 


Thus, we have obtained every possible reduction equation for degree 4. 
The equations are either the same as or modifications of the corre- 
sponding perpetuant equations. 

In discussing the equations we shall confine ourselves to the case 
of most importance, viz., when 


ng = n4 n,— m; 


but the order », may be any independent number. 


29. As concerns À, the only limit is the same as for perpetuants : 
(As, Ay, . Aa) 
is reducible if A, = 0; otherwise we must go to Ag or Ag. 


For the limit of A, for reducibility we have two equations, (V) and (VID). 
From (V) we learn that 


(Ag, 0, Ay) = R, 
provided Dro HA, P ntn. 
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Putting the value of (Aq, 0, A,) obtained from (V) in (VID, we find 
(Ags 1, Ay 1) — R, 


provided 2A, FA, P ntn. 
If. 2A +À, > ntn, we have, from (VID, 
(Ag, 0, A) = R 


(for A, cannot exceed n, = n in any case). 


Thus always (Ag, 0, A) = R, 
and | A, 1, A) = R, 
provided Ayn, and ti, P n+n,—1. 


80. Let us now discuss the reducibility limits of A,. 
We have the following equations 


(VI) | (0, As, Ay) = R, 
when 2A,+A, P ntn, Az P ns 
(VIID (60, Ag, A) — À; (1, Ay, Aml) +... = R, 


when A; P n 


(IX) (0, Ag AD —X0,34—1,39-- (3) 2 2,10 (9) 8,38, 


Fea = 
when A, > m, 


R, 


(X) (0, X, Ay) —X4 (1, ,— 1, ADH © (2,12, A) — e (8, 4—8, A94... 


e Aeg Apc $3 A,(8,À, —2, Ay— 1)... = 


when 2A, +À; P 2n. 


k, 


Taking these last two equations together, we see that (IX) is true 
when either A, P n,, or 2A3+A, P 2n. And that when we replace these 


conditions by the original condition of (IX) we may replace (X) by 


(XD (L, Ag, Dr; ,—1, ,—1)- (3°) (8, —92, ,—1)—... = R, 


when A, n, and 2A;-+A, P 2n. 
SER. 2. vor. 13. wo. 1220. 9 I 
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Let us first see what the equations give us just as they stand. 

(0, As, Ay) is reducible if any one of our equations exists. Hence we 
see that it is reducible unless A, > ni, Ay > n, and 2454-4, > 2n. 

The reduction of (8, A3, Ay) requires the coexistence of equations of 
each of the four types, and there is only one way in which it can be re- 
dueed. It is easy to see that it is not reducible unless 


21; HA, P ntn — 5. 


The conditions of reducibility are more complicated when à, = 1 or 2; 
it will be convenient to separate the discussion into two cases. 


(a) 4 > n.—The equations (VIII) and (IX) always exist; together they 
reduce (1, A3—1, A). Then (1, Ag, A) is reducible if X, < n. 

From (VI) and (VIII) we have a reduction for (1, Ag, Aj), provided 
^, « n and 2A,+A, P n+n,—1. 

Thus (1, As, Ay) = R, when Ag <n, or when 


^, < n and 2A +A, P n 4-0, — 1. 


From the first two equations with (XD we find that (2, As, A) = R, 
when 2, P 2—1, A, P n—1, 2344-A, PH n+n,—8. 
In this case we observe that (0, As, A,) is always reducible. 


(8) n, < n.—Here (1, Àj, A) may be reduced by (VI) and (VIID, in 
which case we have the conditions 


(i) Ag m, AyPn—1, 2H p ntal; 
or by (VIII) and (IX) in which case the conditions are 
| Gi) As P ml, Xn; 
Dr (ili) Ag ny—1, 2AX,-3, P 2n—2; 
or else by (XI) when 
(iv) A,bn-—1, ati, 2nn—1. 


Also (2, Ag, Ay) may be reduced by (VI), (VIII) and (IX) wnen the con- 
ditions are 


(i) Ag bn—2, A, mn—1, 2X,4-A, pP ntn; 
or, by (XD; (VIII) and (IX), when 
(ii) Ag p> «—2, MP nl, W3,+A, P 2n—8; 
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or else using (VI) and (VIII) to reduce the first term of (XD, we obtain 
the conditions 


(iii) Ag fPn—l1, AP nl, 9X4, n4n»-—8. 
31. It is necessary to examine equation (VI) a little more closely. The 
two conditions for its existence may be replaced by the single condition 


Ag P ?1— p. E ; 
When A; = x,—p, the equation takes the form 


(0, Ay, A) — P (0, Ag-- 1, Ay—1) = R > 
and when A; < n;— p, it takes the form 
(0, As, À4) — R , 


where in each case R represents a linear function of products of forms 
and of forms (0, us, m4) for which u, <X,—1. 

A difficulty apparently arises when we use (VI) and (VIII) in con- 
junction in the case Ag = »,—p ; for eliminating (0, Ag, A), we have 


pi (0, 34-1, 4,— 0D —2, (L, Xy A,—1 +... =R, 


giving a reduction for (0, As+1, 4, — 1) instead of for (1, As, 4,— 1). 

But in this case (0, ^, 4-1, 4,—1) is reduced by another equation of 
the type (VIII), unless p = 0, and the reduction of (1, A, ^4,— 1) then 
follows. 


When p=0, 2 +1) +Q,—1) P 22—0,—10), 
and hence, from (IX), we have 
(0, Ag +1, ^4,— 1) — (A+ D) 1, A, ^,— D+... = R. 


Then, taking these equations in conjunction, we obtain the reductions 
exactly as stated in the last paragraph. 


82. We have so far discussed our equations without any reference to 
the reductions already obtained when A, < 2 or A, < 1. Thus some of 
our forms will be reduced twice over. In the case of perpetuants the 
result of equating the different reductions was shewn to lead to a syzygy 
in every case. Now we shall find that it may lead to a syzygy or else it 
may lead to the reduction of a form not previously reduced. ` 

212 
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Let us turn to equation (VI). Put A, = O and use (V), thus 


XID R= (0,0 a92 (8701171) ( N00, mH ero 
E = 


0,0, 2 (EHE) ( N Jos 0, p= 


giving a reduction for (0, 2,+1, A,—7,—1) instead of a syzygy when 
A, > 44-1; it should be noted here that A, } n. 

Now this is already reduced by (IX) since 2 (n,-+1)+A,—2,—1 F 2n. 
Also we have a reduction for the form (1, »,, ^,—7,—1) which occurs in 
this equation from (VI) and (VIII). Thus we obtain a reduction for 
(2, »,—1, A,—n,—1). This is the final reduction when A, > 2n,, but if 
A, P> 2n,, we can use an equation of the type (XD, and so reduce the form 
(3, 2,—2, Ay—n,—1). These forms were not reduced in $ 30. 

The reduction when 44 = 1 is given by (VID. To find what (VI) 
gives us in this case, put A, = O in (VII) and use (VI) for each term, thus 
(assuming p = 0) 


aj as? (agay™ 
= 2(-)' (4) 0, Lx-o 


o LE) am ntt Qn 


joa p—J 
== z(—) a ea Q5, 
t ay x 


(0, 14 3-7, e—) | 
since the coefficient of (0, »,4-7, p,—7) is zero. Thus in this case we 
only get a syzygy of a very obvious nature. 

When p is not zero, we have only the case A, = n, and then (VI) gives 
the reduction of (0, 1, 2) which has not been reduced by (VII). 
When X, = 0, (VI) only gives an obvious syzygy. 


88. The equation (VIII) gives syzygies just as in the case af per- 
petuants when A, = O or 1, or à; = O. 
When A; = 1, we reduced the equation in the perpetuant theory by 
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means of the syzygy 
{ (aza) — (a, az) | ^*! — | (aga) —(a,a,) +! = 


This holds good as it stands when A, P »—1, and A, »,—1. But it 
still furnishes an identity when A, > »,—1 and A, > n— 1. 
We write this identity 


> (—)' om [(a5 4,9 **!7* (a, ag)! — (aga) ^ * ! "* (ay ay)'] 


i=0 


À A 1 { -nr Ry + —n n,+ 
= Lori) | (2544) *7^ (a, a4) t! — (aa, (a4 a5)" E 


E D 
n; +2 


) i (a,a) ^1 (a a4) ** — (Ag ge (a, a)" *? | + u | 
Now, from (XII), we have (changing A, into A,+1) 


m ( (0, m +1, 9, m) — 04 +1, 0, 3,—7; 


— (n, +1) Ore ((0, 1; +2, Ay—2— 1) — (+2, 0, 4,—n,—1); +... = R. 


Hence on subtraction we obtain a syzygy if A, P 2441; and a reduc- 


tion for 
(0, +2, Ay—m—1), 


when A, > n—l. 
The reduction equation is 
(XIII) Seat ! [e7P—1](, m +1, A, — n) 
—[e7*^—1 ](n, +1, 0, 4,—); 

) i[e7 P — (4 4-1) ] (0, m 4-2, 4,— 0, — 1) 

—[e7 P (n 4-1)] (n44- 2, 0, 4,—7,—1) | +... = R. 
With the help of (IX), this in general will reduce the form 

(1, ntl, A,—n,— 1) 


git 


when X, > 24; but if otherwise we can use (XI) also and so reduce 
(9, Nis Ags — n — 1). 
We must examine (XIII) further, owing to the presence of an excep- 
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tion. Expanding, we obtain 


A,+1 n»,43-1—1 
— (n, +i, 0, À,—,—i-4-1)] 


ni Ah) : (À +1)! 
— >> PH [1 
= i (—) 2! 0443-14 2!0,—,—;—0! 


[G, m 12-4 vn ++, j, V—n—i— 5] = R. 
When n, = 1, the left-hand side of (XIV) becomes 
Ay yi At n RR —esD3 -a4D, E . 
E (—) E (i — 1) e7 53-79: ^ (0, 1-4 - 7, MÙ. 
And since 2 (14-2) d- 4, —4 } 2n (for A, P n —1) we can use (X), and thus 


obtain a syzygy. This furnishes then no extra reduction when n, = 1. 
We have yet to consider the case A, = n, that is the equation 


e": P (0, 1, n) = R. 
94. The equation (IX) gives syzygies which are quite obvious when 
^, = O or As < 2. = 
For 4, = 2, we use the syzygy 
| (a,a)— (aga;) | Matt i (a4 a4) + (2,43) ; is 
= (aga) + (yg) ^*?-F | (a Lag 3- (45a) Nt, 
which reduces the equation when 
A, n—2 and X, xn,—2. 


The .equation exists only when A,» We can shew then that this 
furnishes a syzygy whenever our equation exists and A, > »—2. For 


O = {(aa)— (Ags) | 7? + ((a4a9 + (aaa); **? 
— ((aga4 + (a103) ;"*’— (aga) + (a3a9 ;*” 
— P+ 9 (a, a, Mt? — (a, aq) +? — (a, a,)4*? 
— (Ag 9) (a, aM (aza) — (A +2) (A, a3 **? (aza,) 
(where P is used here and elsewhere to denote products of covariants) 
= P+ ! (Gy Aq) + (aa) tF | (GAs) + (agaa) ^** —(a a, *? 
— (a, ag ** — (Ag 2) (a, a9**! (ag a9) — Ag+ 2) ara"! (a5) 

P+ (Ag+ 9) (a5a9) | (at — (a1a9**' ; 
=P; 


giving us a syzygy for all cases A; = 2, Ay P s. 
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For ^, = 8, we use the syzygy 
0= ((aa9-4-(a5a9 ;***— { (aa) — (agag); M+ 
— { (aa) + (agay) ;*** (01a) + (3a) ; ~t? 
+ (aa) — (a5a,) ; ^*?— 1(a,a4) — (aga) ;**? 
= P+2(,+3) | (aa **? (a4a3) - (ay ag) ** (Ay aq) + (0149) ***(a3a4) | 
= P-F2044-8) [i (G1 aq) + (aa) | 4? (aaa) — i (Gag) + (05a ; *** (Asay) 


— (ay a,)*? (aga) + (a, a,)*? (a3 a4) | 


x °) [a a*** (ay. ay)" — (a a)**' (asa) ] 


P+4( 


+2 Qa [(ayag)*? 1(a4a4) + (a4a4) | — (a, Ag)™**? ((a5a4) d- (a3) | ]. 
If A, = n, we obtain 
(14-3) , 044-1, 0, 2)—(0, m+ 1, 2); 
—9 (n4 4-1) | (4-2, 0, 1) —(0, »,--2, 1); = P. 
And using (XII) we find we have a relation between products of covariants 


only, t.e., a syzygy. 
If A, = n; —1, we obtain 


(n, +1, 0, 1)— (0, n,--1, 1) = P, 


and again using (XII) we have a syzygy. 

If A, < n—1, there is a syzygy without the help of (XII). Thus we 
obtain a syzygy from (IX) in every case when Ag < 4, or A, < 1, provided 
A, P n— 2. - 

We have still to consider the cases A, = n—1 or n. In fact we have 
to consider the four equations 

e723 (0, 9, , —1) = R,  e^*P:(0, 8, n—1) = R, 
e **Ps (0, 9, n) = R, e 5 (0, 8, n) = R, 


where it must be remembered in each case that A, P ni 


85. The equation (X) gives obvious syzygies when A, «2 or A, < 2. 
For the other cases the syzygies 


1(a5a4) — (Aga) , » = (aga, 
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and {(a,a4)—(a,43)"~! (a243) = — (a5a4)"^! (Ay Ag) — (ga,)" + (aga, Kaya, 


may be used, as for perpetuants; provided the weight w is not greater 
than n. When the weight is greater than n we find ourselves with five 
equations to deal with of just the same type as those of equation (IX). 

We are thus left with ten equations to consider, four of weight +1, 
four of weight n+2, and two of weight +8. 


86. For weight n+1 the equations, in the case of perpetuants were 
reduced by means of syzygies obtained from the symbolical identity 


(XV) Antl) [ (aga) | (a244) — (a5a3) |" — (a, dg) ((a,a) — (249; " 
+ (a aq) (a3a4" ] 


+ Ae | (aay) —(aga;) |" *1 — (a5a4)" +] 

+ Ag[ | (@3a,)—(a, a) } "+ — | (aza) — (a a3) ) "*1] 
+A [{ (Gay) + (0349 } "+ — d (Ga) — (4543) j "*! ] 

t As[ | (aza) +( a5) | * — | (Qa) + (aaa) ]"*"] 
+(Ag—Ag—A,)[ (@gay)"*!— | (a, a4) — (aaa) }"*7] 
+(—A,+A,—A,) [(agay)"**— 1(a,a) — (a, aq) |] **"] 
+(—)" | —A,(n +1) +4,—Ay+(—)"A5}[(agay)"*? 


— į (4443) —(a,@,) j"*' ] = 0. 
From $ 25 we see that 


i (Az a4) — (d3 ag) ii 


= > (—)' up (az Ag): (030.4) 11-i + (454) *! + (aga) *! 
i=1 : 


(/ 
— {1—(—)"! (agag" (aga) ; 
and that 


(agaa) | (a284) — (a5a3) | " 
o n+1 n n 

= 2 (—)' (5) (Ag Q3)i+1 (dza) n-i — (agay) =(=) (a4 ag) (aza), 
i=0 


where (dg )4 (@2@4)n+1-i 18 an actual covariant of the three quanties con- 
cerned: in these we replace 
(@gQ3)" (a3a4 by (a,a3)" (ara) — (a 3) — (Ay Aq) | " (QQ), 


and then substitute in (XV). 
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In the result the coefficient of each of (a,a,)"*}, (a,a,)"*}, (a,a,)"*), 
(aga,)"*1, (a,a,)"*' is zero. And, in fact, the identity is a syzygy as it 
stands for all values of the five constants when m > n 

If n, } n, we need the following results from § 25, 


(a, Qs) | (a, a,)— (a1 a3) ^ —E(—Y (5) (a Q3 +1 (a)n i d- (azay"*! 


"oss —n—8+n, +: —1 l l 

x e iw | i—1 | ) NU. (a.a (aya) 
n=it +1 l T= , , 

— (—)" p (—) incur “a (a, ag) ^ *'7! (a, a) Mr ; 


i= 


and 


| (aa) —(@, ag); "*'—2(— y UT.) (a, a3); (a4 4.) .1-:— (0404) *1 — (a5a,)"*! 


Een alo] 


x (a, as) ni*i—1 (d, a) n+2=n= i 


Making use of these results in (XV), and of the corresponding result for 
! (a, a4) —(a4a9) E"*!, we obtain from (XV) in the notation of this paper, 


(XVD 
—A(nt2(-? Es cy ("EAT") 0, np i- 1, n42-m—ò 


un LE gh) er CHS] 


X (0, 14-4 —1, n4-2—n, — i) 


ey e As 4) 1 \- —(—)" Hon, 0, n4-1—n) 


4 "uo Ds) 14,—(—)^*! Ag} e^ "D (0, ny +1, n+1—n,—2) 
i=1 Wut 


N— Ny 1 _ í 
i = iin [Ast Ay} e^ (0, n-E1—n,—4 nd) = P 


Jt is evident that we only get syzygies (with the help of the regular equa- 
tions) when n, = n. 
In general when all the A’s except A, are zero, we find 


(0, 4, 1-d-1—») — (n 3-1—724)(0, ntl, n —9)-4-... =R 
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From 4, = 4A, = A; = 0, Ay = Az, we obtain 


a) "TS B 

em € (0, nd 1, N ni) 

OO( V FN an, EM E 
I Í (0, n +2, n—=n—1)+... = R. 


From 

A,:4,— 4,—0 and A,(n+1)(—)"-+4, (3) 2c = 0, 
1 

22 

ny 


we obtain | ( 


)-c* ' (2, 0, n1 — n) 


+1 2, Lig Eyes (5) | (0, 44-1, n) = R. 


This is all we get in general, for (XVI) does not help us, as a rule, unless 
A, and A, are zero, as it is easy to see. Further the three equations are 
all we require; since when n, < n—2, the equations 


e *D:(0,9, » 1 = R,  e^P:(0,8, n—2) = R 


no longer exist. 

Thus, when n, <n—2, we find three new reductions which easily 
may be shewn to be those for (nj, 1, n —7,), (2, »,—1, n—n,), the third 
being (1, n, 41—7,), if n2 2n,—1; but, if n <2n,—1, this is already 
reduced and our third reduction is (8, », —2, 4 —7)). 

When n, = n—1, we have to look for five reductions or syzygies; the 
three equations obtained for the general case enable us to express each of 
(0, 2, 1), (0, n—1, 2), and (n—1, 0, 2) as a sum of products. Substitute 
their values in (XVI); and it reduces to | 


i Ge {A,+(—)" Ag} e7“ (0, 1, n) = P. 


But using (VI) we find that 

e^ 3D (0, 1, n) = (0, 1, n)— (1, 0, n) 
= (n—1)(0,»—1,2)—(n—2)(0, n, 1) —(n—1)(n—1,0, 2) + P 
zn 

And hence the extra equations give two syzygies here. 


When n, = n—2, we have one extra equation to obtain. 
It is plain that we must have 4;—(—)'" 4, = 0 in (XVI. We find our 
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equation by putting 4, = 44 = 0, 4,=A,=(—)*, A4A,=1. And by 
means of this we can obtain the reduction of the extra form (2, 1 —2, 1). 
97. For weight 1 4-2, we find that the equation 
e *Ds-5D. (0, 2, n) = R 
is required for the ordinary reductions, unless n, > n. The equation 
e *P5(0,9, n) = R 
exists only when » 2 n, and is then required for the reduction of (1, 1, n). 
The equation e-"D (0, 8, n—1) =R 
exists only when n 2» n—1; and 
e *:Ds-o;D. (0, 8, 4, —1) = R, 


which exists only when n > 5 is required for ordinary reductions when 
ni « 4. 

Thus we require three reductions or syzygies when n, >n, two when 
n, = n—1, one only when »—1 > n, > 8, and none when n < 8. 

We replace n by n4-1 in (XV) ; and observing that by $ 25 we have 


Pas 2 


1 (a50) — (4503) } 
n , 2 
= = (=y (" i ) (Azad (Ay @y)n+2-i - (a5a,)" ** — Qt + 2) (5a )" *! (aga) 


+ (tg tq)" *? + (2+ 2) (4a) *! (gay) 

+1 —1- (1 Qn4-8); (597 (azap? 

— In —4—8 T" " (8n 4-4) j (agag" (aa, 
and | 


(dat) (aaa) — (Aq a3) ind : 


n—l 1 
= 2 (—) RT ) (saga (Ag Qn «i-i (Aaa (a, a,)"*! 


— (a5a3)" ** — (n+ 1) (agaq)"*? (aga) 
— {n—1—(—)" (2r+1)} (asa9"^! (aay)? 
T {n—2—(—)” (8n+ 1) | (aga3)" (aga). 
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In these we replace 
( Ay As) n—1 ( Ay a,)° 


by (aza) (aa)? 

— i(a,a3) — (u,a3) | "! 18 (aa) a)’ — 8 (a, a) (a, a) (a, «* | , 
and (a4 3)" (da a.)* 
by (aa3)* (a.a, — | (a, A3)— (a, ay) |” {2(a, a2) (a, a) — (a,a9* | , 


and then substitute in our new identity. 
In order that the identity may yield & relation between actual co- 
variants, the constants must satisfy the conditions 


(XVII) 41,—-A,+4A,+4,=0, 4A,—Ag+A, — 0. 


When n, > n+2, we find if n is even no syzygies, but reductions for 
the forms (8, » —8, 2), (9, n—1, 1), (8, n—2, 1); aud if n is odd there is 
a syzygy and the forms (8, » —8, 2), (2, »— 1, 1) only are reducible. 
When n, = n-F1, and n is even, our identity furnishes reductions for 
(8, n—8, 2), (1, », 1) and (2,  —31, 1); but when n is odd there is a 
syzygy and reductions only for (8, » —8, 2) and (1, n, 1). it 
When n, = n, there are no syzygies, the reductions are (n—1, 1, 2), 
(2, n—2, 2), (8, n—8, 2), when n is even, and (2, n—2, 2), (8, n—8, 2), 
(1, 2, 1) when x is odd. 
When n, — n—1, we expect only two results from our identity, and 
we find that the constants must satisfy the additional condition 
A,+A,;=0. And whether n is odd or even we find the new reductions 
to be (8, n— 4, 8) and (1, »— 1, 2). 
When n, < n—1, we have one reduction only to look for, and we 
must have 4, = 0 = A,; and therefore 24, = 1, = 24,. We find then 
n+8 
EN 
; and no new reduction at all when 7, < 4. 


a reduction for (8, 1, —8, n—n,+2), when n, + , but for (2, n,—2, 


n—n,+2), when n, <7? 


88. Lastly, when the weight is n+8, we find that the equation 
e “Ps (0, 8, n) = R, 
which only exists when n, >n, is always required for the reduction of 
(1, 2, n»). The equation 


Cop 
g^ 2Ds— 03D, (0, 9, n) = R top 


tan 
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is also required for the ordinary reductions unless n, > n 2» 6. To ob- 
tain the reduction or syzygy corresponding to this last case, we replace :n 
by n+2 in (XV) and proceed as before; then we find that the constants 
must satisfy the two conditions (XVII), and also the further conditions 
Agd- d, — O and 4,—4,- 0; whence 


When n, > n and n is odd, the form (8, n—4, 4) is reduced. 

When n, 2 n-F1 and n is even, the form (8, » —8, 3) is reduced. 

When n, = n+1 and n is even, the form (2, n—2, 3) is reduced. 

When n, = n, the form (2, n—3, 4) is reduced, whether n be even 
or odd. 


39. We can now sum up our results. As before stated, (0, Az, A,) is 
reducible unless 


Ag, 29m, and 2AX,4-24, 2n; 


it is therefore always reducible when m > n. 
The reducibility limits of (1, As, A,) are illustrated in Fig. 1; where 


Fio. 1. e 


contours are drawn for different values of n, when n = 20, the form 
corresponding to any point (A,, A4) either on or on the origin side of the 
contour being reducible. The character of the contour changes according 
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to the value of 2,; thus the reducibility limits are, when 


(i) 72 <> Ag  2,—1 or Ay = n or mtl and 2A,+A, P ntn 
| or ^, > nı— l, 2AF ^, > Qn—1. 


(11) T >n > 5 » Agbn-—1, 9144-3, P 2n— 2, 
or Ay m —1, 2At, P 2n— 1. 
(iii) n—2 S n 2n 2A HA, P 2n —2 or A P 0,—1, AP, 


8 3 
or Ay 7b 2, —1, 9334-5, P 2n — 1. 


(iv) ni = n—1, a modification is introduced owing to the reducibility 
of (1, n— 1, 2); we have then 


n =n-lorn, QWs-+A, P 2n—2 or A4 nl, AP n 
or Ay P »,—1, ZAHA, P 2n. 
(v) m — n4-1, Ag n—1 or 2A tA, P 2n+1. 
(vi) 2, > n+ 1, E Às & ud or 2A,+A, P n4-n4— 1. 
(vi) nı > 2n, every form is radacini 


The reducibility limits of (2, As, A) and (8, Ag, Ay) are traced in 
Figs. 2 and 8. It will be seen that in both these cases there is part 
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of the figure whieh «corresponds to forms irreducible for all values 
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10. It is noteworthy that our special cases introduce the reductions of 
(nı, 1, n—74) when n, < n; and of (n —1, 1, 2) when nı = n, and is even, 
which must be added to the reductions given in § 29. 
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SESSION NOVEMBER, 1913-JUNE, 1914. | 
Thursday, November 18th, 1918. 
ANNUAL GENERAL Misenda: 

Prof. A. E. H. LOVE, President, in the Chair. 


Present twenty-three members and a visitor. 

The minutes of the last meeting were read and confirmed. 

Messrs. A. Korn and R. E. Powers were elected members. 

Profs. A. Hurwitz, M. Noether, P. Painlevé, C. Segre, W. Voigt were 
elected honorary members. 

The Treasurer, Sir Joseph Larmor, presented his Report, and on the 
motion of Lt.-Col. Cunningham, seconded by Mr. A. B. Grieve, it was 
received. 

. Dr. J. G. Leathem was reappointed Auditor. 

On the motion of the President, seconded by Sir Joseph Larmor, it was 
agreed that a letter of condolence be sent to the relations of the late Mr. S. 
Roberts, a former President of the Society. 

The President moved, and Dr. Hobson seconded, the following resolu- 
tion, which was carried unanimously :— 


That the London Mathematical Society hereby places on record its sense of the deep 
debt of gratitude which it owes to Sir Joseph Larmor for his management of its financial 
affairs during the twenty-one years of his tenure of the office of Treasurer, aud tenders to 
him its hearty thanks for the work that he has done in that capacity. 
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The members of Council and Officers for the new Session were elected 
as follows :—President, Prof. A. E. H. Love; Vice-Presidents, Dr. H. F. 
Baker and Prof. W. Burnside; Treasurer, Dr. A. E. Western ; Secretaries, 
Mr. J. H. Grace and Dr. T. J. TA. Bromwich; other members of the 
Council, Mr. S. Chapman, Mr. E. Cunningham, Mr. A. L. Dixon, Prof. 
L. N. G. Filon, Prof. E. W. Hobson, Mr. J. H. Jeans, Mr. J. E. Littlewood, 
Prof. H. M. Macdonald, Major P. A. MacMahon, Mr. H. W. Richmond. 


The following papers were communicated :— 


The Skew Isogram Mechanism: Mr. G. T. Bennett. 

Tauberian Theorems concerning Power Series and Dirichlet? 8 
Series whose Coefficients are Positive: Messrs. G. H. Hardy and 
J. E. Littlewood. 

Note on Lambert's Series: Mr. G. H. Hardy. 

(i) The Connexion between Surfaces whose Lines of Curvature are 
Spherical and Surfaces whose Inflectional Tangents’ belong to 
Linear Complexes, (ii) Surfaces whose Systems of Inflectional 
Tangents belong to Systems of Linear Complexes: Mr. J. E. 

. Campbell. 

On Integration with respeet to & Funetion of Bounded Variation: 
Prof. W. H. Young. 

The Computation of Cotes’s Numbers, and their Values up to 
n= 20: Prof. W. W. Johnson. 

Some Ruler Constructions for the Covariants of a Binary Quantie : 
Mr. 8. G. Soal. 

Analogues of Orthocentric Tetrahedra i in Higher Space: Mr. T. C. 
Lewis. 

Closed Linkages and Poristic Polygons: Col. R. L. Hippisley. 


ABSTRACTS. 


Tauberian Theorems concerning Power Series and Dirichlet’s Series 
whose Coefficients are Positive: Messrs. G. H. Hardy and J. E. Littlewood. 


It was proved by Lasker and Pringsheim that, if 
f(r) = Baz", 
and 8, = Ag tat...ta,~ An" Li), 


where L (n) = (log n)™ (log log m) ..., 
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the indices a, a, ag, ... being such that »*L(»)-— œ, then 


fo) dk 1 


"gen A 


as z— 1. The principal object of the paper is to show that the converse 
also 4s true when the coefficients a, are positive. Various generalisations 
are made, and analogous theorems proved for ordinary Dirichlet's series. 


Note on Lambert's Series: Mr. G. H. Hardy. 


Generalisation of theorems proved by the author (Math. Annalen, 
Vol. 64) and Knopp (Crelle's Journal, Vol. 142) concerning the behaviour 
of a “ Lambert's series " : 

34 2c 
n 1 — p" , 
convergent for |n| < 1, as v tends to a rational point ¢°"'7 on the circle 
of convergence. 


(i) The Connexion between Surfaces whose Lines of Curvature are 
Spherical and Surfaces whose Inflectional Tangeuts belong to Linear 
Complexes, (ii) Surfaces whose Systems of Inflectional Tangents belong to 
Systems of Linear Complexes: Mr. J. E. Campbell. 


Much study has been devoted to the system of surfaces characterized 
by the property that their lines of curvature are plane or spherical, and 
references will be made in Forsyth’s Differential Geometry, Chapter IX. 
My own knowledge of the subject is almost entirely derived from Darboux's 
Théorie Générale des Surfaces, Livre IV, Ch. IX and XI, and I have 
been guided in my investigations by the results there presented. It is 
well known that Lie's contact transformation, by which spheres are trans- 
formed into straight lines, connects the geometry of lines of curvature on 
the surface with the geometry of asymptotic lines on another surface. I 
do not know, however, that any attempt has been made to apply this 
theory to the investigation of the properties of surfaces, whose lines of 
eurvature are spherical, by investigating the properties of surfaces, whose 
inflectional tangents belong to systems of linear congruences. The first 
of the two papers here presented treats of Lie’s contact transformation, 
and shows how the knowledge of either class of surface involves that of 
the other. The second investigates the properties of surfaces whose in- 
flectional tangents belong to systems of linear complexes. The two papers 
are connected, but either can be read independently of the other. I have 
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tried to write them that they may be intelligible to one who has very 
little knowledge of the theory of surfaces, and therefore there is much in 
them, and especially in the first, that lavs no claim to originality, except 
possibly in method. 


The Computation of Cotes’s Numbers and their Values up to n = 20: 
Prof. W. W. Johnson. 


This paper contains the computed values of Cotes’s numbers for values 
of n from 11 to 20, in continuation of the values up to n = 10 given by 
Cotes, and published in the Harmonia Mensurarum. 

Attention is called to some curious cases, occurring in the computation 
of the divisibility of certain sums, whereby the denominators of the frac- 
tional values are rendered considerably smaller than might have been 
expected. 


Some Ruler Constructions for the Covariants of a Binary Quantic : 
Mr. S. G. Boal. 


In this paper a binary quantie and its covariants are represented by 
points which are taken to lie on a conic S. 

It is first shown how to determine by ruler the polars of any point P 
of S with respect to the system of conics which pass through the marking 
points of the C.» , of a sextic. 

One conic of the system has for a pole and polar pair any point P of 
S, and the line which denotes the C2,2 of the polar 5-points of P with 
respect to the sextic. 

The polar reciprocal with respect to S of this conic intersects S in the 
marking points of the covariant C; 4,-- 3C», 4. 

The next step is to construct a certain joint quartic covariant of a 
quadratic and a sextic linear in the coefficients of each. 

If for the quadratic is taken the unique Cs,» of the sextic, this joint 
covariant becomes the C, ,-4- 2; C», determined above. 

The reversal of this process leads to a ruler construction for the unique 
Cs, » of the sextic. 

The remaining quadratic and quartic covariants are then readily con- 
structed. 

In connection with the sextic the following result is of interest :—If 
the connector of the polar 2-points of each of the marking points of a 
sextic with respect to the remaining five points be constructed, then the 
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six lines so obtained touch a conie which is harmonically circumscribed to 
a system of covariant conics associated with the Hessian of the sextic. 

Next, using the septimic and octavic as illustrations, there is indicated 
a chain of ruler constructions for the C; ; of a (2n-+1)-ic based upon the 
two following results :— 


(i) If P be one of the marking points of a 2n-ic, and p be the line 
which represents the C; ; of the polar (25 —3)-points of P with respect to 
the remaining (2n —1). points, then [P, p] is a pole and polar pair with 
respect to a member of the system of conics through the unique C», of 
the 2n-ic. 


(ii) If P be one of the marking points of a (2»-1-1)-ie, and Q be the 
eonjugate of P with respect to the four-point system through the unique 
C; 4 of the remaining 2n points, then Q is a point of the line which repre- 
sents the C; 2 of the (251 -]- 1)-1c. 


Prof. Morley's elegant construction for the C» s of a quintic may be 
exhibited as a special case of this result. | 


Analogues of Orthocentrie Tetrahedra in Higher Space: Mr. T. C. 
Lewis. 


The results obtained geometrically in the author’s paper published in the 
September and October numbers ofthe Proceedings of the Society, Vol. 12, 
pp. 474-488, are now proved analytically by the use of penta-spherical 
eoordinates, or corresponding coordinates when the space considered is of 
more than three dimensions. These coordinates are explained by 
M. Gaston Darboux in La Théorie Générale des Surfaces, Livre II, 
Ch. VI, p. 218; see also the same writer’s Systemes Orthogonuuz et 
les Coordonnées Curvilignes, Livre I, Ch. VI, p. 121. 

An independent investigation of this system of coordinates is given, 
based on its connexion with an orthocentrie tetrahedron or higher 
analogue, a connexion not noted by M. Gaston Darboux, but one which 
makes the system naturally suitable for applieation to the study of the 
geometry of such orthocentric figures in space of any dimensions. The 
application of the method for this purpose is believed to be new. 

While the homogeneous equation of the first degree represents an n- 
sphere or n-plane, the homogeneous equation of the second degree will in 
general represent a (hyper)-cyclide which reduces to a (hyper)-quadric on 
the fulfilment of certain conditions. This opens out a further field of 
investigation, which is being pursued. 


vi RECORDS OF PROCEEDINGS AT MEETINGS. 


Closed Linkages and Poristic Polygons: Col. R. L. Hippisley. 


This is an article pointing out certain consequences arising out of the 
connection between closed linkages and poristic polygons which was briefly 
alluded to by the author in a previous paper (Proc. London Math. Soc., 
Ser. 2, Vol. 11, p. 29). The results arrived at have a special bearing on 
the ‘‘ Theory of the Transformation of Elliptic Functions.” It is shown 
that the subsidiary polygons formed by joining the vertices of the original 
polygon in every possible way are connected together by an endless chain 
of linkages and also by a double system of inversions. | 
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SESSION NOVEMBER, 1918-JUNE, 1914. 


Thursday, December 11th, 1918. 
Prof. A. BE. H. LOVE, President, in the Chair. 


Present twenty members and a visitor. 

The minutes of the last meeting were read and confirmed. 

Mr. T. L. Wren was nominated for membership. 

Mr. S. B. Maclaren was elected a member. 

The President presented the Treasurer’s Report. On the motion of 
Lt.-Col. Cunningham, seconded by Prof. Nicholson, the Report was re- 
ceived. 

The President alluded to the deaths of Sir R. S. Ball, Prince Camille 
de Polignae, and Mr. Morgan Jenkins, the last of whom was for nearly 
thirty years Secretary to the Society. It was unanimously agreed that a 
letter of condolenee should be sent to the widow of Mr. Jenkins. 


The following papers were communieated :— 


On the Linear Integral Equation: Prof. E. W. Hobson. 

Generalized Hermite Functions and their Connexion with the 
Bessel Functions: Mr. H. E. J. Curzon. 

Limiting Forms of Long Period Tides: Mr. J. Proudman. 

On the Number of Primes of the same Residuacity: Lt.-Col. 
Cunningham. 
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Some Results on the Form near Infinity of Real Continuous Solu- 
tions of a certain Type of Second Order Differential Equation : 
Mr. R. H. Fowler. 

The Potential of a Uniform Convex Solid possessing a Plane of 
Symmetry with Applieation to the Direct Integration of the 
Potential of a Uniform Ellipsoid: Dr. S. Brodetsky. 

The Dynamical Theory of the Tides in a Polar Basin: Mr. G. R. 
Goldbrough. 

Proof of the Complementary Theorem: Prof. J. C. Fields. 


ABSTRACTS. 


On the Linear Integral Equation: Prof. E. W. Hobson. 


In this paper the integral equation 
ù 
fs = paa | K (s, 0 $9 (0 dt 


is treated of with a view to removing as far as possible the restrictions on 
the nature of the nucleus K(s, £) and the given function f(s). Through- 
out, the definition of & definite integral due to Lebesgue is employed. 
When K(s, t) is summable and limited in the square for which it is 
defined, it is shewn that Fredholm's solution is the only summable solu- 
tion of the integral equation. The case in which K(s, 4) and a finite 
number of the repeated nuclei are unlimited is investigated by a method 
in which Lalesco’s theory of the canonical sub-groups of the resolvant of 
a limited nucleus is employed; a more general result than that obtained 
by Poincaré is thus established. Certain cases are considered in which 
Fredholm’s solution is applicable when the nucleus and all the repeated 
nuclei are unlimited. 


Generalized Hermite Functions and their connexion with the Bessel 
Functions: Mr. H. E. J. Curzon. 


This forms the sequel to a preceding paper in which a connexion was 
found between the Hermite functions and the Legendre functions. In a 
memoir, read before the Royal Society in 1908, Mr. Cunningham dis- 
cusses the properties of certain w-functions occurring as the result of 
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searching for all solutions of 


V3. = 


that have the form f(t) $("/t) O, where O depends only on angular co- 
ordinates. Or, slightly transforming the fundamental differential equation 
for these w-functions, an equation that arises is 


dz | 2u dz 
det g "e di 2g E+ 20— a)z = 0, (1) 


an equation that deforms into Hermite's equation on making u zero. In 
the present paper this equation (i) is solved by means of two definite 
integrals which I call H,,(€) and K,,(£) u function W, „ (£) being 
related to these functions when they are not independent solutions of (i) 
in the same way that the function Y, (x) is related to the ordinary Bessel 
funetions when » is iutegral. Connexions are established between the 
generalised Hermite functions and the Bessel funetions of the type 


droop (EE) u 
H,, (2) = Bee oe | e" t5, _4(— ctr) dt, 
the path of integration avoiding the origin by means of a small semicircle 
above the real axis. ‘The relation is worked out between the H and K 
functions and Mr. Cunningham’s w-function, and various other properties 
of these generalised Hermite funetions are diseussed, apart from their 
connexions with the Bessel functions. 


Limiting Forms of Long Period Tides: Mr. J. Proudman. 


This paper contains a general discussion of the limiting forms of 
forced tides on a rotating globe, as the period of the disturbing force tends 
to become infinite, and of the use of such as approximations to tides of 
long period. 

The method adopted for the former purpose is to use the limiting 
forms of the general equations of forced motion, and to add as conditions 
any properties of the general motion which are independent of the period, 
so long as it is finite, but do not follow as consequences of the limiting 
forms of the equations themselves. These properties are obtained and 
used in a form which involves “ relative circulations.” 

The area of the surface of the water is divided into regions of three 
different types, according to the properties of hsec@ (h being the depth 
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and 0 the co-latitude). These regions are first discussed separately, and 
then the solutions are combined. 

In all cases but one the limiting forms are found to exist uniquely. 

À few examples are given in which the limiting forms are calculated 
for such disturbing forces as occur in terrestrial tides. The chief of these 
refers to a polar sea bounded by any parallel of latitude. 

In the discussion of the possibility of applying limiting forms as 
approximations, an attempt is made to apply to tidal theory results which 
have been established only for systems with a finite number of degrees of 
freedom. 

Using the tide-tables for the Indian ports it is coneluded that free 
oseillations of long period may exist, as the theory is found not to apply. 

À suggestion is made to use the Lake Victoria Nyanza to determine 
the amount of the earth's yielding to tidal forces. 

An appendix is added on the general equations of tidal motion for seas 
on a yielding nucleus. 


On the Number of Primes of the same Residuacity: Lt.-Col. 
Cunningham. 


This paper presents the results of a count of the numbers (u, m) of 
odd primes (p), which satisfy the congruences 


ya == + 1; y^ (p-1) LI + 1 (mod p, 


for certain bases (jy), through certain ranges (R) of the natural numbers, 
where 


y = the maximum factor of (p —1) possible to y, » = any factor of v; 


a is the number with v, m is the number with n. 


The counts of u were made for all values of v for the eight bases 
y — 2, 8, 5, 6, 7, 10, 11, 12, 


for the range R = 1 to 10°; and also for y = 2 and 10 for each successive 
range of 10000 up to 10°. The counts of m were made for all values of 
n = 1 to 40 for the same bases and ranges as for u. 

Comparing u, m with the number (M) of primes (p) of form 


p = (s+), 
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(ns-+1) in the same range, the chief results were the following as 
approximate rules (in large ranges of numbers) 
1 1 


3.5 to zg% 


ub e ub. 
3.2 9 3.6 


v = 1 (y a primitive root), u = 


y = 2 (y a quadratic root), u = M. 


m = =. M, nearly (but usually < = X) [except as below]. 
m = > 2M, nearly (but usually < Z 2M), with 2 = 82, for base 2. 


1 ; 
m= 2M, nearly; in some cases, with n = ky, when y > 2. 


Some Results on the Form near Infinity of Real Continuous Solutions 
of a certain Type of Second Order Differential Equations: Mr. R. H. 
Fowler. 


This paper is the outcome of an attempt to obtain for the differential 


equation P(xyy'y") = 0, 


where P is a polynomial with real coetticients, results analogous to those 
obtained by Mr. Hardy (Proc. London Math. Soc., Ser. 2, Vol. 10, 
pp. 451-468) for the equation 


P(ryy') = 0. 
The following theorem is proved:—If y = y(x) is any real continuous 
solution (with real continuous differential coefficients of the first two 
orders) of the equation Fee e s 
where P is a polynomial in x and y, then either there exists a K such that 
y(t) = O(c"), 
or else there exists real numbers A and p, of which p is rational, such that 


y (r) = e^" 0*9 (e — 0). 


The latter type cannot exist unless the degree of P in y is unity. 

Various generalizations of this theorem are considered; in particular 
it is shown that the theorem remains true when a rational funetion of x 
and y is substituted for P (z, y). 
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The Potential of a Uniform Convex Solid possessing a Plane of 
Symmetry, with Application to the Direct Integration of the Potential of 
a Uniform Ellipsoid: Dr. S. Brodetsky. 


The difficulty of finding the potential of a uniform solid at an external 
point consists in the fact that the integral representing the potential 
involves limits which are complicated functions of position. This renders 
the direct integration impossible, except in very few special cases. Thus 
the potential at an external point of a uniform ellipsoid has hitherto been 
calculated only by means of special methods and devices. The nearest 
approach to a direct method is the discontinuous factor used by Dirichlet, 
Kronecker, und Hobson (see Proc. London Math. Soc., Old Series, 
Vol. xxvi). The object of this paper is to devise a method of integra- 
tion that shall overcome this difficulty and give us a general direct 
integrating process. 

The potential of a uniform straight rod of line density » is 


m log (14-6)/(1 — 6), 


where e i8 the excentricity of the ellipse having the ends of the rod as foci 
and passing through the point at which the potential is calculated. We 
split up the solid into elementary rods perpendicular to the plane of 
symmetry, and we find its potential at any point in the form 


Vo || rdr d$ log (14-6)/(1— 6), 


the double integral being taken for all the rods in the body, and r, ¢ being 
measured in the plane of symmetry. The body under consideration being 
convex, it follows easily that there is only one maximum value for e 
corresponding to any given point at which the potential is to be found; 
further, that the rods giving any particular value of e less than the maxi- 
mum lie on a convex cylinder surrounding the rod giving the maximum 
value of e. Still measuring in the plane of symmetry with the projection 
of the rod giving maximum e as a new origin for 7’, $', we get 


V = =op f; E r' dr' de! log(1-4-6)/(1— 6), 


E being the maximum value of e. We now take e as an independent 
variable instead of 7’, and integrate partially with respect to e. We ob- 
tain, after dropping a vanishing term, 


E f2r 7"? 
V «| | y gled. 
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For an internal point (£, n, ©), E = 1, and the equation for 7°“ in terms 


of e and ¢’ is 
afer cos $' +É, r' sin 9 +n) = (C H- 77/0 —e5, 


the equation to the surface of the solid being 
2 = f(x, y). 


For an external point, we first have to find the coordinates (£,, 7) of the 
rod giving maximum Z, from the equations 


yfe, y) = Ë+ (airy —3?1/0— e), 


3 of [or = 2(z— HA), 3 of/oy = 2(y—3/ — e). 


These equations give us E, £, 1), and we get for 7”? the equation 


A f(r’ cos $' - £y, r sin ’+ 9) 
= + (rt cos 9' ++ sind tm — m} /(1—e?). 


The method does not simplify the process in the case of an internal 
point. But for an external point the method of this paper introduces 
appreciable simplification. Having solved the equations giving E, € and 
my, and having found 7’ in terms of e and ¢’, the integration is quite 
straightforward, and the limits are simple and well defined. It is worth 
noticing that E is really a solution of 


ir 
| ridg' — 0. 
0 


The uniform ellipsoid can be treated very simply indeed by this 
method, as it is found that in this special case we do not need the actual 


values of o 7, and E is found by equating [ r'd$' expressed in terms 
of e to zero. ° 

Incidentally, the analysis used in this paper leads to some interesting 
properties of confocal surfaces, including confocal conicoids. In the case 
of confocal conicoids these properties can be obtained by elementary 
methods, but I do not think they have been noticed before. 


Proof of the Complementary Theorem: Prof. J. C. Fields. 
In a recent paper (Proc. London Math. Soc., Ser. 2, Vol. 12, pp. 218- 
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235) the writer deduced, with reference to an arbitrary fundamental oqua- 
tion f(z, u) = 0, the expression | 


nt oa $ (erre do 
s=1 s=1 M 


for the number of the conditions imposed by a set of orders of coincidence 
TI), ..,, 7 on the general rational function of (z, u), which can be repre- 


sented in the form (z—a,) ^ ((z—a,, «)), the integer 2, being taken suffi- 
ciently large. Representing any pair of complementary bases by (T) and 
(T), we know that O is the value of the principal residue relative to the 
value z = © in the products of the general rational function built on the 
basis (7) by the general rational functions conditioned by the partial bases 
(r)' and (7) respectively. This fact, combined with the result cited 
above, enables us to derive the inequality 
) ye), 


where N, and N; represent the numbers of arbitrary constants involved in 
the general rational functions built on the bases (r) and (7) respectively. 
Interchange of (7) and (7) in this inequality gives us a second inequality. 
Addition of the corresponding sides of the two inequalities shews us the 
inadmissibility of the unequal sign in either of the inequalities. The two 
inequalities then both become equalities from whose combination we 
immediately derive the complementary theorem 


T Lon 
NiE N,-n4Z S sp E E (unt 
x s=l s 


x s=l 


Y. To 
N,+4 È E 10,40 = N;+3 X E HOM, 


x 8=l «x s=1 
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RECORDS OF PROCEEDINGS AT MEETINGS 


SESSION NOVEMBER, 1918-JUNE, 1914. 


Thursday, January 22nd, 1914. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present ten members and a visitor. 
The minutes of the last meeting were read and confirmed. 
Mr. T. L. Wren was elected and admitted a member of the Society. 


The following papers were communicated :— 

(i) A Generalisation of the Euler-Maclaurin Sum Formule, (ii) The 
Deduction of the Formule of Mechanical Quadrature from the 
Generalised Euler-Maelaurin Sum Formule, (iii) A Generalisa- 
tion of certain Sum Formule in the Calculus of Finite Differ- 
ences: Mr. S. T. Shovelton. 


On Binary Forms : Dr. A. Young. 
On Darboux's Method of Solution of Partial Differential AN 


of the Second Order: Mr. J. R. Wilton. 
The President made an informal communication '' On the Potential due 
to the Distribution on an Electrified Circular Dise.” 
ABSTRACTS. 


A Generalisation of the Euler-Maclaurin Sum Formule: Mr. 8. T. 


Shovelton. 
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The formula is obtained by using the operator ¢ (A), where 


aes A gu 
$(AÀ) = 1-5 Een +..., 


and it is shown that 
2, = | v +p Om — et. 


where $n (0) = ¢(A) 0". 
A more general formula of summation is then proved in the form 


h (Vaten F aoa en T - 
b 2 
= | v,de+ hd, (x) (V — Va) + Bert 


where the remainder after 2(n+ 1) terms is 


jp r=(b-a 


1l—x h 
- ll, dan(2+K) I va La U2 


1 r=(b—a)'h 
+Í $»G-Fk—1) X de | 
1-x r=] 
dn(k) is B(A)x", and ¢, (x)—¢, (0) is shown to be the Bernoullian function 
of degree n. By putting v, = e it follows that n(x) is the coefficient of 
n:. he 
h” in e-—l and that 
$21 (0) = (— 1"! B,. 
Defining a new function ¢7 (x) by the equation 
pa) = Aa] "x", 


it is shown that 


Q,r 
WD usien = Aw hoil) A+ Ford Aw; -4..., 
from which we get 


WE Urgen = l ulda +g) u (dzy--4F.... 


The function $;(x) possesses properties analogous to those of the 
r 


Bernoullian function—amongst others 97, (=) = 0 if m is odd, 


Pi, (x) = (— 1)" pa (r— x), 
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and (—1)" 95, (=) is positive. Thus taking « = > in the series for 
D'u,,,, we have 
s (s) 
Dua = A + A'u-..., 


2! 
and it 18 shown that 
"a "T 
259; (=) : 2 pi (+) 


£' cosec’ x = 1— ———— — + 1i 


9! zim... 


If u, is put equal to er we find 


her" 


: ho, 
(c —1y = 1+h¢; (x) + 21 p(x) Toa 
and it follows that 
x” cos (AK —r)o = us Pe) + ei 2"... 


sin" 2 
- E € 
and NE 2 pi (x) e — 51869 ia... 
sin’ x 3! 


The function 95, (+) satisfies the reduction formula 


(r—1)(r—2) g, (+) 
= (r—2m—1)(r—2m— 2) p57? (= -1) = men) (r— 9995. (5 -1), 


from which a table of its values can be formed. Also 
ro) = (r—m) pnl m(k—7) $5 (9, 


from which a table of the values of $7, (0) can be formed. 


The expansions of tanz and secz are found, and from the latter it 
appears that 


yn 27** doa (G) 


E (— py 


= Gary (bo 2QnDEUUO 4B 7 0 Bus]. 
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Other expansions are 


D 
p^ 
1 


(2n)! ' 


£ cotz = 14+ X(—1»* 2°" 97 (O) + 72°" 1.265, (0) 


+0, 9?^-* (94) 97-2. (0) 4- ...], 


and also can be expressed in terms of 92" (m), $9" (4 — 1), ..., when r is 
of the form 2m or 2m-- 1, 


M V arr 9) An 
4 


2! 4? 


OODE AH eote 
8! 43 es , 


(—1) -P sin (4x. 0) 


+ 


tan?r = (0-2 


according as r is even or odd, the A’s operating on the powers of zero, 


een. 0,25 r(r+8) A al „å rr—4) A | 
sec p = 1 ET 3 4 5j ltrs t "Y ge 


X eos (4x . 0). 


| The Deduction of the Formule of Mechanical Quadrature from the 
Generalised Euler-Maclaurin Sum Formule: Mr. S. T. Shovelton. 


Several of the well-known formule, such as Weddle’s and G. F. 
Hardy's, are very easily obtained by the use of the sum formula, and new 
ones are given, one of which is | 


10 
| v.de = 135 [8(vgd- 49) +85 (v + vot vrt v) + 15 (vg t+ vt Ug + vg) + 86v; ], 


which has an error of less than (1—7)-th of Weddle when applied to the 
same range. 

The generalised sum formula can be used to give approximate values 
of definite integrals in almost endless variation, but few of the results are 
of much practical value. A formula which is useful when fourth differ- 
ences are small is 


10 
| v,dz = & [18 (v+ v, + gt va — 20 (vg+v,) |. 


0 


A Generalisation of certain Sum Formule in the Caleulus of Finite 
Differences: Mr. S. T. Shovelton. 


In this paper an investigation is given for the expression of 
La h(c-+x«h) in terms of the differential coefficients of p(z). The result 
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cau be best expressed in tlie form 
(«^ —1) a’ p(x +rh) 
= Nap (ec) J- A0) Aap! (2) H- ... + A (x) A'a? O9 (x) 4- R,,, 


where A refers to intervals of À in £, = 07 («) is defined by the equation 
A” (x) = [O(N] xt = =[1-35 itx 3) er 


in which the differences refer to intervals of unity in x. The remainder 
assumes a somewhat untractable form for general values of r, but when r 
is unity is equal to 

ht} 


n! 


| B 0, (k4- 2) a^ * ^ ^ *P(z-Eh zh) dz 
l 
+| 6, G2 1) ag" h— 21) di |. 
1—x 


When a — —1 and A is an odd integer, 07(x) possesses properties 
analogous to those of (x) defined in my paper on the Euler-Maclaurin 
formula. With these values we obtain 


2 [6 (ad- kh) — plut hth) tolu t 2 4- kh) 3- oh 
+ De o(u4d- p—1-4-x/0] 


A E "0, (K) [99 (a) — (— 1)" 9? (a 4- pA) +R, 


= i($(0)—(—1Y p(at+ph)} +.. + —7— 


and E, may be made to vanish by suitably choosing n when ¢(z) is a 
polynomial in £. 
From the general result given above it follows that 


(a— 1y ex" i : 
(ac —1)Y = = 1 +40; + ; 6: (x) +.. 


where a is written for a^. When a = — 1, the most useful value of x is 


= for 93441 (=) = 0 and ®,, (>) can be expressed in terms of the 


corresponding functions of 2n and (2n+2) of order (r—1). 67, (=) can 
also be calculated directly from 


x r 8? a (r + 1) 3 - 2n 
05, (+) = Qn a(i- | Q^", 


where e: EC 
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We readily deduce that 


as 2 4 
secs = 1-4 = t + ED 7 Es] cos (7.0), 
and that 
S JES r rd He. me ] 
u 247 3.4 16 IL (2)! 
ó? ôi 
Hence E., = (—1)" Uo e c -...| om, 
2 4 
url, )" N i EU ô” 3i — b 
iii B, = Fon T 1 ta416^ alo 


Tables of the values of ð" O” and ó?"*! Q?"*! can be readily constructed 


from the equation á 
PO = E POI p p(p— 1) E- Q7. 


a 


On Binary Forms: Dr. A. Young. 


In & paper on perpetuants, Grace applied the symbolical method to 
discover the irreducible types; his result was that all perpetuants can be 
expressed in terms of the forms 


(ya)? (Ay ay)... (A, a5)”, 
where A, > 997" (r = 2, 8, ..., ô). 
The attempt is made to solve the same problem here for irreducible co- 


variant types of quantities of finite order, by multiplying all such co- 
variants by the symbolical expression a;7", where w is the weight of the 


covariant ya! is one of the quanties. We can thus express all our co- 


variants as linear functions of the forms 
(a4a3)* (a4a3)^ ... (a1a5)^,. 


By means of this expression we find a certain set of covariant types of 
degree ó, which we write (Nay Nop seep A) 


completely defined by the arguments, which are linearly independent, and 
in terms of which all can be linearly expressed. 

The method used by Grace is not suitable here. So a suitable method 
of dealing with the covariants is developed. For the sake of the analysis 
the case of perpetuants is first discussed, and Grace’s results are obtained. 
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Also the complete system of syzygies of the first kind is obtained for 
perpetuants. 


On Darboux's Method of Solution of Partial Differential Equations of 
the Second Order: Mr. J. R. Wilton. 


By a slight modification of Darboux’s method of obtaining intermediate 
integrals of any given order in the case of the equation 


r+f (r, Y, 2, Py Vs $, t) = 0, 


we may assume, as the form of an integral of the n-th order (n > 2), 
Pi, n-1 + Mo, (T v = 0, 
og 


where Pik = Ox Oy , 

m is either root of the characteristic equation, and v is a function of 
£, Y, Z, Dy Qs o Pi,n-2 Po, n-1. If, however, n = 2, the form of the 
integral is EEE 


Ou ou 


where a My = my 


It is found that the number of independent equations which must be 
satisfied by v is two if n is greater than two, but when n = 2 the number 
depends on the nature of the given equation. 

The assumption of this form of the intermediate integral leads directly 
to the determination of special integrals, such as Serret's integral of 


rt— s*--a?(14- p? +9) = 0. 


It will also be found to involve rather less labour than is usual in the 
determination of general intermediate integrals when such exist. 
If, in the two equations which v must satisfy, when » 2 2, we put 


du _ _ Qu fdu 
oÉ o£] dv’ 
where € is any one of the independent variables, they become homogeneous 
and may be denoted by Aju =0, A,u=0. If Ast = A, Agu—A,A, x, 
it is found that, if n > 8, | 


Ayo tt = A, Ayo u— Ajo A, u = 0, 
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where A,u=0 is that one of the two equations which involves no 


2 So IH. This fact 
Ov Opo, n opi, "1—1 
considerably diminishes the number of independent conditions which must 
be satisfied in order that the equations for v should possess a common 


integral. 


differential coefficients of u other than 
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SESSION NOVEMBER, 1913-JUNE, 1914. 


Thursday, February 12th, 1914. 
Prof. H. F. BAKER, Vice-President, in the Chair. 


Present seventeen members and a visitor. 

The minutes of the last meeting were read and confirmed. 

Messrs. W. E. H. Berwick and A. G. Veitch were elected members. 

Professor S. B. McLaren was admitted into the Society. 

The Secretaries reported that during the last Session the Society had 
lost seven members and that eight new members had been elected; thus 
the total number of members was 806 at the end of thet Session as against 
$05 at the beginning. 


The following papers were cominunicated :— 


Exhibition and Explanation of some Models illustrating Kine- 
matics: Mr. G. T. Bennett. | 
Formule for the Spherical Harmonic P;"(u), when 1—u is a 
Small Quantity: Prof. H. M. Macdonald. 

The Representation of the Symmetrical Nucleus of a Linear 
Integral Equation: Prof. E. W. Hobson. 

Fitting of Polynomials by the Method of Least Squares (Second 
Paper): Dr. W. F. Sheppard. 

The Differential Geometry of Point-Transformations between Two 
Planes: Mr. H. Bateman. 
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ABSTRACTS. 


On the Representation of the Symmetrieal Nucleus of a Linear Integral 
Equation: Prof. E. W. Hobson. 


This paper is concerned with the relation between the symmetrical 
nucleus of the integral equation 


f(s) = $6)—5 | Ko, t) p(t) dt, 


and the series - = nlé) ; 
n=] n 


where A, denotes a characteristic number, and $«.(s)) the corresponding 
normal characteristic function. Cases are considered in which K(s, f) 
has discontinuities. 
b 
It is shewn that a nucleus K (s, t), such that | : K (s, t) |? dt is a limited 


a 


function of s, exists, such as to have prescribed characteristic functions 
and numbers ;@¢a(s)}, ‘Anl; provided the series = mul I converges 
ul n 

for each value of s to a value which is a limited function of s, in (a, 0). 
It is also shewn that the function K(s, t), determined in accordance with 
the prescribed conditions is unique, except for equivalent functions not 
differing essentially from it. Several theorems are deduced from this re- 
sult, and a simple proof of Mercer's theorem is obtained, that when K (s, t) 
is continuous, and all the numbers [|A,] are positive, the series 
2 n ($) $n (© converges uniformly to K (s, t). 


n=1 3 

By means of an extension of a well known theorem due to Hilbert, to 
the case of a discontinuous nucleus, an extension of Mercer’s theorem is 
obtained, which applies to all nuclei that are not infinitely discontinuous 
on the line s = t. 

It is shewn that, in the case in which the repeated function of K(s, 0) 
is continuous, the nucleus A(s, ¢) may be expressed as the sum of two 
functions KC? (s, t), K® (s, t) that are orthogonal to one another, and are 
such that K(" (s, t) has for its sole characteristic numbers those character- 
istic numbers of K (s, t) that are positive, whereas K® (s, t) has for its sole 
characteristic numbers those belonging to K (s, ¢) that are negative. The 
characteristic function corresponding to a characteristic number of 
K®(s, t), or of Ks, t), is the same as that of K(s, ¢) corresponding to 
the same characteristic number. 
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Fitting of Polynomials by Method of Least Squares: Dr. W. F. 
Sheppard. 


If ài, dg, ..., dn are quantities containing errors, and e; is the improved 
value of dy, obtained by adding to it a linear compound of the ó's after 
6j, and choosing the coefficients so as to make the mean square of error 
of the total expression a minimum, then (i) the mean product of errors of 
e; and à, (t >) is zero, and (i) the improved value of any linear com- 
pound of the ó's is the corresponding linear compound of the e’s. These 
two propositions give, by general reasoning, certain relations between the 
e's for different values of j and f, and also a simple formula for the mean 
product of errors of e; and e, as the sum of j—f--1 or j—9g--1 terms. 
Also, if Ui, ws, ..., Un are connected with the ó's by linear relations, there 
are linear relations connecting the coefficients in the expression for e; in 
terms of the w’s with the mean products of error of e; and the e’s. 

These results are applied to the case (Proceedings, Ser. 2, Vol. 12, 
p. xliv) in which the w’s satisfy the condition that their errors are inde- 
pendent and have all the same mean square, and the ó's are the advancing 
or central differences of the ws. Some questions in reference to the more 
genera] case are also investigated. 


The Differential Geometry of Point-Transformations between Two 
Planes: Mr. H. Bateman. 


In the neighbourhood of a given place any such transformation is 
equivalent to a projective one, in general, 2.e., unless the Jacobian vanishes 
or is infinite. The directions through a point are, in fact, altered in a 
projective manner. In this paper the approximation is carried a step. 
further. 

The pencil of lines through a point P in the original plane II are 
mapped into a system of curves through the corresponding point p in the 
new plane 7, and for three of the lines through P the curve arising has 
an inflexion at p. These are called inflexional lines, and from them 
spring inflexional curves everywhere tangent to an inflexional line. The 
properties of these are discussed and transformations are found for which 
the inflexional curves have assigned properties, e.g., are such that at every 
point two of them coincide. Transformations which leave areas unaltered 
are discussed, and the results compared with the theory of the motion of 
an incompressible fluid in two dimensions. 
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SESSION NOVEMBER, 1913-JUNE, 1914. 


Thursday, March 12th, 1914. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present sixteen members and a visitor. 
The minutes of the last meeting were read and confirmed. 
The following papers were communicated :— 


On the Rational Solutions of the Equation X°+ Y?-p- Z? = 0 in 
Quadratie Fields: Prof. W. Burnside. 

On Orthoptie and Isoptie Loci of Plane Curves: Prof. H. Hilton 
and Miss R. E. Colomb. 


Normal Coordinates in Dynamical Systems: Dr. T. J. l'À. Bromwich. 
On the Zeroes of Riemann's Zeta-Function : Mr. G. H. Hardy. 


ABSTRACTS. 


On the Rational Solutions of the Equation X°+ Y?-- Z? = 0 in Quad- 
ratie Fields : Prof. W. Burnside. 


In this note attention was drawn to the fact that every solution of the 
equation X84 Y34. 73 = 0 


in which X, Y, Z belong to the same quadratic field, while no one of them 
is zero, is obtained from the identity 


(6h P+[8+ / —3(0 4- 447) ]?+ [83— / — 8 (14 44°) ]? = 0, 
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on multiplying each term by [a4-84/ —3(14-4&*]?, and then taking for 
a, 8, k any rational numbers, the value —1 for k being omitted. 
If two solutions for which the relation 


do not hold, in whatever order X', Y', Z' are taken, be called distinct, the 
equation either admits no solution in an assigned quadratic field, or it 
admits an infinite number of distinet solutions. 


On Orthoptie and Isoptie Loci of Plane Curves: Prof. Harold Hilton 
and Miss R. E. Colomb. 


Little appears to have been writteu on this subject except that the 
degree of the orthoptic loeus of a giveu eurve has been found both in 
the general case and when the curve has two- or three-point contact with 
the line at infinity. In this paper are found all Plücker's numbers for the 
orthoptic locus in these cases. The nature of the intersections of the 
orthoptic locus with the given curve, and of the multiple points of the 
orthoptic locus are also investigated. For instance, if the given curve 
is the general curve of degree » and class m, with ı inflexions, the orthoptie 
locus is of degree m (m—1) and class m(m---n—8) with mı cusps. 

It is obvious that in general the orthoptic locus of a given curve is 
complicated, but, if the curve is specialized, the orthoptic locus may 
be fairly simple. This is especially the case if the curve has the line at 
infinity as a multiple tangent, so that pairs of points of contact form a 
harmonie range with the circular points. There are respectively 2, 8, 8, 
8, 14, 88 types of curve with orthoptic locus, a straight line, a circle, a 
parabola, a conic, a cubic. a quartie. 

A brief account is given of similar properties of isoptic loci in the 
simplest cases which can occur. 

It is readily seen that we can deduce the properties of the locus of the 
intersection of two tangents, one drawn to each of two given curves and 
inclined at a given angle, and of the locus of the intersection of two 
normals to a given curve inclined at a given angle. 

The results of the investigation are illustrated by several examples. 


Normal Coordinates in Dynamical Systems: Dr. T. J. TA. Bromwich. 


Let the motion of a dynamical system performing small oscillations be 
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given by the differential equations 


Cy £34 entit... Feint = 0 
leti F leta t... F er 2, = 0 TT 
Cn F erta t... F Ennai = J| 


The notation is that used by Lord Rayleigh (Theory of Sound, Vol. 1, 
$ 82), namely, e,, denotes the differential operator 


en = Ua DH bno DH Cr; 


but the symmetrical relation en = e,, is not required, so that gyrostatie 
terms may be present, and the forces acting need not be conservative. 
Then the solution of (1) is given by contour integrals 


qose = 5 &,dÀ, (2) 
where Å, &, ..., £, are functions of A derived by solving the equations 
Kenn (8) 
where Ars = AnA H bn AH Crs, 


and Pi, Po ..., p, are linear combinations of the initial displacements and 
velocities, such that 


pi = {an H9) + hni ty aA HH; ze. 
Tie. Obs Pee A) 
In the formule (4), x, x, ... denote the initial displacements, àz,, 62, ... 
the initial velocities ; and in the integrals (2), the path of integration in 
the A-plane surrounds all the poles of the functions £, which are, of 
course, the roots of the determinant |A,,| = 0. 
If the system is subject to additional impressed forces of the type 
Pie, Pae, ..., Pae, so that equations (1) become 


e£, T 6o 23 - esc, = Pye’, ... (5) 


(where u may be real, imaginary, or complex), the solution corresponding 
to zero initial displacements and velocities is given by writing 


pm = PO —du. (6) 


the path of integration now enclosing A = u in udin to all the roots 
of |À,| = 0. 
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The solutions (2) can be shewn to reduce to the known solutions in 
terms of normal coordinates, when the equations (1) are specialised by the 
omission of one of the sets of letters (a), (b), (c); and thus (2) gives the 
extension to the general problem of the method of normal coordinates, 
whieh (as ordinarily presented) can only be used in special cases. 

The extension to a continuous system (in which n tends to infinity) is 
also considered: the functions £, then appear as integrals, instead of 
sums, and the resulting contour-integral reduces when ¢=0 to the 
integral used by Prof. A. C. Dixon (Proc. London Math. Soc., Ser. 2, - 
Vol. 8, 1905; Phil. Trans., 1911). 


On the Zeroes of Riemann’s Zeta-Funetion: Mr. G. H. Hardy. 


It has been shown recently by Bohr and Landau (Comptes Hendus, 
January 12th, 1914) that, however small be the positive number ô, the 
majority of the zeroes of ¢(s) = (e + &) lie in the region 3—6 «oc < 44-9. 
The object of this paper is to show that an infinity of the zeroes lie on the 
line o = 4, and so to advance one step further towards the proof of the 
“ Riemann hypothesis " that all the zeroes, except the real negative zeroes 
— 92, —4, — 6, ..., lie on this line. 

It may be observed that there is a numerical method, due to Lindelof 
and Gram, and developed by Backlund (Ofversigt af Finska Vetenskaps- 
Societetens Förhandlingar, Vol. 54), by which it has been shown that 
there are exactly twenty-nine zeroes on the line >= 4 between ¢ = 0 
and ¢= 100; and that Backlund has also shown that there are no other 
complex zeroes whose imaginary part is positive and less than 100. 
These results are of great interest as evidence of the probable truth of 
Riemann’s hypothesis; but they do not prove even that there are an 
infinity of zeroes on the critical line. Such a proof is supplied in the 
present paper. 

The method adopted depends on Mellin’s formula 


"T" 1 x tU E 
e" V (0) y "du, 
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K— iv 


where 8 (y) > 0 and «20. This formula is applied to the evaluation 
of a definite integral containing a function Æ (¢) introduced by Riemann 
and closely connected with ¢(s). If ¢(s) has not infinitely many roots for 
which o = 3, = (t), which is real for real values of f, is ultimately of 
constant sign; and it is shown that this hypothesis leads to a contra- 
diction. | 
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SESSION NOVEMBER, 1918-JUNE, 1914. 


Thursday, April 28rd, 1914. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present seven members. 
Messrs. C. Jordan and J. Proudman were elected members. 
. The President referred to the death of Mr. G. M. Minchin, who had 
been a member of the Society since 1875. 


The following paper was communicated :— 


On a Modified Form of Pure Reciprocants possessing the Property 
that the Algebraical Sum of the Coefficients is Zero: Major P. A. 
MacMahon. 


And Major MacMahon made an informal communication on “ Lattice 
and Prime Lattice Permutations.” 


ABSTRACTS. 


On a Modified Form of Pure Reciprocants possessing the Property 
that the Algebraical Sum of the Coefficients is Zero: Major P. A. Mac- 
Mahon. 

-—1 y 
^ (s+2)! dz?’ 


_ (stl)! d'y 
' (2542)! die’ 


Instead of writing a, 


the author writes 
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and represents a pure reciprocant as a homogeneous and isobaric function 
of 
bo, bis bs, .... 


The algebraic sum of the coefficients in every pure reciproeant now 
vanishes, and the actual coefficients have much smaller numerical ex- 
pressions. 


Lattice and Prime Lattice Permutations: Major P. A. MaeMahon. 


We consider any assemblage of letters 


a" B^" ..., 
where p, q, 7, ... are in descending order of magnitude. 
Certain permutations possess the property that if a line be drawn be- 
tween any two letters, the letters to the left of the line are in some per- 
mutation of the assemblage a" Bly” ..., 


where p', q', 7", ... are in descending order of magnitude. These have been 
termed ‘‘ lattice permutations " for a reason that has been given by the 
author in previous papers. 

Consider in particular the assemblage 


a? 91. 
It has been shewn that there are 
(p+q)! 
TEST TR AR 


lattice permutations. This number in the coefficients of x?’y? is the ex- 


ansion of 
p iE 
M 2 
1—z—y 


a crude generating function because it involves many terms which are not 
required. The exact generating function is obtained from the notion of 
prime lattice permutations. If we write down the lattice permutations 
of the assemblage E 


we find them to be aa 8, 
aß.aß, 


and it is noticed that the second of these is divisible into two lattice per- 
mutations of smaller assemblages (as shewn by the dot), whereas the first 
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aa(3B is not so divisible. aa88 is a prime lattice permutation, and aß.aß 
a composite lattice permutation. 

Similarly of the assemblage «498? we find five lattice permutations, two 
of which are prime and three composite, viz., 


auaBB, 
außaßß, 


are prime, and aaBß.aß, 
aß .aaßß, 
aß.aß.aß, 
composite. 


If N., denote the generating function of the lattice permutations, and 
P,, that of the prime permutations, slight reflection shews that 


1 


y= 1— Pay 


N, 


Consider first the case p = q, it is seen that every lattice permutation of 


the assemblage w8? 


produces a prime permutation of the assemblage 
a? *! g»* E 


by prefixing a and affixing 8. Thus 


Lattice Permutations. Prime Permutations. 
1 | aß 
u8 aaBB 

aa8B aaaB BB 

afa aaßaß 8 
aaaĝ 88 aaaaBBBB 
aaBa8B aaaBaBBB 
aaB BaP aaaBBaBB 
aBSaa8B . aaBaaBBB 
ag8a848 aaBaBaBB 


if therefore for the case p = q, w,, be the generating function for the 
lattice permutations, zyu,, i8 the generating function of the prime per- 
mutations. 
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Hence Ury = um , 
AE xy 
— el m 
leading to 00 May = Day zzy VO 4zy). 


If p Æq, there is only one additional prime permutation, viz., a, so that 
try 


enumerates the prime permutations, and if v,, be the function which 
enumerates the lattice permutations 


"- — — 
"^ l1—z—zyus' 
= 1 
where Ur, = I= ryu, . 
-— a 


Eliminating uzy or substituting the found expression for u,,, we find 


rm 1 4/(1—4zy)--2z—1 
> U 9$ 1—2z—y 
In the case of the assemblage a", 


the crude enumerating generating function is 


é-26-26-2 
z T 
]—z—y—2z 
The attempt to form the exact generating funetion through the medium of 
the prime permutations has not yet proved successful. The theory of the 
prime permutations requires investigation. 


London : Printed by C. F. Hodgson & Bon, 2 Newton Street, Kingsway, W.C. 
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SESSION NOVEMBER, 1918-JUNE, 1914. 


Thursday, May 14th, 1914. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present seventeen members and two visitors. 


The following papers were communicated :— 


Diffraction by a Straight Edge: Prof. H. M. Macdonald. 

Quadratic Forms and Factorization of Numbers: Hon. H. F. 
Moulton. 

On the Reduction of Sets of Intervals: Prof. W. H. Young and 
Mrs. Young. 

Diffraction of Tidal Waves on Flat Rotating Sheets of Water: 
Mr. J. Proudman. 

The Algebraic Theory of Modular Systems: Dr. F. S. Macaulay. 


ABSTRACTS. 


Quadratic Forms and Factorization of Numbers: Hon. H. F. Moulton. 


This paper describes a method for greatly diminishing the labour of 
finding whether a number M, which has one known representation 
X7+ DY%, has any other X?-4- DY", and of so finding the factors of M. 
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Take first the case where X?+4Y?= M. The ordinary methods of 
elimination show that if M = p? mod k, where k is a prime, then X and 
also X’= tn mod k, where n has one of a limited number of values, 


an +1. This paper shows that these values can be divided 


at most 


into two groups, and that if it is known that k is a residue of each factor 
of M, the value of X’ mod k must lie in the same group as that of 
X mod k. 

It is also shown that the same method may apply to representations 
M = X*t-DY? if D/k — 1, but in this case the various possible ex- 
pressions of the factors m, m’ of M by forms of determinant — D must be 
considered, e.g., m = ar? +?2bxy+cy?, m = a'r? 4-9b'z'y'--c'y*, and the 
eriterion for whether the X's lie in the same or different groups, is 
whether am and a'm' are both residues or both non-residues of k. It is 
shown that the grouping is the same for all values of D such that 
D/k = 1 if k is an odd prime, but if k is composite and = A, k,, these are 
different groupings according as D/k, = D/k,= +1. The method can 
also be applied with certain modifications to representations of the form 
M = AX?--BY?, where AB/k — 1. The grouping need only be tabu- 
lated for cases where M = 1 mod k, as that for other cases can be derived 
by multiplication. 

The fundamental theorem on which the method is based is that if a 
number M has two factors m, m’ expressible as az?+2bry+cy’, ..., 
where ac—b* = a'c'—b" = D, then aa’M has two representations 


X*4+DY%, X"4DY?, 


and '" am= 


TITTEN [X--X^)4-D(Y—Y?] 


= IDA [X— X) 4- DkY +Y], 
a'm' has two similar values. If then | 
| D|k — 1 and am/k=a'm'/k= L1, 
then ` [(X 4 X354-D (Y t Y?)]/Jk — +1, 
according as am]|k = +1. 


The grouping for odd primes up to 25 is as follows, a semicolon show- 
ing the division of the groups. 


| 


Number ... 3 5 7 11 13 17 19 23 


Grouping... 1;0 1;0 1,0;2 1,5; 0,3.1,6; 0,2 0,1,3; 4,6 1,2,7; 0,8,40,1, 8,11; 4,9, 10 
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Diffraction of Tidal Waves on Flat Rotating Sheets of Water: Mr. J. 
Proudman. 


The methods of this paper are very similar to those already well 
known for two-dimensional problems in the diffraction of sound and 
electric waves. 

Only free tidal motion of sheets of uniform depth is considered. 

A complete solution is obtained for the case of the diffraction of a 
plane wave by a circular island, but the remaining solutions are all 
approximations. They are based on Lord Rayleigh’s approximate theory 
of diffraction, and the method of conjugate functions is introduced so that 
Sehwarz's method for conformal transformations becomes available. The 
problems considered are those of the diffraction of a plane wave by an 
elliptic island, by a semi-elliptic cape, by a TECEN EUAN bay, and by a 
passage between one sea and another. 


On the Reduction of Sets of Intervals: Prof. W. H. Young and 
Mrs. Young. 


It has been already pointed out that before sets of intervals were 
studied for their own sake, various writers had had occasion to make use 
of them, and had in this way virtually obtained the Heine-Borel theorem. 
Without entering again into these matters, à new moment is introduced, 
and it is shown how the careful study of the early documents leads to a 
new theorem, including the Heine-Borel theorem as a special case. The 
proof of this theorem is obtained by retaining all that is essential in 
Heine’s proof of the property of uniform continuity, and rejecting that 
which is accessory. 

The new theorem is not only more general than the Heine-Borel 
theorem, it leads to results unobtainable by application of the latter 
theorem alone. From it we deduce as easy corollaries, beside that already 
mentioned, Lusin’s kindred theorem, used in the proof of his result that 
a continuous function cannot have an infinite differential coefficient at a 
set of points of positive content; Young's first lemma, used in our proof 
that a function with bounded derivates is the integral of any one of them; 
the tile theorem, used in various theorems on integration, as well as the 
earliest theorem on the reduction of a perfectly general set of overlapping 
integrals, given in 1902 in the Proceedings of this Society. These various 
and scattered theorems, and perhaps others also, are in this way classified 
systematically together, and proved without any use being made of the 
idea of transfinite ordinal types, or Cantor’s numbers. 
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In the course of the work it was found that there was a flaw in the 
deduction of Lebesgue’s lemma from Young's first lemma, given in a 
former number of the Society's Proceedings. Lebesgue’s lemma remains 
therefore dependent on Cantor’s numbers. The same error occurred in 
that one of the two proofs of Young's second lemma which was indepen- 
dent of Contor's numbers; a new proof is accordingly here supplied of a 
simpler nature. Thus the proof of all Lebesgue's results on derivates and 
their integrals and the extensions of these results already given without 
Cantor's numbers remain valid. 


On the Algebraie Theory of Modular Systems: Dr. F. S. Macaulay. 


The principal object of this paper is to supplement the account of the 
theory of modular systems given in the Encyclopädie der Mathematischen 
Wissenschaften. It also includes some properties which have not been 
published previously. 


London: Printed by C. F. Hodgson & Son, 2 Newton Street, Kingsway, W.C. 
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SESSION NOVEMBER, 1918-JUNE, 1914. 


Thursday, June 11th, 1914. 
Prof. A. E. H. LOVE, President, in the Chair. 


Present thirteen members. 
The President announced that the Council had awarded the De Morgan 
medal to Prof. Sir J. Larmor. 


The following papers were communieated :— 


A Problem of Diophantine Approximation : Mr. R. H. Fowler. 

Some Theorems by Mr. S. Ramanujan: Mr. G. H. Hardy. 

Proof of the general Borel-Tauber Theorem: Messrs. G. H. Hardy 
and J. E. Littlewood. 

Theorems relating to Functions defined implicitly, with Applica- 
tions to the Calculus of Variations: Prof. E. W. Hobson. 

On the Differentiation of a Surface Integral at a Point of Infinity; 
Dr. J. G. Leathem. 

On Mersenne's Numbers : Mr. R. E. Powers. 

Free and Forced Longitudinal Tidal Motion in a Lake: Mr. J. 
Proudman. 


1 RECORDS OF PROCEEDINGS AT MEETINGS. 


ADSTRACTS. 


A Problem of Diophantine Approximation: Mr. R. H. Fowler. 
In a recent paper,* Messrs. G. H. Hardy and J. E. Littlewood have 
investigated the distribution of the points 
a9) v=1,2,..,n), 


where (a"0) is the fractional part of a'0, and a is an integer, over the 
interval (0, 1) for large values of ». This is almost the same problem as 
the investigation of the distribution of the first » digits in the decimal 
expression for 0 in the scale of a, and it is from this point of view, which 
is in that case the more interesting, that they solve the problem. 

In this paper, I extend some of their results to the set of points (A, 0), 
resulting from any sequence of positive numbers A,À54...À,... Which 
satisfy the inequalities 


aD" ($0,821 


for all values of n >. Roughly speaking, it may be said that my re- 
sults hold for any sequence for which the increase of the n-th term is 
sufficiently regular, and faster than that of 


; exp (2°), 
for some positive value of £. 


The following is the principal theorem of the paper :— 
Tueorem.—If An; be any sequence of positive numbers satisfying 


ae" (£20, 8-0, 


if à be the length of any interval included in the interval (0, 1), and if A, 
be the number of the first n numbers (4,0) that fall inside ô, then 


A, ~ on, 
for all @s between O and 1 which do not belong to a set of measure zero. 


I conclude the paper by considering the extension of this theorem to 
the m-dimensional set of points 


(An 9), (A 05), „.. (An On). 


. Theorems relating to Functions defined implicitly, with Applications 
to the Caleulus of Variations: Prof. E. W. Hobson. 


* '* Some Problems of Diophantine Approximation," Acta Math., Vol. 37, pp. 155-190. 
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This paper contains extensions of the known theorems relating to the 
determination of values of a set of real variables 1, tiz, ..., Un, defined 
explicitly by means of a set of equations connecting them with m real 
variables vj, v5, .. , Un; when one system of corresponding values of the 
two sets of variables is known. 

The cases are treated in which the equations involve a set of para- 
meters as well as the variables, and in which a set of systems of corre- 
sponding values of the two sets of variables is known, instead of only one 
such system. The results obtained are applied to proofs of theorems 
concerning the existence of Weierstrassian fields in the problems of the 
calculus of variations. 


On the Differentiation of a Surface Integral at a Point of Infinity : 
Dr. J. G. Leathem. 


The subject is the differentiation of a surface integral on a curved 
surface with respect to a displacement dA of a point O at which the sub- 
ject of integration f has an infinity. Use is made of a iemma which con- 
stitutes a somewhat general relation between a surface integral and a line 
integral round the boundary curve T. Subject to certain restrictions on 
the form of f a differentiation formula is obtained in the shape 

T fes 
x fas = lim l | $ as— | f cos GA, ds, 
where 7 is a vanishing cavity round O, and v is the direction of the normal 
ton. If the original integral is absolutely convergent, the form of 7 is 
arbitrary ; otherwise it is subject to restriction. 

By way of illustration the theorem is employed to determine the tan- 
gential force at a point (i) in a sheet of gravitating matter of given surface 
density, (ii) in a double sheet. Incidentally a method of discussing the 
convergence and discontinuities of the potential due to a double sheet is 
explained. 


On Mersenne’s Numbers: Mr. R. E. Powers. 


The purpose of Mr. Powers’s paper is to show that the Mersenne 
number 2!7—1 is prime, four mistakes having now been found in 
Mersenne’s classification, viz, 2"—1 proved composite for p = 67, and 
prime for v = 61, 89 and 107, contrary to his assertion. That 2197 —] is 
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a prime number is shown by means of the following theorem, which was 
proved by Lucas in 1878 :— 


If N = 2**3—]1 (4qg+8 prime, 894-1 composite), and we calculate the 
residues (modulo N) of the series 
8, 7, 47, 2207, ..., 
each term of which is equal to the square of the preceding, diminished by 
two units: the number N is prime if the residue 0 occurs between the 


(2q +1)-th and the (4qg+2)-th term; N is composite if none of the first 
(4q +2) residues is 0. 


The 106th term of the above series is congruent to 0 (modulo 2!" — 1), 
consequently the latter is a prime number. 


Free and Forced Longitudinal Tidal Motion in a Lake: Mr. J. 
Proudman. 


Following Prof. Chrystal, the solution of this problem is made to de- 
pend on that of the differential equation 


PVA LL 
are, (1) 


between x = 0 and x = a, when V vanishes at these limits. Here A is 
a constant, and p(x), F(x) are functions of x subject to certain very 
general conditions. 


Take 
u 1 p s 32 (9 — Ss) (8$, — Snu ) ... (s; —S (s —£) 
I, , == mal | eee j | M oce PIT. 57 
(E m a Jezi Jig =t w=t Jat P (S1) v(sg) ... P(Sn-ı) P (Sn) 
X ds, ds, eee dsn-ıdsa, (2) 
for n 20, with I,(&, m) = (n— Êa, where O<f<n<a. 


Take also Rënia IMLEn. (8) 
n=0 


Sufficient conditions will be given in the paper for the existence of (2) and 
the convergence of (8). 
The free modes are then given by 


y = RO, T, An), (4) 
where A, is such as to satisfy 
R (0, a, Ax) = 0, (5) 
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and the forced motion is given by 


eee "T z 
Peo a | Riz, a, x | RO, s, \) F (s) ds 


+ R(0, x, A) f, R(s, a, r) F(s) ds | . (6 


In the paper these statements will be proved, and the solution shown 
to arise naturally when the equation (1) is regarded as the limiting form 
of a certain difference equation. The connection of the solution with that 
of a particular Fredholm's equation will be indicated and various other 
relations proved. 

It appears probable that, with a reasonable amount of labour, the 
solution can be applied, by means of approximate methods, to such forms 
of p(x) as are provided by a bathymetric survey of a lake. This is at 
present being investigated. 


ah — 
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